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PREFACE 



Most persons do not possess, and do not easily acquire, the 
power of abstraction requisite for apprehending the Geometri- 
cal conceptions, and for keeping in mind the successive steps 
of a continuous argument. Hence, with a very large proportion 
of beginners in Geometry, it depends mainly upon the form in 
which the subject is presented whether they pursue the study 
with indifference, not to say aversion, or with increasing interest 
and pleasure. 

In compiling the present treatise, this fact has b^en kept con- 
stantly in view. All unnecessary discussions and scholia have 
been avoided ; and such methods have been adopted as experi- 
ence and attentive observation, combined with repeated trials, 
have shown to be most readily comprehended. No attempt has 
been made to render more intelligible the simple notions of 
position, magnitude, and direction, which every child derives 
from observation ; but it is believed that these notions have 
been limited and defined with mathematical precision. 

A few symbols, which stand for words and not for operations, 
have been used, but these are of so great utility in giving style 
and 'perspicuity to the demonstrations that no apology seems 
• necessary for their introduction. 

Great pains have been taken to make the page attractive. 
The figures are large and distinct, and are placed in the middle 
of the page, so that they fall directly under the eye in imme- 
2 diate connection with the corresponding text. The given lines 
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of the figures are full lineSy the lines employed as aids in the 
demonstiations are short-dotted, and the resulting lines are long- 
dotted. 

In each proposition a concise statement of what is giren is 
printed in one kind of type, of what is required in another, and 
the demonstration in still another. The reason for each step 
is indicated in small type between that step and the one follow- 
ing, thus preventing the necessity of interrupting the process of 
the argument by referring to a previous section. The number 
of the section, however, on which the reason depends is placed 
at the side of the page. The constituent parts of the propo- 
sitions are carefully marked. Moreovet', each distinct dssertian in 
t/ie demonstrations, and each particular direction in the construc- 
tions of the figures, begins a new line ; and in no case is it neces- 
sary to turn the page in reading a demonstration. 

This arrangement presents obvious advantages. The pupil 
perceives at once what is given and what is required, readily 
refers to the figure at every step, becomes perfectly familiar with 
the language of Geometry, acquires facility in simple and accu- 
rate expression, rapidly learns to reason, and lays a foundation 
for the complete establishing of the science. 

A few propositions have been given that might properly bo 
considered as corollaries. The reason for this is the great diffi- 
culty of convincing the average student that any importance 
should be attached to a corollary. Original exercises, however, 
have been given, not too numerous or too difficult to discourage 
the beginner, but well adapted to afford an effectual test of the 
degree in which he is mastering the subjects of his reading. 
Some of these exercises have been placed in the early part of 
the work in order that the student may discover, at the outset, 
that to commit to memory a number of theorems and to repro- 
duce them in an examination is a useless and pernicious labor ; 
but to learn their uses and applications, and to acquire a readi- 
ness in exemplifying their utility, is to derive the full benefit 
of that mathematical training which looks not so much to the 
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oMainment of information as to the discipline of the mental fac- 
ulties. 

It only remains to express my sense of obligation to Dn. 
D. r. Wells for valuable assistance, and to the University 
Press for the elegance with which the book has been printed \ 
and also to give assurance^ that any suggestions relating to the 
work will be thankfully received. 

G. A. WENTWOETH. 

Phillips Exeteb Academy, 
January, 1878. 



NOTE TO THIRD EDITION". 

In this edition I have endeavored to present a more rigor- 
ous, but not less simple, treatment of Parallels, Eatio, and 
'Limits. The changes are not sufficient to prevent the simulta- 
neous use of the old and new editions in the class ; still they are 
very important, and have been made after the most careful and 
prolonged consideration. 

I have to express my thanks for valuable suggestions received 
from many correspondents ; and a special acknowledgment is due 
from me to Professor C. H. Judson, of Furman University, 
Greenville, South Carolina, to whom I am indebted for assist- 
ance in effecting many improvements in this edition. 

TO THE TEACHER. 

When the pupil is reading each Book for the first time, it will be 
well to let him write his proofs on 'the blackboard in his own lan- 
guage ; care being taken that his language be the simplest possible, 
that the arrangement of work be vertical (without side work)^ and 
that the figures be accurately constructecC 

This method will furnish a valuable exercise as a language lesson, 
will cultivate the habit of neat and orderly arrangement of work, 
and will allow a brief interval for deliberating on each step. 

After a Book has been read in this way the pupil should review 
the Book, and should be required to draw the figures free-hand. He 
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should state and prove the propositions orally, using a pointer to 
indicate on the figure every line and angle named. He shoiild be 
encouraged, in reviewing each Book, to do the original exercises ; to 
state the converse of propositions ; to detennine from the statement, 
if possible, whether the converse be true or false, and if the converse 
be true to demonstrate it ; and also to give well-considered answers 
to questions which may be asked him on many propositions. 

The Teacher is strongly advised to illustrate, geometrically and 
arithmetically, the principles of limits. Thus a rectangle with a 
constant base 6, and a variable altitude x, will afford an obvious 
illustration of the axiomatic truth contained in [4], page 88. If x 
increase and approach the altitude a as a limit, the area of the rec- 
tangle increases and approaches the area of the rectangle a & as a 
limit ; if, however, x decrease and approach zero as a limit, the area 
of the rectangle decreases and approaches zero for a limit. An arith- 
metical illustration of this truth would be given by multiplying a 
constant into the approximate values of any repetend. If, for exam- 
ple, we take the constant 60 and the repetend .3333, etc., the approxi- 
mate values of the repetend will be ^*^, ^^, ^^^, t^/WV» ®*^-> *^^ 
these values multiplied by 60 give the series 18, 19.8, 19.98, 19.998, 
etc., which evidently approach 20 as a limit ; but the product of 60 
into J (the limit of the repetend .333, etc.) is also 20. 

Again, if we multiply 60 into the different values of the decreasing 
series, ^, ^, -j^, -gj^hn^, etc., which approaches zero as a limit, 
we shall get the decreasing series, 2, ^, -^^ -j^, etc. ; and this series 
evidently approaches zero as a limit. 

In this way the pupil may easily be led to a complete comprehen- 
sion of the whole subject of limits. 

The Teacher is likewise advised to give frequent written examina- 
tions. These should not be too difficult, and sufficient time should 
be allowed for accurately constructing the figures, for choosing the 
best language, and for determining the best arrangement. 

The time necessary for the reading of examination-books will be 
diminished by more than one-half, if the use of the symbols employed 
in this book be permitted. 

G. A. W. 

Phillips Exeter Academy, 
January, 187^. ' 
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ELEMENTS OF GEOMETRY 



BOOK I. 

RECTILINEAR FIGURES. 

Ihtroductort Reuares. 

A ROUGH block of marble, under the etone-cutter's hammer, 
may be made to assume regularity of form. 

If a. block be cut in the shape repre- 
sented in this digram, 

It will have six fiat facee. 

Each face of the block is called a Sur- 
face. 

If these surfaces be made smooth by pol- 
ishing, so that, when a straightedge is applied to any one of 
them, the straight-edge in every part will touch the surface, the 
surfaces are called Plane Surfaces. 

The sharp edge in which any two of these surfaces meet is 
called a TAne. 

The place at which any three of these lines meet is called a 
Foint. 

If now the block be removed, we may think of the ^ace 
occupied by the block as being of precisely the same shape and 
size as the block itself; also, as having surfaces or boundaries 
which separate it from surrounding space. We may likewise 
think of these surfaces as having lines for their boundaries or 
limits ; and of these lines as having points for their extremities 
or limits. 

A Solid, as the term is used in Geometry, is a limited por- 
tion of apace. 

After we acquire a clear notion of surfaces as boundaries of 
solids, we can easily conoeive of surfiices apart from solids, and 
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fmppose them of unlimited extent. Likewise we can conceive of 
line8 apart from surfaces, and suppose them of unlimited length; 
of points apart from lines as having potition, but no extent. 

Definitions, 

1. Def. Sp(ice or Extension has three Dim^ennons, called 
Length, Breadth, and Thickness. 

2. Def. A Point has position without extension. 

3. Def. A Lin>e has only one of the dimensions of exten- 
sion, namely, length. 

The lines which we draw, are only imperfect representations 
of the true lines of Geometry. 

A line may be conceived as traced or generated by a point in 
motion. 

4. Def. A Surface has only two of the dimensions of ex- 
tension, length and breadth. 

A surface may be conceived as generated by a line in motion. 

5. Def. A Solid has the three dimensions of extension, 
length, breadth, and thickness. Hence a solid extends in all direc- 
tions. 

A solid may be conceived as generated by a surface in motion. 

Thus, in the diagram, let the upright ^ ^ 

surface ABC D move to the right to A^- 
the position E F H K. The points 
A, B, C, and D will generate the lines 
AE,BF,CK, and D H respectively. 
And the lines AB, BD, DC, and A C will generate the sur- 
faces A F, B H, D K, and A K respectively. And the surface 
ABC D will generate the solid A H. 

The relative situation of the two points A and H involves 
three^ and only three, independent elements. To pass from A to H 
it is necessary to move East (if we suppose the direction A E to 



:i>'i 
I 



D \..Js 



DEFINITIONS. 



be due East) a distance equal \o A E, North a distance equal to 
JE Fy and down a distance equal to F H. 

These three dimensions we designate for convenience length, 
breadth, and thickness. 

6, The limits (extremities) of lines are points. 
The limits (boundaries) of surfaces are lines. 
The limits (boundaries) of solids are surfaces. 

7. Dep. Extension is also called Magnitude, 

When reference is had to exterUy lines, surfaces, and solids are 
called magnitudes, 

^ 8. Dep. A Straight line is a line which has 
the same direction throughout its whole extent. 

^9. Dep. A Curved line is a line which changes 
its direction at every point. 

"" 10. Dep. a Broken line is a series of con- 
nected straight lines. 

When the word line is used a straight line is meant; and 
when the word curve is used a curved line is meant. 

^ 11. Dep. a Plane Surface, or a Plane, is a surface in which, 
if any two points be taken, the straight line joining these points 
will lie whoUy in the surfece. 

12. Djbp. a Curved Surface is a surface no part of which 
is plane. 

13. Figure or form depends upon the relative position of 
points. Thus, the figure or form of a line (straight or curved) 
depends upon the relative position of points in that line ; the 
figure or form of a surface depends upon the relative position of 
points in that surface. 

When reference is had to form or shape, lines, surfaces, and 
solids are called figures. 
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14. Dbp. a PlatLe Figure is a figure, all points of which 
are in the same plane. 

15. Def. Geometry is the science which treats of portion, 
magnitvdej and form. / 

Points, lines, surfaces, and solids, with their relations, are 
the ffeom^trical conceptions, and constitute the suhject-matter of 
Geometry. 

16. Plane Geometry treats of plane figures. 

Plane figures are either rectilinear, curvilinear, or mixtilinear. 

Plane figures formed by straight lines are called rectilinear 
figures ; those formed by curved lines are called curvilinear fig- 
ures ; and those formed by straight and curved lines are called 
mixtilinear figures. 

\ 17. Def. Figures which have the same form are called 
Similar Figures, Figures which have the same extent are called 
Equivalent Figures. Figures which have the same form and 
extent are called Equal Figures. 



On Straight Lines. 

18. If the direction of a straight line and a point in the 
line be known, the position of the line is known ; that is, a 
straight line is determined iu position if its direction and one of 
its points be known. 

^^ Hence, all straight lines which pass through tJie same point in 
the same direction coincide. 

Between two points one, and but one, straight line can be 
drawn ; that is, a straigJU line is determined in position^ if tioo of 
its points he knovni. 

Of all lines between two points, the shortest is the straight 
line ; and the straight line is called the distance between the 
two points. \ 
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The point from which a line is drawn is called its ori^n, 

19. If a line, as C B, ^ \ ^ , be produced through (7, 
the portions G B and G A may be regarded as different lines 
having opposite directions from the point G, 

Hence, every straight line, aa AB, f f , has two opposite 

directions, namely from A toward By which is expressed by say- 
ing line A By and from B toward A, which is expressed by 
saying line B A. 

20. If a straight line change its magnitude, it must become 
longer or shorter. Thus by prolonging A B to G, ^ f S 
AG^AB + BGi and conversely, 5 C = i4(7 — ii^. 

If a line increase so that it is prolonged by its own magnitude 
several times in succession, the line is multiplied y and the result- 
ing line is called a multiple of the given line. Tims, i£ A B = 

BG = GD, etc., ^ f ^ ?._:?, then AG=-2AB, AD = 

3^2?, etc. 

It must also be possible to divide a given straight line into an 
assigned number of equal parts. For, assumed that the 7ith 
part of a given line were not attainable, then the double, triple, 
quadruple, of the nth part would not be attainable. Among 
these multiples, however, we should reach the wth multiple of 
this nih part, that is, the line itself. Hence, the line itself would 
not be attainable ; which contradicts the hypothesis that we have 
the given line before us. 

Therefore, it is always possible to add, subtract, multiply, and 
divide lines of given length. 

21. Since every straight line has the property of direction, 
it must be true that two straight lines have either the same 
direction or different directions. 

Two straight lines which have the same direction, udthout coin- 
ciding, can never meet ; for if they could meet, then we should 
have two straight lines passing through the same point in the 
same direction. Such lines, however, coincide. § 18 
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22. Two straight liiies which lie in the same plane and have 
different directions must meet if stifficieivUy proUmged ; and mtist 
have one, and but one, point in commxm. 

Conversely : Two straight lines lying in the same plane which 
do not m^et have the same direction; for if they had different 
directions they would meet, which is contrary to the hypothesis 
that they do not meet. 

Two straight lines which meet have different directions; for 
if they had the same direction they would never meet (§ 21), 
which is contrary to the hypothesis that they do meet. 



On Plane Angles. 

23. Dep. An Angle is the difference in direction of two 
lines. The point in which the lines (prolonged if necessary) 
meet is called the Vertex, and the lines are called the Sides of 
the angle. 

An angle is designated by placing a letter at its vertex, and 
one at each of its sides. In reading, we name the thi*ee let- 
ters, putting the letter at the Vertex between the other two. When 
the point is the vertex of but one angle we usually name the 
letter at the vertex only ; thus, in Fig. 1, we read the angle by 

B 




D 




H 

Fig. 1. Fig. 2. 

calling it angle A. But in Fig. 2, H is the common vertex of. 
two angles, so that if we were to say the angle H, it would not 
be known whether we meant the angle marked 3 or that 
marked 4. We avoid all ambiguity by reading the former as 
the angle E H D, and the latter as the angle E H F. 
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The magnitude of an angle depends wholly upon the exterU 
of opening of its sides, and not upon their B 

length. Thus if the sides of the angle BAGy 
namely, A B and .4 (7, be prolonged, their 

extent of opening will not be altered, and the A^ C 

nze of the angle, consequently, will not be 
changed. 

24. Def. Adjacent Angles are angles 
having a common vertex and a common 
side between them. Thus the angles 
ODE and CDF are adjacent angles. 



C 



E 



D 



'F 



D 




25. !Def. a Bight Angle is an angle included between two 
straight lines which meet each other so that the two adjacent 
angles formed by producing one of the lines 

through the vertex are equal. Thus if the 
straight line A B meet the straight line C D 
so that the adjacent angles ABC and ABD 
are equal to one another, each of these an- 
gles is called a right angle. 

26. Def. Perpendicular Lines are lines 
which make a right angle with each other. 

27. Def. An Aciite Angle is an angle 
less than a right angle ; as the angle BAC 

28. Def. An Obtuse Angle is an angle 
greater than a right angle ; as the angle 
DEF. 

29. Def. Acute and obtuse angles, in' 
distinction from right angles, are called oh- 

liqtie angles ; and intersecting lines which are not perpendicular 
to each other are called oblique lines, . 

30. Def. The Complement of an angle is 
the difference between a right angle and the 
given aiigle. Thus A BD is the complement 
of the angle D B C ; also D BG \& the com- 
plement of the angle ABD, 
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31. Def. The Supplement of an angle 
is the difference between two right angles 
and the given angle. Thus AC D \& the 
supplement of the angle DC B) also DC B 
is the supplement of the angle AC D, 

52. Def. Vertical Angles are angles 
which have the same vertex, and their 
sides extending in opposite directions. 
Thus the angles ADD and COB are 
vertical angles, as also the angles AOC 
and DOB. 



D 



C 



B 




On Angular Magnitude. 




33. Let the lines B B* and A A' be in 
the same plane, and let B B' be perpen- 
dicular to A A' at the point 0, 

Suppose the straight line C \o move 
in this plane from coincidence with A, 
about the point as a pivot, to the po- 
sition C ; then the line C describes or 
generates the angle AOC. 

The amount of rotation of the line, from the po'sition OAto 
the^ position C, is the Angular Magnitude AOC. 

If the rotating line move from the position ^ to the po- 
sition B, perpendicular to A, it generates a right angle ; to 
the position A' it generates two right angles ; to the position 
OB'^ as indicated by the dotted line, it generates three right 
angles; and if it continue its rotation to the position Ay 
whence it started, it generates four right angles. 

Hence the whole angular magnitude about a point in a plane 
is equal to four right angles, and the angular magnitude about 
a point on one side of a straight line drawn through that point 
is equal to two right angles. 
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Fig. 1. 

34. Kow since the angular magnitude about the point is 
neither increased nor diminished by the number of lines which 
radiate from that point, the sum of all the angles about a point 
in a plane, as AOB + BOC+GOD, etc., in Fig. 1, is equal 
to four right angles ; and the sum of all the angles about a point 
on one side of a straight liiie drawn ihrotujh that point, as 
AO B-\' B.O G + COD, etc., Fig. 2, is equal to two tight 
angles. 

Hence two adjacent angles, OCA and OC B, u 

formed by two straight lines, of which one is ' 

produced from the point of meeting in both di- 
rections, are supplements of each other, and may 2 C B 
be called supplem^erUary adjacent angles. 




On the Method of Superposition. 

35. The test of the equality of two geometrical magnitudes 
is that they coincide point for point. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities coincide. Two angles are 
equal, if they can be so placed that their vertices coincide in 
position and their sides in direction. 

In applying this test of equality, we assume that a line may 
be moved from one place to another without altering its length ; 
that an angle may be taken up, turned over, and put down, 
Mrithout altering the difference in direction of its sides. 
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This method enables us to com- 
pare unequal magnitudes of the 
same kind. Suppose we have two 
angles, ABC and A* B' C\ Let 
the side B G he placed on the side 
B" C, so that the vertex B shall fall on B*, then if the side B A 
fair on B' A', the angle ABC equals the angle A' Bf C \ if the 
side BA fall between B' C and B' A' in the direction Bf Z>, the 
angle ABC is less than A' B' C ; but if the side B A fall in the 
direction B^B, the angle A B C is greater than A* B' C. 

This method of superposition en- ^ q 

ables us to add magnitudes of the 

same kind. Thus, if we have two c — D 

straight lines AB and CD, by ^ ^ 

placing the point C on J9, and keeping C D va the same direc- 
tion with A B, we shall have one continuous straight line A D 
equal to the sum of the lines A B 
and C D. 

Again : if we have the angles 
ABC and D E F, by placing 
the vertex B on E and the side 
BC in the direction of ED, the 
angle ABC will take the position 
A ED, and the angles DEF and 
ABO will together equal the an- 
gle A EF, 




Mathematical Terms. 

36. Dbf. a Demonstration is a course of reasoning by which 
the truth or falsity of a particular statement is logically established. 

37. Dep. a Theorem is a truth to be demonstrated. 

38. Dep. A Construction is a graphical representation of 
a geometrical conception. 

39. Dep. A Problem is a construction to be effected, or a 
question to be investigated. 
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40. Dep. An Axuym is a truth which is admitted without 
demonstration. 

41. Dep. A Postulate is a problem which ia admitted to 
be possible. 

42. Dep. A Proposition is either a theorem or a problem. 

43. Dep. A Corollary is a truth easily deduced from the 
proposition to which it is attached. 

44. Dep. A Scholium is a remark upon some particular fea- 
ture of a proposition. 

45. Dep. An Hypothesis is a supposition made in the 
enunciation of a proposition, or in the course of a demonatration. 

46. Axioms. 

1. Things which are equal to the same thing are equal to each 

other. 

2. When equals are added to equals the sums are equal. 

3. When equals are taken from equals the remainders are equal, 

4. When equals are added to unequals the sums are unequal. 

5. When equals are taken from unequals the remainders are 

unequal. 

6. Things which are double the same thing, or equal things, 

are equal to each other. 

7. Things which are halves of the same thing, or of equal 

things, are equal to each other. 

8. The whole is greater than any of its parts. 

9. The whole is equal to all its parts taken together. 

47. Postulates. 

Let it be granted — 

1. That a straight line can be drawn from any one point to any 

other point. 

2. That a straight line can be produced to any distance, or can 

be terminated at any point. 

3. That the circumference of a circle can be described about any 

centre, at any distance from that centre. 
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48. Symbols and ABBREviATiONa 



.'. therefore. 

= is (or are) equal to. 

Z angle. 

A angles. 

A triangle. 

A triangles. 

ti parallel. 
O parallelogram 
HI parallelograms* 

J> perpendicular. 

j! perpendiculars, 
rt. Z right angle, 
rt. A right angles. 

> is (or are) greater than. 

< is (or are) less than, 
rt. A right triangle, 
rt. A right triangles. 

O circle. 

® circles. 

+ increased by. 

— diminished by. 

X multiplied by. 

-T- divided by. 



Post, postulate. 

Def. definition. 

Az. axiom. 

Hyp. hypothesis. 

Cor. corollary. 

Q. K D. quod ^rat demonstran- 
dum. 

Q. E. F. quod erat faciendum. 

Adj. adjacent. 

Ext.- int. exterior-interior. 

Alt. -int. alternate-interior. 

Iden. identical. 

Cons, construction. 

Sup. supplementary. 

Sup. adj. supplementary-adja- 
cent. 

Ex. exercise. 

IlL illustration. 



pebpendigulab and obuqub lines. 15 

On Perpendicular and Oblique Lines. 

Proposition I. Theorem. 

49. JFAen one straight line crosses another straight line 
the vertical angles are equal. 




Let line OP cross A B at G. 

We are to prove AOCB^Z. A C P. 

Z OCA + A 0CB^2Ti,A, § 34 

{being 8up,-acy, A). 

Z OGA-^- Z.ACP^2n,A, § 34 

(fteiTig sup, -adj. A). 

.-.Z OGA + Z. OGB^Z OGA^ ZAGP. Ax. 1. 

Take away from each of these equals the common Z OG A, 
Then ZOGB-^ZAGP. 

In like manner we may prove 

ZAGO^Z PGB. 

Q. E. D. 

50. Corollary. If two straight lines cut one another, the 
four angles which they make at the point of intersection are 
together equal to four right angles. 
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Proposition II. Theorem. 

51. When the sum of two adjacent angles is equal to two 
right angles, their exterior sides form one and the same 
straight line. 



Let the adjacent angles Z0CA-bZ0CB=»2Tt. A. 
We are to prove A C and C B in the same straight line. 

Suppose (7 -F to be in the same straight line with A C. 

Then Z.0CA-\-Z0CF^2vt. A. § 34 

{))eing sup. -adj. A ). 

But Z.0CA + Z.0CB=^2Tt.A. Hyp. 

.\/.OCA + Z.OCF=/.OCA-\-A OCB. Ax. 1. 

Take away from each of these equals the common AOCA, 

Then Z.OCF=-Z.OCB, 

.', G B and C^ coincide, and cannot form two lines as rep- 
resented in the figure. 

,\ AC and (7 -ff are in the same straight line. 

Q. E. D. 



J 
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Proposition III. Theorem. 
52. A perpendicular meamres the shortest distance from 
a point to a straight line. 



C 




Let AB be the given straight line, G the given point, 
and C the pezpendicnlar. 

We are to prove G <^ ^^V other line drawn from G to A //, 
aaCF. 

Produce GOio E, making OE^GO. 

Draw EF, 
On AB 2^ an axis, fold over G F until it comes into the 
plane of E F. 

The line G will take the direction of E, 
(since A C P - Z. E F, each being a rt. Z). 

The point G will fall upon the point E, 
{since 0= OEby c<ms.y 
. .*. line GF-' line F E, § 18 

(haidng their extremities in the same points), 

.\GF'^ FE-^2GF, 
and G0-¥0E=^2G0. Cons. 

But GO^-OEKGF-^FEy §18 

{a straight line is the shortest distance between two points). 
Substitute 2 G for G -^ E, 

and 2 GF for G F -^ FE; then we have 

2 G0K2GF, 

.\ G0< GF. 

Q E. D. 
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Proposition IV. Theorem. 

58. Thoo oblique lines drawn from a point in a perpen- 
dicular y cutting off equal distances from the foot of the per- 
pendicular, are equal. 




Let F C be the perpendicular, and C A and C two 
oblique lines cutting oil equal distances from F. 



We are to prove C A '=^ G 0, 

Fold over C FA, on OF aa an axis, until it comes into the 
plane oiCFO. 

FA will take the direction of FO, 
{since Z CFA = Z CFO, eachbeing art. Z). 

Point A will fall upon point 0, 
{FA- FO, by hyp.). 



.-.Hne C A ^liue CO, 
{their extremities beirig the same points). 



§18 



Q. E. D. 
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Proposition V. Theorem, 



54. The sum of two lines drawn, from a point to the ex- 
tremities of a straight line is greater than the sum of two 
other lines similarly drawn, but included hy them. 




Let C A and C B be two lines diawn from the point C 
to the extremities of the straight line A B. Let A 
and OB be two lines similarly drawn, but included 
byCAandCB, 

We are to prove CA-^CB>OA + OB. 



Produce AO to meet the line C B dX E, 
Then AC'\' CE>AO'\' OE, 

{a straight line is the shortest distance betiveen two points)^ 
and - BE^ OE>BO, 

Add these inequalities, and we have 
CA-\'CE'\'BE+OE>OA-^OE'>rOB. 
Substitute ioi C E ^ B E i\& equal C B, 
and take away E from each side of the inequality. 
We have C A + C B> A -^ B. 



§ 18 



5 18 



Q. C. D. 
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Proposition VI. Theorem. 



A- 



55. Of two oblique lines drawn from Ike same point in a 
perpendicular, cutting off unequal distances from the foot of 
the perpendicular, the more remote is the greater. 

C 




I / 



W 

•i-' 
E 



Let C F he pezpendlcular to A B, and C K and Off two 
oblique lines cutting oft unequal distances from F. 

We are to prove C H > C K. 

Produce CFto F, making FF=CF, 
Dmw F K a,nd F H, 
CH = HF, and CK = K F, § 53 

{two oblique lines draton from the same point in a ±, cuUi'ng off eqtud dis- 
tances from the foot of the 1., are equal). 

But CH+HE>CK+KF, §54 

{The sum of two obliqice lines drawn from a poini to the extremities of a 
straight line is greater than the sum of two other lines similarly draimif 
but included by them); 

.-.2 CII>2CF; 
r.CH>CK. 

Q. E. D. 

56. Corollary. Only two equal straight lines can be drawn 
from a point to a straight line ; and of two unequal lines, the 
greater cuts off the greater distance from the foot of the perpen- 
dicular. 
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Proposition VII. Theorem. 

57. Two equal oblique lines, drawn from the same point 
in a perpendicular, cut off equal distances from the foot of 
the perpendicular. 




Let G F be the peipendicular, and C E and C K he two 
equal oblique lines drawn from the point C. 

We are to prove FE = FK, 

Fold over C FA on C^ as an axis, imtil it comes into the 
plane of C FB, 

The line FE will take the direction FK, 
(Z CFE- A CFK, each heirvg a H. /.), 

Then the point E must fall upon the point K ; 

otherwise one of these ohlique lines must he more remote from 

the J_, 

and .'. greater than the other; which is contrary to the 

hypothesis. § 55 

.\FE = FK. 

Q. E. D. 
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Proposition VIII. Theorem. 

68. If at the middle point of a straight line a perpen- 
dicular be erected, 

I. Any point in the perpendicular is at equal distances 
from the extremities of the straight line, 

II. Any point without the perpendicular is at unequal 
distances from the extremities of the straight line. 




Let FE be a pezpendicnlar erected at the middle 02 
the straight line AB, any point in P R, and C any 
point without PR, 



I. 



We are to prove 
Since 



Draw il and B, 
OA = OB, 
PA = PB, 



OA = OB, §53 

{two oblique lines dravm from the same point in a ±, cutting off equal dis- 

tancesfrom the foot of the 1^ are equal). 



11. 



Draw CA and CB. 



We are to prove C A and C B uneqiial. 

One of these lines, as CA, will intersect the J_. 
From 2>, the point of intersection, draw I) B. 
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DB=-DAy §53 

(twc obiique lines dravm from the same point in a JL, cutting off equal dis- 
tances from the foot of the ±, are equal), 

CB<CD-\-DB, §18 

(a straight line is the shortest distance between two points). 
Substitute for 2> ^ its equal D A, then 
CB< CI)+ DA. 
But Ci> + Z>^ = CA, Ax. 9. 

.'.CBKCA. 

Q. E. D. 

59. The Locus of a point is a line, straight or curved, con- 
taining aJl the points which possess a common property. 

Thus, the perpendicular erected at the middle of a straight 
line is the locus of all points equally distant from the extremi- 
ties of that straight line. 

60. Scholium. Since two points determine the position of 
a straight line, two points equally distant from the extremities 
of a straight line determine the perpendicular at the middle 
point of that line. 



Ex. 1. If an angle be a right angle, what is its complement? 

2. If an angle be a right angle, what is its supplement 1 

3. If an angle be f of a right angle, what is its complement ? 

4. If an angle be f of a right angle, what is its supplement 1 

5. Show that the bisectors of two vertical angles form one 
and the same straight line. 

6. Show that the two straight lines which bisect the two 
pairs of vertical angles are perpendicular to each other. 
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Proposition IX. Theorem. 

61. At a point in a straight line only one perpendicular 
to that line can be drawn ; and from a point without a 
straight line only one perpendicular to that line can he drawn. 



AE 



A F 



C 



B 

Fig. 1. 




EB 

Fig. 2. 



D 



Let BA {Ug, 1) be perpendicular to C D at the point B. 

We are to prove B A the 07dy perpendicular to C D at the 
point B, 

If it be possible, let BE he another line A.to C D at B. 
Then Z EBDis&Tt. Z. § 26 

But ZABDi8&Tt.Z. §26 

.\Z EBD = Z ABB, Ax. 1. 

That is, a part is equal to the whole ; which is impossible. 
In like manner it may be shown that no other line but BA 
is ± to CD at B, 

Let AB {fig, 2) be perpendicular toC D from the point A» 
We are to prove A B the only J. to CD from the point A, 

If it be possible, let AE he another line drawn from A L 
to CD, 

Conceive Z AE B to be moved to the right until the ve^ 
tex E falls on B, the side E B continuing in the line CD, 

Then the line E A will take the position B F, 

Now if il J5^ be ± to CD, BFis ± to CD, and there will 
be two Js. to C D Sit the point B ; which is impossible. 

In like manner, it may be shown that no other line but 
-4 jB is X to CD from A, q g p 

62. Corollary. Two lines in the same plane perpendicular 
to the same straight line have the same direction ; otherwise 
they would meet (§ 22), and we should have two perpendicular 
lines drawn from their point of meeting to the same line ; which 
is impossible. 
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On Parallel Lines. 

63. Parallel Lines are straight lines which lie in the same 
plane and have the same direction, or opposite directions. 

Parallel lines lie in the same direction, when they are on 
the same side of the straight line joining their origins. 

Parallel lines lie in opposite directions, when they are on 
opposite sides of the straight line joining their origins. 

64. Two parallel lines cannot meet, § 21 

65. Tioo lines in the same plane perpendicular to a given 
line have the same direction (§ 62), and are therefore parallel, 

66. Through a given point only one line can he drawn par- 
allel to a given line, § 18 




If a straight line US cut two other straight lines A£ 
and G B, it makes with those lines eight angles, to which par- 
ticular names are given. 

The angles 1, 4, 6, 7 are called Interior angles. 

The angles 2, 3, 5, 8 are called Exterior angles. 

The pairs of angles 1 and 7, 4 and 6 are called Alternate- 
interior angles. 

The pairs of angles 2 and 8, 3 and 5 are called Alternate- 
exterior angles. 

Tlie pairs of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 are 
called Extei*ior-interior angles. 
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Proposition X. Theorem. 



67. If a straight line be perpendicular to one of two 
parallel lines ^ it is perpendicular to the other. 



H 







if-.... 
E 



I 
I 

c 



'N 



K 

Let A B and B F be two parallel lines, and let HK be 
perpendicular to AB. 

We are to prove HK ±to EF. 

Through C draw MN ± to HK. 

Then MNisWioAB. §65 

(Two lines in the same plane J. to a given line are parallel). 

But ^i^is II ioAB, Hyp. 

.'.EF coincides with AfK § 66 

(Through the same point only one line can be dravm Wto a given line). 

.'. E F is ± to HK, 



that is 



HK is ± to EF. 



Q. E. D. 
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Proposition XL Theorem. 

68. If two parallel straight lines he cut hy a third 
straight line the alternate-interior angles are equal. 



het E F and GH he two parallel straight lines cut by 

the line BO. 

We are to prove Z.B = /.C, 

Through 0, the middle point of B C, draw AD±toGE. 

Then ^ i) is Ukewise ± to ^ i^, §67 

{a straight line ± to one of two Wsis Xtothe otJier), 

that is, D and ^ -4 are both -L to -4 i). 

Apply figure COD to figure BOA so that OD shall fall 

on A, 

Then C wiU fall on B, 

{since Z.OOD = Z.BOAf being vertical A) ; 

and point G will fall upon B, 

{since 0= B by construction). 

Then ± Ci> wiU coincide with ±BA, § 61 

{from a point without a straight line only one ± to that line can be drawn), 

,', Z. G D coincides with Z. B A, and is equal to it. 

Q. E. D. 

Scholium. By the converse of a proposition is meant a 
proposition which has the hypothesis of the first as conclusion 
and the conclusion of the first as hypothesis. The converse of 
a truth is not necessarily true. Thus, parallel lines never meet ; 
its converse, lines which never meet are parallel^ is not true unless 
the lines lie in the same plane. 



Note. — The converse of many propositions will be omitted, 
but their statement and demonstration should be required as an 
important exercise for the student. 
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Proposition XII. Theorem. 



69. Conversely : When two straight lines are ciit hy a 
third straight line, if the alternate^interior angles be equal_, 
the two straight lines are parallel. 




Let E F cut the straight lines A B and CD in the points 
H and K, and let the Z A UK = Z II KB. 

We are to prove AB II to C D. 
Through the point H draw MN II to (72> ; 

then Z MHK = Z HKD, § 68 

{being alt. -int. A ). 

But Z A HK = Z HKD, Hyp. 

.-. Z MHK = Z.A HK. Ax. 1. 

.*. the lines M N and A B coincide. 
But MN\& II io CD', Cons. 

.'. AB, which coincides with MN, is II to CD. 

Q. E. D. 
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Proposition XIII. Theorem. 

70. If two parallel lines he cut hy a third straight line, 
the exterior^interior angles are equal. 

E 




Let AB and C D be two parallel lines cut by the 
straight line E F, in the points H and K. 

We are to prove Z EHB = Z H K D, 

Z.EHB = ZAHKy §49 

(fieiiig vertical A). 

But Z A HK= AHKD, § 68 

(being aU.-int. A), 

.\ZEIIB = ZIIKD. Ax. 1 

In like manner we may prove 

ZEHA=ZBKO. 

Q. E. D. 



71. Corollary. The alternate-exterior angles, EHB and 
CKF, and also A H E a.nd D K F, qltg equal. 
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Proposition XIV. Theorem. 

72. Conversely : When two straight lines are cut by a 
third straight line, if the exterior-interior angles be equal, 
these two straight lines are parallel. 




Let EF cut the straight lines AB and D in the 
points II and K, and Jet the Z EHB = Z UKD, 

We are to prove AB II to C D . 
Through the jootW H draw the straight line M N II to C D, 
Then Z BffN=Z H K D, § 70 

{being ext. -int. A ). 
But Z EHB = Z ffXB. Hyp. 

.-. Z EHB = Z EHN. Ax. 1. 

.*. the lines M N and A B coincide. 
But MN\& II to CD, Cons. 

,'. AB, which coincides with M N, is II to CD. 

Q. E. D. 



J 
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Proposition XV. Theorem. 

7S. If two parallel lines be cut hy a third straight line, 
the sum of the two interior angles on the same side of the 
secant line is equal to two right angles, 

E 




Let AB and C D be two parallel lines cut by the 
straight line EF in the points H and K, 

We are to prove Z BHK + Z HKD = two H, A, 

Z. EHB + Z BHK= 2 rt. A, § 34 

(being sup.-adj. A). 

But Z EHB = Z HKDy § 70 

{being ext.-int. A ). 

Substitute Z HKD for Z EHB in the first equality; 
then Z BHK + Z HKD = 2 rt. A 

Q. E. D. 
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Proposition XVI. Theorem. 

74. Conversely : When two straight lines are cut by a 
third straight line, if the two interior angles on the same side 
of the secant line be together equal to two right angles, then 
the two straight lines are parallel, 

E 




Let EF cut the straight lines AB and C D in the 
points H and K, and let the A BHK + Z HKD 
equal two light angles. 

We are to prove AB li to CD. 
Through the point ff draw MJ^ II to C B. 

Then Z NHK + Z HKD = 2 rt. A, § 73 

Q)eing two interior A on the same side of the secant line). 

But Z BHK + Z HKD = 2 rt. A. Hyp. 

.\ZI^HK+ZHKD = ZBHK+ZHKD, Ax. 1. 

Take away from each of these equals the common Z HKD, 

then ZNHK=ZBHK 

m 

.'. the lines A B and M N coincide. 
But if iV^ is II ioCD\ Cons. 

,\ AB, which coincides with M^, is II to CD. 

Q. E D. 
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Proposition XVII. Theorem. 

75. Two straight lines which are parallel to a third 
straight line are parallel to each oilier. 

H 

\ 
I 



C 



E 







I 
i 

K 



B 



D 



Let AB and CD he parallel to E F. 

We are to prove A B II to C D. 

Dtslw If Kl. to HF. 

Since C 1) and F F oxe II, HK is ± to (72>, § 67 

{if a draight line he l.to one of two ifs, it is A. to the other also). 

Since ^ ^ and ^ i^ are II, ^^ is also l.ioAB, § 67 

.\/.IIOB = /.IIPD, 

(each being art. /.). 

.-. ^ ^ is II to CD, . § 72 

(when two straight lines are ciUby a third straight line, if the ext. -int. A 

he eqical, the two lines are II ). 

Q. E. D. 
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Proposition XVIII. Theorem. 

76. Two parallel lines are everywhere equally dislanf 

from each, other. 

E M H _ 

A 1 1 1 B 




^ F P K 

Let A B and CD be two parallel lines, and from any 
two points in AB, as E and H, let EF and HK 
be drawn perpendicular to A B. 

We are to prove EF= HK, 

Now EF and HK a.ie±toCI), § 67 

(a line ± to one of two \\s is A. to the other also). 

Let M be the middle point of EH 

Draw MP ±io AB. 

On MP as an axis, fold over the portion of the figure on 

the right of MP until it comes into the plane of the figure on 

the left. 

MB will faU on MA, 
(for Z PMH= Z. PME, each being art. Z.) ; 

the point H will fall on E, 
(f(yr MH= ME, by hyp.) ; 

^^wiUfallon JS^F, 
{for Z MHK= Z MEF, each bdivg a rt. Z) ; 

and the point K will fall on E F, or -£'# produced. 

Also, Pi) will fall on PC7, 
(Z MPK= Z MPF, each being a H. Z) ; 

and the point K will fall on P 0, 

Since the point K falls in hoth the lines E F and P C, 

it must fall at their point of intersection F. 

.\HK-=EF, §18 

(their extremities being tlie same points). 

Q. E. D. 



J 
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Proposition XIX. Theorem. 

77. Two angles whose sides are parallel, two and two, 

and lie in the same direction, or opposite directions, from their 

vertices, are equal, 

A D 





Df 

Pig. 1. Pig. 2. 

Let A B and E (Fig. T) have their sides BA and ED, 
and BC and E F respectively, parallel and lying 
in the same direction from, their vertices. 

We are to prove the /. B "= /. E, 

Produce (if necessary) two sides which are not II until they 
intersect, as at ZT; 

then Z.B^ABHG, . §70 

{being ext, -int. A ), 

and Z.E=-/.DHGy §70 

.',/. Br= Z E, Ax. 1 

Let A B' and E {Fig. 2) have B' A' and E' />', and B' C 
and E' F' respectively, parallel and lying in oppo- 
site directions from their vertices. 

We are to prove the /. B' = /. E. 

Produce (if necessary) two sides which are not II until they 
intersect, as at IT. 

Then' ^ ZB! = /LEirC', § 70 

ijking ext, -int, A ), 

and 



ZE = ZEH'G', 

(being alt. -int. A ) ; 

.-. Z B' = Z E\ 



§68 



Ax. 1. 

Q. E. D. 
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Proposition XX. Theorem. 



78. If two angles have two sides parallel and lying in 
the same direction from their vertices^ while the other two 
sides are parallel and lie in opposite directions, then the two 
angles are supplements of each other. 



A 




Let ABC and D E F be two angles having B C and ED 
parallel and lying in the same direction from their 
vertices, while E F and B A are parallel and He in 
opposite directions. 

We are to prove Z. ABC and /. D E F supplements of each 
ofJier. 

Produce (if necessary) two sides which are not II until they 
intersect as at 11. 

ZABC==ZBffI>, §70 

{being extMnt. A ). 

Z DEF=ZBHE, §68 

{heiTig alt. -int. A ). 

But Z BHD and Z B H E b.xq supplements of each other, § 34 

{being sup. -adj. A ). 

,\ Z ABC and Z D E F, the equals of Z BHD and 
Z B H E, are supplements of each other. 

Q. E. D. 



TRIANGLES. 37 



On Triangles. 

79. Dep. a Triangle is a plane figure bounded by three 
straight lines. 

A triangle has six parts, three sides and three angles. 

80. When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the triangles are said to 
be eqtial in all respects, 

81. Dep. In two equal triangles, the equal angles are called 
Homologmis angles, and the equal sides are called Homologotis 
sides. 

82. In equal triangles the equal sides are opposite the 
equal angles. 






SCALENE. ISOSCELES. EQUILATERAL. 

83. Dep. A Scalene triangle is one of which no two sides 
are equal. 

84. Dep. An Isosceles triangle is one of which two sides 
are equal. 

85. Dep. An Equilateral triangle is one of which the three 
sides are equal. 

86. Dep. The Base of a triangle is the side on which the 
triangle is supposed to stand. 

In an isosceles triangle, the side which is not one of the 
equal sides is considered the base. 
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RIQHT. 



OBTUSE. 



ACUTE. 



87. Def. a Right triangle is one which has one of the 
angles a right angle. 

88. Dep. The side opposite the right angle is called the 
Ilypotemiae. 

89. Dep. An Obtuse triangle is one which has one of the 
angles an obtuse angle. 

90. Dep. An Acvie triangle is one which has all the angles 

acute. 

C 





equianqCTLar. 



91. Dep. An Equiatignlar triangle is one which has aU 
the angles equal. 

92. Dep. In any triangle, the angle opposite the base is 
called the Vertical angle, and its vertex is called the Vertex of 
the triangle. 

93. Dep. The Altitvde of a triangle is the perpendicular 
distance from the vertex to the base, or the base produced. 

94. Def. The Exterior angle of a triangle is the angle in- 
cluded between a side and an adjacent side produced, as Z. CBD, 

95. Def. The two angles of a triangle which are opposite 
the exterior angle, are called the two opposite irUerior angles, as 
A A and (7. 



riBa 
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96. Any aide of a triangle is less than the sum of the 
other two sides. 

Since a straight Hue is the shortest distance between two 

points, 

AC<AB + BC. 

97. Any side of a triangle is greater than the difference 
of the other two sides. 

In the inequality ACKAB-V BCy 

take away A B from each side of the inequality. 

Then AC — AB<BC\qy 

BOAC-AB, 



Ex. 1. Show that the sum of the distances of any point in a 
triangle from the vertices of three angles of the triangle is greater 
than half the sum of the sides of the triangle. 

2. Show that the locus of all the points at a given distance 
from a given straight line A B consists of two parallel lines, 
drawn on opposite sides of A B, and at the given distance 
from it. 

3. Show that the two equal straight lines drawn from a point 
to a straight line make equal acute angles with that line. 

4. Show that, if two ' angles have their sides perpendicular, 
each to each, they are eith^ equal or supplementary. 
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Proposition XXI. Theorem. 

98. The sum of the three angles of a triangle is equal 
to two right angles, 

B E 



Let ABC be a triangle. 
We are to prove Z B + Z B C A 4- Z ^ = two rt, A. 
Draw C E W io A Bf and prolong A C. 

ThenZ ECF-^ ZECB-¥ Z BCA = 2 it. A, § 34 

(the sum of all the A about a point on the same side of a straight line 

= 2rt. A ). 

But ZA = ZEOF, §70 

{peirig ext. -int. A ), 

a,ndZB = ZBCE, §68 

(being alt. -int. A). 

Substitute for Z E CFajidZ B OE their equal A, A and B. 
Then Z A-\- Z B + Z BOA = 2 rt. A 

Q. E. D. 

99. Corollary 1. If the sum of two angles of a triangle be 
known, the third angle can be found by taking this sum from 
two right angles. 

100. Cor. 2. If two triangles have two angles of the one 
equal to two angles of the other, the tlhird angles will be equal. 
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101. Cor. 3. If two right triangles have an acute angle 
of the one equal to an acute angle of the other, the other acute 
angles will be equal. 

102. Cor. 4. In a triangle there can he but one right angle, 
or one obtuse angle. 

103. CoR. 5. In a right triangle the two acute angles are 
complements of each other. 

104. CoR. 6. In an equiangular triangle, each angle is one 
third of two right angles, or two thirds of one right angle. 



Proposition XXII. Theorem. 

105. The exterior angle of a triangle is equal to the sum 
of the two opposite interior angles. 




Let BC H be an exterior angle of the triangle ABC. 
We are to prove Z. BCH= Z A + Z B. 

ZBCH+ZACB=2Tt.A, § 34 

(being sup.-adj. A). 

Z A + Z B + Z A CB = 2 it A, § 98 

(three AofaA = two rt. A ). 
,\ZBCE'^ZACB=-ZA-\-ZB'^ZACB. Ax. 1. 

Take away from each of these equals the common Z A C B) 

then ZBCH^ Z A^- ZB, 

Q. E. D. 
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Proposition XXIII. Theorem. 

106. Two triangles are equal in all respects when two 
sides and the included angle of tlie one are equal resj^ectively 
to two sides and the included angle of the other. 




B Af 




In the triangles ABC and A' B' C, let A B=^ A' B', 

A C=A'G',/.A =ZA', 

We are to prove A A B C= A A' B' G'. 

Take up the A il ^ C and place it upon the A A^ B^ C so 
that A B shall coincide with A' B', 

Then A C will take the direction of A' C, 

{for ZA = ZAf,by hyp.\ 

the point C will fall upon the point C, 
{f(n'AC=AfCf,byhyp.); 

.\CB = C' B', . § 18 

{their extremities being the same poirits). 
•'. the two A coincide, and are equal in all respects. 

Q. E. D. 



W 



TRIANGLES. 43 



Proposition XXIV. Theorem. 

107. Thoo triangles are equal in all respects wKe^i a side 
and two adjacent angles of the one are equal respectively to a 
side and two adjacent angles of the other. 





B Af 

In the tTiangles ABC and A' B C", let AB=^ A' B', 
AA^AA'.AB^AB', 

We are to prove A ABC =^ J^ A' B' C, 

Take up A ABC and place it upon A A' B' C\ so that 
A B shall coincide with A* B', 

A C will take the direction of A^ C, 
(for /.A = /.A',hy hyp.) ; 

the point Cy the extremity of A (7, will fall upon A' C or 
A' C produced. 

^ C will take the direction of B' C, 
{forZ.B = /.Bf,hyhyp.)', 

the point C, the extremity of B (7, will fall upon B' C" or 
B* C produced. 

.'. the point C, falling upon both the lines A' C and B' C, 
must fall upon a point common to the two lines, namely, C, 

.'. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Pboposition XXV. Theorem. 

108. Two triangles are equal when the three sides of the 
one are equal respectively to the three sides of tlie other, 
B Bf 





In the triangles ABC and A' B' G\ let A B = A' B\ 
AC = A'C', BC^BfC. 

We are to pi^ove A ABC = A A' B' C. 

Place A A' B' C in the position A B' (7, having its greatest 
side A' C in coincidence with its equal A C, and its vertex at 
B\ opposite B, 

Draw B B' intersecting AC ai ff. 

Since A B = A B', Hyp. 

point ^ is at equal distances from B and B*. 

Since BC = B'C, Hyp. 

point C is at equal distances from B and B', 

.\ AC is ± to BB' at its middle point, § 60 

(two points at eqtial distances from the extremities of a straight line deter- 
mine the ± at the middle of thai line). 

I^ow if A il ^' C be folded over on AC as an axis until it 
comes into the plane of A ABC, 

HB' will fall on H B, 
(for Z. A HB = /.A HB', each being a rt, Z), 

and point B' will fall on B, 
{forHBf = HB). 

/. the two A coincide, and are equal in all respects. 

Q. E. D. 



J 
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Proposition XXVI. Theorem. 

109. Two right triangles are equal when a side and the 
hypotenuse of the one are equal respectively to a side and the 
hypotenuse of the other. 




C Bi^ 




In the Tight triangles ABC and A' B' C, letAB = A' B', 
and AG = A'G'. 

We are to prove A ABC = A A' B' C. 

Take u]^ the A ABC and place it upon A A^ B' C, so that 
A B will coincide with A' B', 

Then ^ (7 will fall upon B' C, 

(Jw /.ABC- AA^ B* C, each being a rt. Z), 

and point C will fall upon C ; 

otherwise the equal oblique lines A C and A' C would cut 
off unequal distances from the foot of the J_, which is im- 
possible, § 67 
(two equal oblique lines from a point in a ± cut off eqwil distances from the 

foot oftheJL). 

.'. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXVIL Theorem. 

110. Two right triangles are equal when the hypotenn%e 
and an acute angle of the one are equal resjiectively to the 
hypotenuse and an acute angle of the other, 

A Af 




B/^ 




In the Tight txiangles ABC and A' B' C", let AG ^ A' C, 
and Z. A^AA', 



We are toprove A ABC = A A' B' C\ 

AC = A' C, 
Z.A^/.A\ 



Hyp. 
Hyp. 



then AC = Z.C', § 101 

(t/ two rL ^ have an acute A of the one equal to am, acute Z of the other, 

then the other acute A are ejqyuaX), 

.\AABC = AA'B'C'y § 107 

(pwo ^ are equal when a side and two adj. A of the one are equal 

respectively to a side and two adj, A of the other), 

Q. E. D. 

111. Corollary. Two right triangles are equal when a 
side and an acute angle of the one are equal respectively to an 
homologous side and acute angle of the other. 



TBIA^GLBS. 
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Proposition XXVIII. Theorem. 

112. In an isosceles triangle the angles opposite the 
equal sides are equal. 




Let A BG oe an isosceles triangle, having the sides 
A C and C B equal. 

We are to prove /. A = /. B, 

From C draw the straight line (7^ so as to bisect the 
AACB. 

Inthe A^C^and J9(7jEr, 

AG^BC, Hyp. 

GE=GE, Iden. 

ZAGE=-ABGE', Cons. 

.\AAGE = ABGE, §106 

{ttoo A are equal when two sides and the inelvded Z. of tha one are eqyal 
respectively to ttoo sides and the indvded /.ofthe other). 



.-. Z ^ = Z j5, 

(being homologous A of equal ^ ). 



Q. E. D. 



Ex. If the equal sides of an isosceles triangle be produced, 
show that the angles formed with the base by the sides produced 
are equal. 
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Proposition XXIX. Theorem. 

113. A straight line which bisects the angle at the vertex 
af an isosceles triangle divides the triangle into two equal 
triangles, is perpendicular to the base, and bisects the base, 

C 




Let the line C E bisect the Z. A C B of the isosceles 

AAGB. 

We are to prove LAA CE = A BOB; 

11. lineCE l^toAB] 
III. AE==BE. 



I. Inthe Ail(7^and^(7jS^, 

AC = BC, 

CE=CE, 

ZACE = Z BCE. 



Hyp. 
Iden. 
Cons. 



,\AACE = ABCE, § 106 

(having two sides and the included Z. of the one equal respectively to two sides 

and the included /.of the other). 

Also, 11. Z CEA = Z CEB, 

(being homologous A of equal A). 

.-. C^isXto AB, 
(a straight litie meeting another, making the adjacent A equalf is ± to 

that line). 

Also, III. AE = EB, 

(being homologous sides of equal h. ). 

Q. E. D. 
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Proposition XXX. Theorem. 

114. If two angles of a triangle be equal, the sides op- 
posite the equal angles are equal, and the triangle is isosceles. 




In the triangle ABC, let the Z B = ZC. 

We are to prove AB = AC. 

Dmw AD ±to BC. 
In the It, A A JOB And AD Cy 

AD = AI), 



Idea. 



ZB = ZC, 

.'. Tt. A A J) B = Tt A A n Cy § 111 

(having a side and an acute /i of the one equal respectively to a side and an 

aciUe Z of the other), 

.\AB=^AC, 

(being homologous sides of equal ^). 

Q. E. D. 



Ex. Show that an equiangular triangle is also equilateral 
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Proposition XXXI. Theorem. ^X 

115. If two triangles have two sides of the one equal 
respectively to two sides of the other, but the included angle 
of the first greater than the included angle of the second, then 
the third side of the first will be greater than the third side 
of the second, 

B B B 



A^- 




-^c 




E 

In the ^ A EC and ABE, let AB^AB, BG^BE) 
but ZABOZABE, 

We are to prove AO A E. 

Place the A so that A B of the one shall coincide with A B 

of the other. 

Draw ^^so as to bisect Z EBC. 

Draw EF, 

In the A EBF a,nd CBF 

EB = BC, Hyp. 

BF=BF, Iden. 

ZEBF=ZCBF, Cons. 

.-. the A J^^ i^ and (7 ^ j^ are equal, § 106 

ifiaving two sides and the included Z. of one equal respectively to ttoo sides 

and the included Z of the other). 

,\EF = FC, 

{being homologous sides of equal A ). 

Now AF-{- FE > AE, § 96 

(the sum of two sides of a C:^ is greater than the third side). 

Substitute for FE its equal FC. Then 

AF-\- FOAE', or, 

AO>AE, 

Q. E. D. 
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Proposition XXXII. Theorem. ^ — ^ 

116. Conversely: If two aides of a triangle he equal 
respectively to two sides of another ^ hid the third side of the 
first triangle he greater than the third side of the second^ then 
the angle opposite the third side of the first triangle is greater 
than the angle opposite the third side of the second. 





In the AABGandA'B'O, let AB = A' B\ AC = A' C' -, 
but BOB' C*. 

We are to prove /. A> /. A'. 

If /.A=ZA', 

then would A ABC = A A* B' C, § 106 

{having tivo sides and the included Z of the one equal respectively to two sides 

and the included Z of the other), 

and BC = B'C\ 

{being homologous sides of equal ^ ). 

And if A< A', 

then would BC<B'C', § 115 

{if two sides of a t\he eqwd respectively to tvjo sides of another A, hvZ the 
included A of the first he greater than the included Z of the second, the 
third side of the first wUl he greater than the third side of the second.) 

But both these conclusions are contrary to the hypothesis ; 
.'. /. A does not equal Z A', and is not less than Z A'. 

.'.ZA>Z A'. 

Q. E. D 
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Proposition XXXIII. Theorem. 

117. Of two aides of a triangUy that is the greater 
which is opposite the greater angle. 



B 




In the triangle ABC let angle AG B be greater than 
angle B, 

We are to prove A B > A C. 

Draw CIJ so as to make Z B GE = Z -ff . 

Then EG = EB, §114 

ipeiTig sides opposite equcU A ). 

Now AE+ EG>AGy §96 

(the sum of two sides of a A is greater than the third side). 

Substitute for ^C its equal E B. Then 

AE-\- EB>AG, or 

AB>AG. 

Q. E. D. 



Ex. ABG and A B D are two triangles on the same base 
A B, and on the same side of it, the vertex of each triangle 
being without the other. HAG equal A D, show that B G 
cannot equal B D. 



TBIAN6LES. 53 



Proposition XXXIV. Theorem. 

118. Of two angles of a triangle^ that is the greater 
which is opposite the greater side. 




In the triangle ABC let AB be greater than A C 
We are to prove Z AC B> Z B. 

Take ii j^ equalto ^ C ; 
Draw E C 
/. AEC = Z ACE, §112 

{being A opposite eqical sides). 

But ZAEOZB, §105 

(an exterior Zofa Ais greater than either opposite interior Z ), 

and ZACB>Z ACE. 

Substitute iov Z AC E its equal Z AEC, then 

ZACB>ZAEC. 

Much more i^Z ACB> Z B. 

Q. E. D. 



Ex. If the angles ABC and AC B, at the base of an 
isosceles triangle, be bisected by the straight lines B D, CD, 
show that DBG will be an isosceles triangle. 
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Proposition XXXV. Theorem. 

119. The three bisectors of the three angles of a triangle 
meet in a point. 




Let the two bisectors of the angles A and C meet 
at 0, and OB be drawn. 

We are to prove B bisects tJie Z B. 

Draw the J^ K, F, and OH. 

In the rt. AOCK&ndOCF, 

00=00, 

Z OCK = Z OOP, 

.-.A OOK=A OOP, 

{having the hypotenuse and an acute Z of the one equal respectively to the 

hypotenuse and an acute Z. of tJie other). 

.\OP=OK, 

(homologous sides of equal A). 
In the rt. AOAP and OAE, 

OA = OA, 
ZOAP = ZOAff, 



Iden. 
Cons. 
§ 110 



Iden. 
Cons. 
§ 110 



.-.A OAP = A OAH, 
[having the hypotenuse and an acuie Z. of the one equal respectively to the 

hypotenuse and an acute Z of the other). 

.\OP=OH, 

(being homologous sides of equal A ). 
But we have already shown P *= K, 

.'.011= OK, Ax. 1 

in rt. A H B and KB 
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.\AOHB = A KB, §109 

(having the hypotenuse arid a side of ihe one equal respectively to tfie hypote- 
nuse aiid a side of ihe other), 

.\Z OBII-=Z OBK, 

(being homologous A of equal ^ ). 

Q. E. D. 

Proposition XXXVI. Theorem. 

120. T/ie three perpendiculars erected at the middle 
points of the three sides of a triangle meet in a point. 

A 




Let Diy, E E*, FF', he three perpendiculars erected 
at Z>, E, F, the middle points of AB,A C, and B C. 

We arq to prove they meet in some point, as 0, 

The two J^ DB' and EE' meet, otherwise they would be 
parallel, and A B and A C, being _i§ to these lines from the same 
point A, would be in the same straight line ; 

but this is impossible, since they are sides of a A. 

Let be the point at which they meet. 

Then, since is in 2) B', which is J. to ^ ^ at its middle 
point, it is equally distant from A and B. § 59 

Also, since is in E E', J_ to -4 (7 at its middle point, it is 
equally distant from A and C. 

.'. is equally distant from B and (7; 

.-. is in FF i. to J5 C at its middle point, § 59 

(the locus of all points equally distant frmn the extremities of a straight Hue 

is the 1. erected at the middle of that line). 

Q. E. D. 
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Proposition XXXVII. Theorem. 

1'21. The three perpendiculars from the vertices of a tri- 
angle to the opposite sides meet in a point, 

B 



In the triangle ABC, let B P, AH, C K, he the per- 

pendicTdazs from the vertices to the opposite 
sides. 

We are to prove they meet in some point, as 0, 
Through the vertices A, Bj (7, draw 

A'B II to^c; 

A'G' II to AC, 
B'C II ioAB. 

In the A. ABA' and ABC, we have 

AB=^AB, Iden. 

Z.ABA'=^Z.BAC, §68 

(being alternate iTiterior A ), 

ZBAA'==/.ABC. §68 

.-.A ABA' = AABC, § 107 

[having a side and two adj. A of the one equal respectively to a side and 

two adj. A of the other). 

.\A'B = AC, 

(being homologoiis sides of egiial ii ). 
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In the A CBC and ABC, 

BC = BC, Iden. 

Z.CBC'=^Z.BCA, §68 

{hemg alternate iiUervor A ). 

ZBCC' = ZCBA. §68 

.-.A CBC' = AABC, § 107 

{having a side and ttoo adj. A of the one equal respectively to a side and ttco 

adj, A of the other). 

.\BC'^AC, 

{being homologous sides of equal ^ ). 

* 

But we have already shown A' B=' AC, 

.\A'B = BC', Ax. 1. 

.'. J5 is the middle point of A' C. 

Since ^ P is J. to il C, Hyp. 

it is ± to A' C, § 67 

(a straight line which is ± to one of two \\s is Jl to the other also). 

But B is the middle point of A' C ; 

.'. B P is J- to A^ C bX its middle point. 

In like manner we may prove that 

-4 ZT is -L to ^' ^' at its middle point, 

and C A" ± to B^ C at its middle point. 

.' . B P, A H, and CAT are Js erected at the middle points 
of the -Bides of the A A' B' C\ 

.'. these Js meet in a point. § 120 

{the three JS erected at the middle points of the sides of a A meet in a point). 

Q. E. D. 
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On Quadrilaterals. 

122. Def. a Qitadrilateral is a plaue figure bounded by 
four straight lines. 

123. Def. A Trapezium is a quadrilateral which has no 
two sides parallel. 

124. Def. A Trapezoid is a quadiilateral which has two 
sides parallel. 

125. Def. A Parallelogram is a quadrilateral which has 
its opposite sides parallel. 




I 



I 
I 
• 

i 

.1 
I 



I 



TRAPSZIUM. 



TRAPEZOID. 



PARALLELOQRAar. 



126. Def. A Rectangle is a parallelogram which has its 
angles right angles. 

127. Def. A Square is a parallelogram which has its 
angles right angles, and its sides equal. 

128. Def. A Rhomhvs is a parallelogram which has its 
sides equal, but its angles oblique angles. 

129. Def. A Rhomboid is a parallelogram which has its 
angles oblique angles. 

The figure marked parallelogram is also a rhomboid. 



RECTANGLE. 



SQUARE. 



RHOMBUS. 
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130. Def. The side upon which a parallelogram stands, 
and the opposite side, are called its lower and upper bases ; and 
the parallel sides of a trapezoid are called its bases. 

131. Def. The Altitude of a parallelogram or trapezoid is 
the perpendicular distance between its bases. 

132. Def. The Diagonal of a 
quadrilateral is a straight line joining 
any two opposite vertices. 





Proposition XXXVIII. THEOBiac. 

133. TAe diagonal of a parallelogram divides the figure 
into two equal triangles, 

B C 




Let ABC E be a parallelogmm, and A C its diagonal. 
We are to prove A ABC = A A EG, 
lnt\iQ^ABC?LndiAEC 

AC- AC, Iden. 

ZACB = ZCAE, §68 

(being alt. -int. A). 

ZCAB = ZACE, §68 

.'.AABC = AAEC, §107 

(Jiawng a side ai\d two adj. A of the one eqtial respectively to a side and two 

adj. A of the other). 

Q. E. D. 
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Proposition XXXIX. Theorem. 

134. In a parallelogram the opposite aides are equals 
and the opposite angles are equal. 




.--' 



A E 

Let the figure ABC E he a parallelogram. 

We wrt to prove BC^ AE, and AB'^ ECy 

also, ZB = ZE,andZBAE^ZBGE. 

Draw A C. 

A ABC = AAEO, §133 

(the diagonal of a CD divides the figure into ttao equal ^ ). 

.\BC = AE, 

and AB = CE, 

(being homologous sides of equal ^ ). 

ZB = ZE, 

(being h^OT/iologous A of equal A ). 

ZBAC = ZACE, 
and ZEAC=^ZACB, 

(being homologous A of equal ^). 
Add these last two equalities, and we have 

ZBAC^- Z EAG = ZACE+ ZACB\ 
or, ZBAE=-ZBCE, 

Q. E. D. 

135. Corollary. Parallel lines comprehended between par- 
allel lines are equal. 
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Proposition XL. Theorem. 

136. If a qtmdrilateral have two sides equal and par-- 
allele then the other two sides are equal and parallel^ and the 
figure is a parallelogram. 





A 



Let the figure ABOE he a quadrilateral, having the 
side A E equal and parallel to B C, 



We are to prove A B equal and II to E (7. 



Draw A C, 




lni\i% A ABC B,u^AEC 




BC==AE, 


Hyp. 


AG -AG, 


Iden. 


/.BCA-Z. CAE, 


§68 


(being aU.-irU. A), 





.\AABC = AACE, §106 

{haviTig two aides and the included A of the one equal respectively to two sides 

and the included A of the oth£r). 

.\AB = EC, 

(being homologous sides of equal ^ ). 

Also, ABAC^AACE, 

{being hovrvologous A of equal ^ ) ; 

.\AB is II to EC, §69 

{when two straight lines are cut by a third straight line, if the alt. -int. A be 

equal the lines are parallel). 

.-. thefigure^^C^isaO, • §125 

{the opposite sides being parallel). 

Q. E. D. 
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Proposition XLL Theorem. 

137. ^in a quadrilateral the opposite sides be equals the 
figure is a parallelogram, 

C 





A 



Let the figure . A B C E be a qnadiilatersd having 
BG = AE and AB^EG, 

We are to prove figure A BC E u O. 

Draw A C. 

InthQ A ABC a.nd AEG 

BG = AE, Hyp. 

AB = GE, Hyp. 

AG = AG, Iden. 

.\AABG = AAEG, § 108 

(having three sides of the one equal respectively to three sides of the other). 

r.ZACB=-ZGAE, 
and ZBAG = ZAGE, 

(bei7ig homologoits A of eqiuU ^ ). 

.'.BGia II ioAE, 

and ^^is 11 to EC, §69 

(wJien two slraighl lines lying in the same plane are eiU by a third straight 
line, if the alL-int. A be equal, the lines are parallel). 

.'. the figure A BG E is slCJ, § 125 

(having its opposite sides parallel). 

Q. E. D. 
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Proposition XLII. Theorem. 
138. The diagonals of a parallelogram bisect each other. 

B C 




Let the Hgnre ABC E be a parallelogram, and let 
the diagonals A C and BE cut each other at 0. 

We are to prove AG = 00, and BO^OE, 

InihQ^ AOE and BOO 



AE-^BO, 

{beivg opposite sides of a ID), 

Z OAE = Z OCB, 

{being alt. -int. A ), 
Z OEA=Z OBO; 



§ 134 



§68 



§68 



.\AAOE=ABOO, § 107 

Qiaving a side and ttoo adj. A of the one eqiial respectively to a side and tioo 

adj. A of the other). 



and 



.\A0 = 00, 

BO=^OE. 

ifmng homologous sides of eqttal ^ ). 



Q. E. D. 
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Proposition XLIII. Theorem. 

139. The diagonals of a rhombus bisect each other at 
right angles. 




Let the figure A B C E be a rhombus, having the 
diagonals A O and BE bisecting each other at 0. 

We are to prove Z. A E aiid Z. AG B rt. A, 

InihQ A A E Qjidi A B, 

AE = AB,' §128 

(being sides of a rJuytrvbiis) ; 

OE=OB, §138 

(tJie diagonals of a CD bisect eobch other) ; 

AO^AO, Iden. 

.\AAOE-=AAOB, §108 

(having three sides of the one equal respectively to three sides of the other); 

,\Z AOE = ZAOB, 

(being homologous A of eqital ^ ) ; 
,\Z AOEBJidiZ AOB are rt. A. § 25 

( IVlicn one straight line meets another straight line so as to tnaJce the adj. A 

equal, each Zis a rt. Z ). 

Q. E. D. 



QUADBILATSRALS. 65 



Proposition XLIV. Theorem. 

140. Two parallelograms y having two sides and the in^ 
eluded angle of the one equal respectively to two sides and the 
included angle of the other, are equal in all respects. 

B C B' O 






A 

In the paxaUelogmms A BC D and A' B' C D', let 
AB-=A'B\ AD = A'L\ and Z A = Z A'. 

We are to prove that the UJ are equal. 

Apply O A BCD to n A' B' C D', so that il 2) wiU fall 
on and coincide with A* D', 

Then A B wiU fall on A' B', 
{for ZA = ZA'',by hyp.\ 

' and the point B will fall on B', 
{for AB = Af B\ by hyp.). 

Now, BC and B' O are both II to A' I> and are drawn 
through point B'\ 

.'.the lines B C and B' C cohicide, § 66 

and C falls on B' C or B' C produced. 

In like manner D C and D' C are II to A' B' and are drawn 
through the point /)'. 

,\I)C and B' C coincide ; § 66 

.•. the point C falls on B' C, or L' C produced ; 

.-. C falls on both J?' C and D' C \ 

,\ G must fall on a point common to both, namely, C". 

/.the two UJ coincide, and are equal in all respects. 

Q. E. D. 

141. Corollary, ' Two rectangles having tJie same hose and 
altitude are equal; for they may be applied to each other and 
will coincide. 
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Proposition XLV. Theorem. 

■ 142. The straight line which connects the middle points 
of the non-parallel sides of a trapezoid is parallel to the par- 
allel sides, and is equal to lialf their sum, 

A F E 





C H 



Let SO be the straight line Joining the middle points 
of the non-pai&Uel sides of the trapezoid ABCE, 

We are to prove SO II to A E and BC; " 
also SO = i{AE+ BO). 

Through the point draw FH II to ^ ^, 

and produce BC to meet FO H B,i H. 

In the A FO F and C II 

OE=OC, Cons. 

ZOEF=ZOCff, §68 

(beijig alt -int. A ), 

ZFOE = ZCOff, §49 

(being vertical A ). 

.\AFOE = ACOff, §107 

{having a side and two adj. A of the one eqiuU respectively to a side and two 

adj. A of the other). 
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and OF=Oir, 

(being Tumvologous sides of equal ^ ). 

Now FH^ ABy § 135 

( li IvMS comprehended between II lines are equal) ; 

.\FO = AS. Ax. 7. 

.-. thefigure^i^O/S'i8a/I7, §136 

(hamng two opposite sides equal and parallel), 

.'.SO is II to AF, § 125 

{being opposite sides of a CD). 

^0 is also II ioBC, 
(a straight line II to one of two II litces is II to the other also), 

Now SO = AF, §125 

(Peiiig opposite sides of a CJ)^ 

and SO = BH. §125 

But AF=AF—FE, 

and BH = BC+ CH. 

Substitute for A F and BH their equals, AE— FE and 
BC^fiH, 

and add, observing that CH= FE; 
then 2S0-=AE+ BC. 

.\SO=-\{AE+ BC). 

Q. E. D. 
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On Polygons in General. 

143. Def. a Polygmi is a plane figure bounded by straight 

lines. 

144. Def. The bounding lines are the iidts of the polygon, 
and their sum, asAB+BC+CI), etc., is the Perimeter oi 

the polygon. 

The angles which the adjacent sides make with each other 

are the angles of the polygon. 

145. Def. A Diagmal of a polygon is a line joining the 
vertices of two angles not adjacent. 

B B 






146. Def. An Equilateral polygon is one which has all its 
sides equal. 

147. Def. An Equtangtdar polygon is one which has all 
its angles equal. 

148. Def. A Convex polygon is one of which no side, 
when produced, will enter the surface bounded by the perimeter. 

149. Def. Each angle of such a polygon is called a Salient 
angle, and is less than two right angles. • 

150. Def. A Concave polygon is one of which two or more 
sides, when produced, will enter the surface bounded by the 
perimeter. ' 

151. Def. The angle FDE ia called a Re-entrant angle. 
When the term polygon is used, a convex polygon is meant. 
The number of sides of a polygon is evidently equal to the 

number of its angles. 

By drawing diagonals from any vertex of a polygon, the fig- 
ure may be divided into as many triangles as it has sides less two. 



POLYGONS. 69 



152. Def. Two . polygons are Eqvalj when they can be 
divided by diagonals into the same nnmber of triangles, equal 
each to each, and similarly placed; for the polygons can be 
applied to each other, and the corresponding triangles will evi- 
dently coincide. Therefore the polygons will coincide, and be 
equal in all respects. 

153. Def. Two polygons are Mutvally Eguiangidar, if the 
angles of the one be equal to the angles of the other, each to 
each, when taken in the same order; as the polygons ABCDE F, 
and A' BC ly E' P, in which ZA=-ZA', Z B -= Z B', 
ZC = ZC'y etc. 

154. Def. The equal angles in mutually equiangular poly- 
gons are called Homologous angles; and the sides which lie 
between equal angles are called Homologous sides. 

155. Def. Two polygons are Mutually Equilateral, if the 
sides of the one be equal to the sides of the other, each to each, 
when taken in the same order. 






Fig. 1. Fig. 2. Kg. 8. Fig. C 

Two polygons may be mutually equiangular without beiug 
mutually equilateral ; as Figs. 1 and 2. 

And, except in the case of triangles^ two polygons may be 
mutually equilateral without being mutually equiangular; as 
Figs. 3 and 4. 

If two polygons be mutually equilateral and equiangular, 
they are equal, for they may be applied the one to the other so 
as to coincide. 

156. Def, A polygon of three sides is a Trigon or Tri- 
angle ; one of four sides is a Tetragon or Quadrilateral ; one of 
five sides is a Pentagon ; one of six sides is a Hexagon ; one of 
seven sides is a Heptagon ; one of eight sides is an Octagon ; one 
of ten sides is a Decagon ; one of twelve sides is a Dodecagon, 
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Fbopobition XLYL TniKwtiBi 

157. 714^ sum of the interior angles of a polygon is 
equal to two right angles, taken as many times less two as 
the figure has sides. 




Let the tignxe ABCDEF he a polygon having 7i sides. 

We are to prove 

ZA-\-ZB-\-ZG, etc., = 2 r<. ^ (w — 2). 

From the vertex A draw the diagonals AC, A D^ and A E. 
The sum of the A of the A = the sum of the angles of the 



polygon. 



Now there are (n — 2) A, 
and the sum of the A of each A = 2 rt. A 



§98 



.'. the sum of the A of the A, that is, the sum of the A of 
the polygon = 2 rt. zi (?i — 2). 



Q. E. D. 



158. Corollary. The sum of the angles of a quadrilateral 
equals two right angles taken (4 — 2) times, i. e. equals 4 right 
angles ; and if the angles be all equal, each angle is a right 
angle. In general, each angle of an equiangular polygon of n 

sides is equal to — ^ 1 right angles. 
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Proposition XLVII. Theorem. 

159. The exterior angles of a polygon , mutde by produ- 
cing each of iU sides in succession, are together equal to /our 
right angles. 




Let the figure ABC BE be a polygon, having its sides 
produced in succession. 

We are to prove the sum of the ext. A"^ ^rt. A, 

Denote the int. A of the polygon hj Af£,C,DyI! ; 

and the ext. A by a, 6, c, d, e. 

ZA + Za = 2 Tt. A, § 34 

(being sup. -adj. A ). 

ZB + Zh = 2it A. § 34 

In like manner each pair of adj. A = 2 rt. A; 

.'. the sum of the interior and exterior ^ = 2 rt. ^ taken 
as many times as the figure has sides, 

or, 2 n rt. A, 

But the interior ^ = 2 rt. ^ taken as many times as the 
figure has sides less two, = 2 rt. ^ (n — 2), 

or, 2 ni't A — 4: rt. A, 

.' . the exterior -^ = 4 rt. A, 

Q. E. D. 
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EXEBOISES. 

1. Show that the sum of the interior angles of a hexagon is 
equal to eight right angles. 

2. Show that each angle of an equiangular pentagon is f of 
a right angle. 

3. How many sides has an equiangular polygon, four of 
whose angles are together equal to seven right angles? 

4. How many sides has the polygon the sum of whose in- 
terior angles is equal to the sum of its exterior angles 1 

5. How many sides has the polygon the sum of whose in- 
terior angles is double that of its exterior angles 1 

6. How many sides has the polygon the sum of whose 
exterior angles is double that of its interior angles 1 

7. Every point in the bisector of an angle is equally distant 
from the sides of the angle ; and every point not in the bisector, 
but within the angle, is unequally distant from the sides of the 
angle. 

8. BACi&a, triangle having the angle B double the angle 
A, Jf B D bisect the angle B, and meet AC in B, show that 
BB 18 equal to A JD. 

9. If a straight line drawn parallel to the base of a triangle 
bisect one of the sides, show that it bisects the other also ; and 
that the portion of it intercepted between the two sides is equal 
to one half the base. 

10. ABC D i^ & parallelogram, jE^ and F the middle points 
oi AD and B C respectively ; show that B E and D F will 
trisect the diagonal A C. 

11. If from any point in the base of an isosceles triangle 
parallels to the equal sides be drawn, show that a parallelogram 
is formed whose perimeter is equal to the sum of the equal 
sides of the triangle. 

12. If from the diagonal B D oi & square ABCD, BFhe 
cut off equal to BC, and FF he drawn perpendicular to B D, 
show that DF is equal to FF, and also to FC, 

13. Show that the three lines drawn from the vertices of a 
triangle to the middle points of the opposite sides meet in a 
point. 
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Definitions. 

160. Def. a Circle is a plane figure bounded by a curved 
line, all the points of which are equally distant from a point 
within called the Centre, 

161. Def. The Circumference of a circle is the line which 
bounds the circle. 

162. Def. A Haditts of a circle is any straight line drawn 
from the centre to the circumference, as A, Fig. 1. 

163. Def. A Diameter of a circle is any straight line patss- 
ing through the centre and having its extremities in the circum- 
ference, as A Bj Fig. 2. 

By the definition of a circle, all its radii are equal. Hence, 
all its diameters are equal, since the diameter is equal to twice 
the radius. 






Fig. 1. 

164. Def. An Arc of a circle is any portion of the circum- 
ference, as A MB, Fig. 3. 

165. Def. A Semi-circumference is an arc equal to one 
half the circumference, qa AM B, Fig. 2. 

166. Def. A Chord of a circle is any straight line having 
its extremities in the circumference, as A B, Fig. 3. 

Every chord subtends two arcs whose sum is the cir- 
cumference. Thus the chord A B, (Fig. 3), subtends the arc 
A MB and the arc A D B. Whenever a chord and its arc are 
spoken of, the less arc is meant unless it be otlierwise stated. 
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167. Def. a Segment of a circle is a portion of a circle 
enclosed by an arc and its chord, as A MB, Fig. 1. 

168. Def. A Semicircle is a segment equal to one half the 
circle, as ADC, Fig. 1. 

169. Def. A Sector of a circle is a portion of the circle 
enclosed by two radii and the arc which they intercept, as AG B, 
Fig. 2. 

170. Def. A Tangent is a straight line which touches the 
circumference but does not intersect it, however far produced. 
The point in which the tangent touches the circumference is 
called .the Point of Contact, or Point of Tangeney, 

171. Def. Two CircumferenAses are tangent to each other 
when they are tangent to a straight line at the same point. 

172. Def. A Secant is a straight line which intersects the 
circumference in two points, as A D, Fig. 3. 




173. Def. A straight line is Inscribed in a circle when its 
extremities lie in the circumference of the circle, as A B, Fig. 1. 

An angle is inscribed in a circle when its vertex is in the 
circumference and its sides are chords of that circumference, as 
ZABCYig, 1. 

A polygon is inscribed in a circle when its sides are chords 
of the circle, as A ABC, Fig. 1. 

A circle is inscribed in a polygon when the circumference 
touches the sides of the polygon but does not intersect them, 
as in Fig. 4. 

174. Def. A polygon is Circumscribed about a circle when 
all the sides of the polygon are tangents to the circle, as in Fig. 4. 

A circle is circumscribed about a polygon when the circumfer- 
ence passes through all the vertices of the polygon, as in Fig. 1. 
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175. Def. Eqvxil circles are circles which have equal ladiL 
For if one circle be applied to the other so that their centres 
coincide their circumferences will coincide, since all the points 
of both are at the same distance from the centre. 

176. Every diameter bisects ike cirde 
and its circumference. For if we fold over 
the segment ii if ^ on ^ ^ as an axis until 
it comes into the plane of AP B, the arc 
A MB wiU coincide with the arc APB; 
because every point in each is equally dis- 
tant from the centre 0. 




Proposition I. Theorem. 

177. TAe diameter of a circle is greater than any other 
chord. 

Let AB he the diameter of the circle 
A MB, and A E any other chord. 

We are to prove A B > A E. 

From (7, the centre of the O, draw C E. 
CE=-CB, 
(being radii of the same circle). 

But AC+ CE> AE, 

(the swm of two sides of a J\>(he third side). 
Substitute for C E, in the above inequality, its equal CB. 
Then AC'^CB>AE,oT 
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AB>AE, 



Q. E. D. 
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Proposition IL Theorem. 

178. A straight line cannot intersect the circnmference 
of a circle in more than two points. 




Let UK be any line cutting the circnmference A MP. 

We are to prove that HK can intersect the circumference 
in only tv>o points. 

If it be possible, let HK intersect the circumference in three 
points, H, F, and K 

From Of the centre of the O, draw the radii Off, OF, 
and K. 



Then 



Off, OF, and Z are equal, 
(being radii of the same circle). 



§163 



.'.if ffK could intersect the circumference in three points, 
we should have three equal straight lines Off, OF, and K 
drawn from the same point to a given straight line, which is 
impossible, § 56 

(only two equal straight lines can be drawn from apoini to a straight line), 

.•.a straight line can intersect the circumference in only 
two points. 

Q. E. D. 
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Proposition III. Theorem. 



179. In the same circley or equal circles, equal angles 
at the centre intercept equal arcs on the circumference. 





P Ff 

In the equal circles ABP and I'L^F* let ZO^ZC. 

We are to prove arc BS=^ arc R S*. 

Apply Q ABP to O A*B'F, 

80 that Z shall coincide with Z C. 

The point B will fall upon 7?', § 176 

(for 0R= 0> Rf, being radii of equal 



and the point S will fall upon aS*, § 176 

{for 0S= Of 1^, being radii qfeqv4il 



Then the &tc BS must coincide with the arc B^S*, 
For, otherwise, there would be some points in the circumference 
unequally distant from the centie, which is contrary to the 
definition of a circle. § 160 



Q. E. D. 
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Proposition IY. Theobbm. 

180. CoNVEESELY : In the same circle^ or equal circles^ 
eqtial arcs subtend equal angles at the centre. 





In the equsa chiles ABP and A'B'F* let sueo BS 
= arc R'S'. 

Wearetoprove Z BOS=^Z BO'S', 

Apply O ^^P to O A'B'P', 

so that the radius B shall fall upon 0' Bf. 

Then S, the extremity of arc BS, 

will fall upon S', the extremity of arc B' S', 

(Jor ES=EfSf, by hyp.), 

* 

/.OaS' will coincide with 0'^', §18 

(thtir extremUieg heiiig the same points). 

.*. Z BOS will coincide with, and be equal to, Z B' 0' S'. 

Q. E. D. 
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Proposition V. Theorem. 

181. In the same circle, or equal circles , equal arcs are 
subtended by equal chorda. 





In the equal circles A B P Sknd'A'B'F let arc BS 
= arc B'S', 

We are to prove chord BS =* chord B' S', 

Draw the radii OB, OS, 0" B', and 0' S'. 

In the ABOSsLTidB' 0' S' 

OB^O'B^ §176 

(being radii of equal ®), 

OS=0'S', §176 

Z.0 = /.0', § 180 

(equal arcs in equal (D subteind equal ^ at the centre), 

.\ABOS=^A B'O'S', § 106 

(J>wo sides and the included Z of the one being equal respectively to two sides 

and the included Zofth/e other). 

.'. chord BS= chord B' S, 
(being homologous sides qf equal ki. ). 

Q. E. D. 
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Proposition VI. Theorem. 



182. Conversely : In the same circle y or equal circles ^ 
equal chords subtend equal arcs. 





In the equal circles ABP and A' B' F, let chord RS 
= chord R'S'. 

We are to prove arc ES = arc R' S'. 

Draw the radii R, S, 0' R', and 0' S'. 



In the A 7? aS' and R' 0' S' 



RS==R*S', 
OR = 0'R', 

{being radii of equal ©), 
OSLO'S'; 



Hyp. 

§ 176 
§176 



.\AROS = AR'0'S', §108 

{three sides of the one being equal to three sides of the other), 

.-. Z 6) = Z 0', 

{being homologous A. of equal ^). 

.'. a,TG R S = arc R' S', § 179 

{in the same O, or equal (D, equal A at the centre intercept equal arcs on the 

circumference). 

Q. E. D. 
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Proposition VII. Theorem. 

183. The radiiis perpendicular to a chord bisects the 
chord and the arc subtended by it. 




Let AB be the chord, and let the zadius OS be per- 
pendicular to A B at the point M, 

We are to prove AM= BM, and arc A S =' arc B S. 

Draw CA and C B. 
CA = CB, 

(being radii of the aanie 0) ; 

.', A AG B 18 isosceles, § 84 

(tJie opposite sides being equoU) ; 

.-. J- C S bisects the base A B and the Z (7, § 113 
(fke J. drawn from the vertex to the base of an isosceles A bisects the base and 

the /. at the vertex), 

r.AM^BM, 
Also, since AAGS-= ABGS, 

arc ii /S' == arc aS'^, §179 

{fqvaX A at the centre intercept equal arcs on the circumference). 

Q. E. D. 

184. Corollary. The perpendicular erected at the middle 
of a chord passes through the centre of the circle, and bisects 
the arc of the chord. 
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Proposition VIIL Theorem. 

185. In the same circle, or equal circles, equal chords 
are equally distant from the centre ; and of two unequal 
chords the less is at the greater distance from the centre. 



E 
In the circle A BEG let the chord A B equal the chord 
OF, and the chord CE be less than the chord C F, 
Let OPj OH, and OK be ^ drawn to these chords 
from the centre O. 

Wearetoprove OF=Off, and 0H< OK, 

Join ^ and C. 
In the rt. A J: OP and GOH 

OA=OC, 

(being radii of the same 0) ; 

AP-=-CH, §183 

(h&ing halves of equal chords) ; 

.\AAOP-=A COH, §109 

{two rt. A are equal if they have a side and hypotenuse of the one equal to 

a side and hypotenuse of the other), 

.\OP=OH, 

(being homologous sides of equal ^). 
Again, since CE< OF, 

the 1- K will intersect G F in some point, as m. 
Now OK>Om. Ax. 8 

But Om>OH, §52 

(a A. is the shortest distant from a point to a straigM line). 

.*. much more is K^- OH. 

Q. E. D. 
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Proposition DL Thbobbh. 

186. A straight line perpendicular to a radiue at its 
extremity is a tangent to the circle. 




Let BA be the zadins, and MO the straight line 
peipendiculAT to BA at A, 

We are to prove MO tangent to the circle. 

From B draw any other line to MO, as BOH, 

BH>B4, §62 

(a J. riuasures the shortest distance from a point to a straight line). 

.*. point ff is without the circumference. 
But Bff is any other line than BA, 

.'. everg point of the line MO is without the circumference, 

except A, 

.'. MO is a tangent to the circle at A, § 171 

Q. e. D. 

. 187. CoBOLLARY. When a straight line is tangent to a 
cirple, it is perpendicular to the radius drawn to the point of 
contact, and, therefore a perpendicular to a tangent at the point 
of contact passes through the centre of the circle. 
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Proposition X. Thsobem. 

188. When two circumferences intersect each other, the 
line which joins their centres is perpendicular to their common 
chord at its middle point. 




Let G &nd d be the centres of two circumferences 
which intersect at A and B. Let A B he their 
common chord, and G G' Join their centres. 

We are to prove G G* JL to A B at its middle point. 

A X drawn through the middle of the choid A B passes 
through the centres G and C", § 184 

{a ± erected at the middle of a chord passes trough the centre of the O). 

.'. the line G G'y having two points in common with this J., 
must coincide with it. 

.'. (7 (7' is J_ to -4 J5 at its middle point. 

Q. E. D. 



Ex. 1. Show that, of all straight lines drawn from a point 
without a circle to the circumference, the least is that which, 
when produced, passes through the centre. 

Ex. 2. Show that, of all straight lines drawn from a point 
within or without a circle to the circumference, the greatest is 
that which meets the circumference after passing through the 
centre. 
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Proposition XI. Theorem. 

189. When two circumferences are tangent to each other 

their point of contact is in the straight line joining their 

centres. 

A 




Let the two circumferences, whose centres are C and 
C, touch each other at 0, in the straight line A B, 

and let OC be the straight line Joining their cen- 
tres. 

We are to prove is in the straight line C C. 

A 1, io A Bj drawn through the point 0, passes through the 
centres C and C, § 187 

(a JL to a tangent cU the point of contact passes through the centre of the O). 

.'. the line C (7, having two points in common with this -L, 
must coincide with it. 



.'. is in the straight line C C. 



Q. E. D. 



Ex. AB, a, chord of a circle, is the base of an isosceles 
triangle whose vertex C is without the circle, and whose equal 
sides meet the circle in D and E. Show that C D is equal 
to CK 
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On Measubement. 

190. Def. To measure a qaantity of any kind is to find 
how mant/ times it contains another known quantity of the mm>e 
kind* Thus, to measure a line is to find how many times it con- 
tains another known line, called the linear unit. 

191. Def. The number which expresses how many times 
a quantity contains the unit, prefixed to the name of the unit, 
13 called the numerical m,ea8ure of that quantity ; as 5 yards, etc. 

192. Def. Two quantities are commensurable if there be 
some third quantity of the same kind which is contained an 
exact number of times in each. This third quantity is called 
the commxm mea^nire of these quantities, and each of the given 
quantities is called a multiple of this common measure. 

193. Def. Two quantities are incommensurable if they 
have no common measure. 

194. Def. The magnitude of a quantity is always relative 
to the magnitude of another quantity of the sam^ Jdnd, No 
quantity is great or small except by comparison. This relative 
magnitude is caUed their Ra^ioy and this ratio is always an ab- 
stract number. 

When two quantities of the same kind are measured by the 
same unity their ratio is the ratio of their numerical measures. 

195. The ratio of a to 6 is written -, or a : 6, and by this 
is meant : ^ 

How many times b is contained in o; a 

or, what part a is of 6. b 

I. If b be contained an exact number of times in a their 
ratio is a whole number. 

If b be not contained an exact number of times in a, but 
if there be a common measure which is contained m times in a 

and n times in 6, their ratio is ihQ fraction — . 

n 

II. If a and b be incommensurable, their, ratio cannot be 

exactly expressed in figures. But if 6 be divided into n equal 

parts, and one of these parts be contained m times in a with 

1 m 

a remainder less than - part of b, then — is an approxiina;te 

n n 

value of the ratio - , correct within - . 

6 n 
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Again, if each of these equal parts of 6 be divided into n 
equal parts ; that is, if 6 be divided into n* equal parts, and if 
one of these parts be contained m' times in a with a remainder 

less than —^ part of b, then -^ is a nearer approximate value 

1 

of the ratio - , correct within -=- . 
ti 

By continuing this process, a series of variable values, 

— , — J , — if , etc., will be obtained, which wUl differ less and 
n rr n ^ 

less from the exact value of - . We may thus find a fraction 

which shall differ from this exact value by as little as we please, 
that is, by less than any assigned quantity. 

Hence, an iricommensurahle ratio is the limit toward which 
its successive approximate values are constantly tending. 

On the Theory op Limits. 

196. Dep. When a quantity is regarded as having & fixed 
value, it is called a Constant ; but, when it is regarded, under 
the conditions imposed upon it, as having an indefinite number 
of dife7'ent values, it is called a Variable. 

197. Dep. When it can be shown that the valne of a vari- 
able, measured at a series of definite intervals, can by indefinite 
continuation of the series be made to differ from a given con- 
stant by less than any assigned quantity, however small, but 
cannot be made absolutely equal to the constant, that constant 
is called the Limit of the variable, and the variable is said to 
approach indefinitely to its limit 

If the variable be increasing, its limit is called a superior 
limit ; if decreasing, an inferior limit. 

198. Suppose a point ± ^ ^' ^" ^ 

to move from A toward -B, under the conditions that the first sec- 
ond it shall move one-half the distance from A to B, that is, 
to M] the next second, one-half the remaining distance, that is, 
to M* ', the next second, one-half the remaining distance, that 
is, to M'^f and so on indefinitely. 

Then it is evident that the moving point way approach as 
near to B as we please, but udU never arrive at B. For, however 
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. near it may be to ^ at any instant, the next second it will pass 
over one-half the interval still remaining ; it must, therefore, 
approach nearer to B, since half the interval still remaining is 
some distance, but will not reach J9, since hcdf the interval still 
remaining is not the whole distance. 

Hence, the distance from A to the moving point is an in- 
creasing variable, which indefinitely approaches the constant A B 
as its limit ; and the distance from the moving point to ^ is a 
decreasing variable, which indefinitely approaches the constant 
zero as its limit. 

If the length of AB be two inches, and the variable be 
denoted by x, and the difference between the variable and its 
limit, by V : 

after one second, x = l, v = 1 ; 

after two seconds, aj=l + J, v = J; 

after three seconds, iP=l + J+J, ^~ii 

after four seconds, a?=l + J+J4-J, v = ^; 

and so on indefinitely. 
Now the sum of the series 1 + i + i + i etc., is evidently 
less than 2 ; but by taking a great number of terms, the sum 
can be made to differ from 2 by as little as we please. Hence 
2 is the limit of the sum of the series, when the number of the 
terms is increased indefinitely ; and is the limit of the variable 
difference between this variable sum and 2. 

lim, will be used as an abbreviation for limit. 

199. [1] The diffei^ence between a variable and its limit is a 
variable whose limit is zero. 

[2] If two or more variables, v, v', t/', etc., have zero for a 
limit, their sum, v+ t/+ t/', ttc., will have zero for a limit, 

[3] If the limit of a variable, v, be zero, the limit of a±.v 
will be the constant a, and the limit of aX v vnll be zero, 

[4] The product of a constant and a variable is also a va- 
riable, and the limit of the(prodMCt of a constant and a variably 
is the product of the ^constant and the limit of the variable, j -^ 

[5] The sum or product of two variables, both ofjwhick are 
either increasing or decreasing, is also a variable. 
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Proposition L 
[G] If two variables be always equaly their limits are equal. 

Let the two variables A M and 
A N he always equal, and let A 
and AB he their respective limits. 

We are to prove A C '^ A B^ 

Suppose AO AB, Then we may 
dimmish it (7 to some value A C* such (jt^ 
i\\2iiAO — AB. p 

Since A M approaches indefinitely to C^ 
A C, we may suppose that it has reached 
a value A P greater than AC, 

Let A QhQ the corresponding value of A N/T // /, ^ 

Then AP=^AQ. 

Now AC' = AB. 

Eut both of these equations cannot be true, for ^ P > ^ C", 
and A Q<AB, .\AC cannot be greater than A B. 

Again, suppose AC<AB, Then we may diminish A B to 
some value A B' such that AC'^ AB', 

Since A N approaches indefinitely to -4 ^ we may suppose 
that it has reached a value A Q greater than A B', 

Let -4 P be the corresponding value of A M, 

Then AP—AQ, 

Now AG^AB', 

But both of these equations cannot be true, for ^ P < -4 C, 
and AQ> AB', .\ AC cannot be less than A B. 

Since A cannot be greater or less than A B, it must be 
equal to il ^. Q- e. d. 

[7] Corollary L If two variables be in a constant ratio, 
their limits are in the same ratio. For, let x and y be two variables 

having the constant ratio r, then - = r, or, x^=^ r y, therefore 

y 

lim, {x) = lim, [r y)=^rX Urn. (y), therefore ,. ) [ =^ '*• 

[8] Cor. 2. Since an incommensurable ratio is the limit of 

its successive approximate values, two incommensurable ratios 7- 

a' . . * 

and — are equal if they ahvays have the same approximate values 

when expressed within tlie same measure <f precision. 
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PROPOSITIOiN II. 

[9] The limit of the algebraic sum of two or more variables 
is the algebraic sum of their limits. 



Let X, y, 2, be variables, a, 6, and c, ^ — ^^- 

their respective limits, and v, i/, and v", 

the variable differences between x, y, z. b *■— 

and a, 6, c, respectively. 

We are to prove lim. (xA- y-{-z) = a+ 64-c. c ^ *-^ 

Now, x = a — V, y = b — 'i/, z = c — v". 
Then, x + y-^- z^a — vk- b — «/ + c — t/'. 

.'. lim,(x-hy-{-z)=lim.{a — v^b — tZ+c — v"), [6 

But, lim. (a — V 4- 6 — i/ -h c — «/') = a + 6 4- c. [3 

.'. lim. (x-^ y-{- z) = a+ b + c. 

Q. E. D. 

Proposition III. 

[10] The limit of the! product of two or more variables jis the 
product of their limits. y ' 

Let Xy y, z, be variables, a, 6, c, their respective 
limits, and v, t/, t/', the variable differences between 
Xf y, z, and a, b, c, respectively. 

We are to prove lim. {xy z) = abc. 

Now, x = a — Vf y==b — i/, z = c — t/'. 

Multiply these equations together. 

Then, xyz = abc^^ terms which contain one or more of 
the factors v, t/, t/', and hence have zero for a limit. [3] 

.'. lim. {xyz) = lim. (a 6 c =F terms whose limits are zero). [6 J 
But lim. ((/ 6 c ^ terms whose limits are zero) ^^ab c. 

.*. lim. (xy z) =^ abc. 

Q. E. D. 

For decreasing variables the proofs are similar. 



Note. — In the application of the principles of limits, refer- 
ence to this section (§ 199) will always include the fundamental 
truth of limits contained in Proposition I. ; and it will be left as 
an exercise for the student to determine in each case what other 
truths of this section, if any, are included in the reference. 
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Proposition XII. Theorem. 

200. In the same circle, or equal circles, two commen- 
surable arcs have the .same ratio as the angles which they 
subtetid at the centre. 




V 



In the circle APC let the two arcs be AB and A (7, 
and A OB and AGO the A which they subtend. 



We are to prove 



\ 



mcAB Z.AOB 



arc .1 C /.AOC 



Let HKhe & common measure oi AB and A C, 
Suppose ZTiT to be contained \vl AB three times, 
and VR. AC five times. 



Then 



arc ^5 



3 
5 



arc A C 

At the several points of division oix A B and A C draw radii. 
These radii will divide Z. AOC into five equal parts, of 
which Z. AOB will contain three, § 180 



(m ike sanu 


o. 


or equal (D, equal arcs mbteiid eq%uU A at the centre). 






ZAOB 3 








'• ZAOC 5' 




But 




AVcAB 3 

BLTC AC 5 ' 








arc il ^ Z AOB 
• • ATcACZ AOC' 


Ax. 1. 

Q. E. D. 
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Proposition XIII. Theorem. 

201. In the same circle, or in equal circles, incom- 
mensurable arcs have the same ratio as the angles which 
they subtefid at t/ie centre, 

pi p 





In the two equal ® ABP and A'B'P' let AB and A' B* 
be two incommensurable arcs, and C, C the A which 
they subtend at the centre. 

jrr , arc A' B' Z C 
We are to prove = . 

arc ^ yy /.G 

Let A B be divided into any number of equal parts, and 
let one of these parts be applied to A' B' as often as it will be 
contained in A^B^. 

Since AB and A^ B* are incommensurable, a certain num- 
ber of these parts will extend from A' to some point, as £>, 
leaving a remainder D B' less than one of these parts. 

Draw C D. 
Since A B and A'D are commensurable, 

QxzA'J) ^ Z A'C D . 200 

arc^i B^ ZACB' ^ 

(ttpo commensurable arcs have the same ratio as the A which they siibterid at 

the centre). 

Now suppose the number of parts into which AB is divided 
to bfe continually increased ; then the length of each part will 
become less and less, and the point D will approach nearer and 
nearer to /?', that is, the arc A^ D will approach the arc A' B' as 
its limit, and the Z. A' C B the Z A' OB' as its limit. 
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Then the limit of ""^ ^' ^ will be ^^ ^' ^ , 

SLTC AB a,rc AB 

and the limit of ^/'^'- will be ^ 4L£1^. 

ZACB ZACB 

Moreover, the corresponding values of the two variables^ 
namely, 

axe AB ^^ ZAOB' 
are equal, however near these variables approach their limits. 

.-. their limits ^J^JLE and ^^^ are equal § 199 

arcil^ ZACB ^ ^ 

Q. E. D. 

202. Scholium. An angle at the centre is said to be meas- 
ured by its intercepted arc. This expression means that an angle 
at the centre is such part of the angular magnitude about that 
point (four right angles) as its intercepted arc is of the whole 
circumference. 

A circumference is divided into 360 equal arcs, and each 
arc is called a degree, denoted by the symbol (°). 

The angle at the centre which one of these equal arcs sub- 
tends is also called a degree. 

A quadrant (one-fourth a circumference) contains there- 
fore 90°; and a right angle, subtended by a quadrant, con- 
tains 90°. 

Hence an angle of 30° is J of a right angle, an angle of 45° 
is J of a right angle, an angle of 135° is f of a right angle. 

Thus we get a definite idea of an angle if we know the 
number of degrees it contains. 

A degree is subdivided into sixty equal parts called min- 
utes, denoted by the symbol ('). 

A minute is subdivided into sixty equal parts called sec- 
onds, denoted by the symbol (''). 
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Peoposition XIV. Theorem. 



) 



203. An inscribed angle is measured by on^^haJf of the 

are intercepted between its sides, 

BBS 




Case I. 

In the circle FAB {Fig, I), let the centre C be in one 
of the sides of the inscribed angle B, 

We are to prove A B is measured by \ arc P A, 

Draw CA. 

CA = CB, 

{heiTig radii of the same 0). 

.\ZB = ZA, . §112 

(being opposite eqital sides), 

ZPCA=ZB+ ZA. §105 

(the exterior Zofa Ais equal to the sum of the two opposite interior A), 

Substitute in the above equality Z B for its equal Z A, 

Then we have ZPCA = 2ZB. 

But Z PC A IB measured hj A P, § 202 

(the /.at the centre is measured by the intercepted are). 

.', 2 Z B is measured by A P, 

,', Z B 18 measured hj ^ A P, 



MEASUREMENT OF ANGLES. 95 

Case II. 

In the circle BAE (Fig. 2), let the centre C t&U 
within the single EBA. 

We are to prove Z. E BA is measured hy J arc E A, 

Draw the diameter BC P. 

Z PBA is measured by \ arc P A^ (Case L) 

Z PBEis measured by ^ arc PE, (Case I.) 

.-. Z PBA + Z PBEia measured by J (arc PA + arc PE). 

.". Z E BA is measured by J arc EA. 

Case III. 

In the circle BFP (Fig. 3), let the centre C faU with- 
out the angle A BF. 

We are to prove Z ABF is measured hy \ arc A F. 

Draw the diameter BC P. 

Z P BFia measured by | arc P F, (Case I.) 

Z PBA is measured by ^ arc P A, (Case I.) 

/. Z PBF—Z PBA ismeasuredby |(arcPi^— arcP^). 

.'. Z AB Fh measured by 4 arc A F. 

Q. E. D. 

204. Corollary 1. An angle inscribed in a semicircle is 
a right angle, for it is measured by one-half a semi-circumfer- 
ence, or by 90°. 

205. Cor. 2. An angle inscribed in a segment greater than 
a semicircle is an acute angle ; for it is measured by an arc less 
than one-haK a semi-circumference ; i. e. by an arc less than 90°. 

206. Cob. 3. An angle inscribed in a segment less than a 
semicircle is an obtuse angle, for it is measured by an arc greater 
than one-half a semi-circumference ; i. e. by an arc greater 
than 90°. 

207. Cor. 4. All angles inscribed in the same segment are 
equal, for they are measured by one-half the same arc. 
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Proposition XV. Theorem. ) 

208. An angle formed by two chords, and whose vertex 
lies between the centre and the circuriiference, is measured btf 
one-half the intercepted arc plus one^half the arc intei'cepted 
by its side^ produced^ 



Let the Z AOC be foimed by the chords A B and CD. 
We are to prove 

/. A OC is measured by ^ arc AC -\- \ arc B D, 

Draw AD. 

ZCOA^Z.D^Z.A, §105 

((he exterior Zofat^is equal to the sum of the two opposite interior A ). 

But ji D is measured by J arc AC, § 203 

(an inscribed Z is measured by i the intercepted arc) ; 

and Z A is measured by J arc B D, § 203 

.'. Z C OA is measured hj ^ aic AC + |^ arc -ff />. 

Q. E. D. 



Ex. Show that the least chord that can be drawn through 
a given point in a circle is perpendicular to the diameter drawn 
through the point. 
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Proposition XVI. Theorem. 



V 



209. An angle formed hy a tangent and a vliord U 
measured by one^half the interested arc. 




Let HAM he the angle formed by the tangent OM 
and chord AH. 

We are to prove 

Z. HA M is measured by J arc A EH. 

Draw the diameter AC F. 

Z FAMiaa,Tt.Z, §186 

{the radius draum to a tangent at the point of contact is d.to it), 

ZFAM, being a rt. Z, is measured by J the semi-circura- 
fereuce AFF, 

Z FAHia measured by ^ arc FH, § 203 

(an inscribed Z is measured by i the intercepted arc) ; 

.\ZFAM— Z FAHis measured by J (arc iii^i^— arc HF), 
.*. Z HA M is measured by i arc AEH 

Q. E. D. 
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Proposition XVII. Theobem. 



)/'■ 



i/ 



210. An angle formed by two secants, two tangents, or 
a tangent and a secant, and which has its vertex without the 
circumference, is measured by one-half the concave arc, minus 
one^half the convex arc, 






M 

Fig. 1. Fig. 2. 

Case I. 
Let the angle (Fig, 1) be fozmed by the two secants 
OA and OB. 

We are to prove 

Z 18 measured hg ^ bltc A B — ^ a.rc E C, 

Draw CB. 
ZACB==ZO + ZB, § 105 

(the exterior /. of a A is equal to the sum of the two opposite interior A ). 

By transposing, 

ZO=-ZACB-ZB, 

But Z A CB is measured hj ^ arc A B, § 203 

(an inscribed Z. is measured by ^ the intercepted arc), 

and Z B is measured by J arc (7 -S^ § 203 

.'. Z is measured by J arc -4 .ff — |^ arc C B. 
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Case II. 

Let the angle {Fig. 2) he foimed hy the two taar 
gents OA and OB. 

We are to prove 

/. 18 measured by \diKi A MB — \dic A SB, 

Draw A B. 

ZABC = ZO + ZOAB, §105 

{the exterior ZofaAia equal to the sum of the ttoo opposite interior A ). 

By transposing, 

ZO = ZABC-ZOAB. 

But ZABCis measured by ^ arc ii MB, § 209 

{a7i Z formed hya tangent and a chord is measured by i the intereqsted are), 

and Z OABh measured by ^ arc J. SB. § 209 

.'. Z is measured by | arc il MB — J arc -4 SB. 

Case III. 

Let the angle {Fig. 3) be foimed by the tangent 
OB and the secant OA. 

We are to prove 

Z is measured by ^ atc A D S ^ ^ sxc CE S. 
Draw OS. 

ZACS=Z + ZCSO, § 105 

(the exterior 2f of a A is equal to the awm of the ttoo opposite ivUerior A). 
By transposing, 

Z O^ZACS-Z CSO. 

But Z ACS is measured by ^ arc A D S, § 203 

{being an inscribed Z). 

and Z CSO is measured by J arc C ES, § 209 

{beiTUf an /.formed by a tangent and' a chord). 

.*. Z is measured hy ^ atc ADS — ^ arc C E S. 

Q. E. D. 
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Supplementary Propositions. 
Proposition XVIII. Theorem. 

211. Two parallel lines intercept upon the circum- 
ference equal arcs, 

A 





Fig. 1. 

Let the two parallel lines CA and B F {Fig. 1), inter- 
cept the arcs C B and A F, 

We are to prove arc C B "= arc A F, 
Draw A B, 



AA^AB, 

{being alt. -int, A ). 
But the arc CB is double the measure of Z A, 
and the arc AFis double the measure of Z B. 



§68 



/. arc 67-6 = arc -4 /^. 



Ax. G* 

Q. E. D. 



212. Scholium. Since two parallel lines intercept on the 
circumference equal arcs, the two parallel tangents M^ and 
P (Fig. 2) divide the circumference in two semi-circumferences 
AC B and AQ By and the line A B joining the points of contact 
of the two tangents is a diameter of the circle. 
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Proposition XIX. Theorem. 

213. If the sum of two arcs be less ilian a circum- 
ference the greater arc is subtended hif the greater chord ; 
and conversely y the greater chord subtends the greater arc, 

B 




P 
In the circle ACP let the two atcs A B and BC to- 
gether be less than the circumference, and let 
AB he the greater. 

We are to prove chord A B 7> chord B C. 

Draw A C, 

lu the A ABC 

Z C, measured by ^ the greater &rc AB, § 203 

is greater than Z A, measured by J the less arc B C. 

.*. the side ^ i? > the side B C, § 117 

(in a tithe greater Z has the greater side opposite to it). 

Conversely : If the chord ^ -^ be greater than the 

chord B 0. 

We are to prove arc A B "> arc B C, 

In the A ii ^ C, 

AB>BC, Hyp. 

.\ZC>A, §118 

(in a A the greater side has the greater Z opposite to it). 
/,aTcAB, double the measure of the greater Z C, is greater 
than the arc B C, double the measure of the less Z ^4. 
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Proposition XX. Theorem. 

214. If the sum of two arcs he greater than a circum- 
ference, the greater arc is subtended hy the less chord ; and, 
conversely, the less chord subtends the greater arc, 

B 




E 

In the circle BGE let the arcs AECB and BAEC 
together be greater than the circumference, and 
let arc AECB be greater than arc BAEC. 

We are to prove chord AB <i chord B C, 

From the given arcs take the common arc AE C ; 

we have left two arcs, CB and A B, less than a circumference, 

of which CB is the greater. 

.-. chord C B> chord A B, § 213 

{when the sum of two arcs is less than a circumference^ the grecUer arc is 

aubtemded by the greater chord). 

.'. the chord A B, which subtends the greater arc AECB, 
is less than the chord B (7, which subtends the less arc BAEC. 

Conversely : If the chord ^ jB be less than chord B C, 

We are to prove arc A EC B> arc BAEC, 

Arc AB-¥ arc A EC B = the circumference. 

Arc BC -^ arc BA EC = the circumference. 

.-. arcii^ + arc^jE^C/? = arc^(7+ a,vc BAEC. 

But arc ^ ^ < arc ^C, § 213 

{being subtended by the less chord), 

.-. arc A EC B> arc BAEC, 

Q. E. a 
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On Constructions. 

Proposition XXL Problem. 

215. To find a point in a plane, having given iU dis* 
iances from two known points. 

C 



Let A and B be the two known points; n the dis- 
tance of the jreqnired point from A^ o its distance 
from B, 

It is required to find a point at the given distances from A 
and B, 

From A ASA centre, with a radius equal to n, describe an arc. 

From ^ as a centre, with a radius equal to o, describe an arc 
intersecting the former arc at (7. 

C is the required point. 

Q. E. F. 



216.. Corollary 1. By continuing these arcs, another point 
below the points A and B will be found, which will fulfil the 
conditions. 

217. Cor. 2. When the sum of the given distances is equal 
to the distance between the two given points, then tlie two arcs 
described will be tangent to each other, and the point of tan- 
gency will be the point required. 
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Let the distance from A to B equal n + o. 

From ^ as a centre, with a \/ 

radius equal to ti, describe an arc ; A' c\ 'B 

and from ^ as a centre, with '^» 

a radius equal to o, describe an ^ 

arc. 

These arcs will touch each ~ 

other at C, and will not intersect. 

.'. (7 is the only point which can be found. 

218. Scholium 1. The problem is impossible when the 
distance between the two known points is greater than the sum 
of the distances of the required point from the two given points. 

Let the distance from ^ to ^ be greater than w -f* o. 

Then from ^ as a centre, 
with a radius equal to n, de- A' 
scribe an arc; 

and from ^ as a centre, with a 
radius equal to o, describe an arc. 

These arcs will neither touch 
nor intersect each other ; 

hence they can haVe no point in common. 

219. ScHO. 2. The problem is impossible when the distance 
between the two given points is less than the difference of the 
distances of the required point fi-om the two given points. 

Let the distance from il to ^ be less than w^o. 

From ^ as a centre, with a radius ^^ "^-^^ 

equal to n, describe a circle : / \ 

and from ^ as a centre, with a / .^ \ \ 

radius equal to o, describe a circle. J / . ,, \ 1 

^ . I \ A' »B \ \ 

The circle described from ^ as a \ \ / / 

centre will fall wholly within the circle ^^ \^ ^/ / 

described from ^ as a centre; o ^\ y 

hence they can have no point in ^ 

common. 



\ 
\ 


/ 


I 
1 


1 


1 
/ 


\ 


/ 


\ 


/ 


\ 


ft 







/ 

/ 
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Pboposition XXIL Problem. 

220. To bisect a given straight line, 

C 





\. 


:\\ 


1 


1 
1 


• 


1 • 


X 



3 



E 
Let AB be the given straight line. 

It is required to bisect the line A B, 

From A and B as centres, with equal radii, describe arcs 
intersecting at C and E, 

Join CE. 

Then the line C E bisects A B. 

For, CsjidE, being two points at equal distances from the 
extremities A and B, determine the position of a J. to the mid- 
dle point of ^ ^. § 60 

aE. F. 
Proposition XXIII. Problem. 

221. At a given point in a straight linCy to erect a 
perpendicular to that line, r 



/ 



-^N 



/ 






HO" 

Let be the given point in the straight line AB, 

It is required to erect a J^ to the line AB at the point 0, 

TakeOH^OB. 

From B and II as centres, with equal radii, describe two 
arcs intersecting at E, 

Then the line joining RO is the .L required. 
For, and E are two points at equal distances from B and H, and 
.*. determine the position of a -L .to the line HB at its 
middle point 0, § 60 

Q. E. F. 
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Proposition XXIV. Problem. -.^ 

222. From a point without a straight line^ to let fall a 
perpendicular upon tliat line, 

C 



>t^ 



A 



^ 



■^ 



m 



..-'"^ 



L^t AB be a, given straight line, and C a given point 
without the line. 

It is required to let fall a J- to the line A B from the point C. 

From C as a centre, with a radius sufficiently great, 

describe an arc cutting -4 ^ at the points H and K, 

From H and K as centres, with equal radii, 

describe two arcs intersecting at 0. 

Draw C 0, 

and produce it to meet A B dX m, 

Cmi» the -L required. 

For, C and 0, being two points at equal distances from H 
and Kj determine the position of a J_ to the line UK at its 
middle point. § 60 

Q. E. F. 
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Pboposition XXV. Problem. 

223. To construct an arc equal to a given arc whose 
centre is a given point. 



F^ 





"< 



N 






\ 
\ 
I 
I 
/ 

/ 
/ 



Let C be the centre of the given arc A B. 

It is required to construct an arc equal to arc A B. 

Draw CB, CA, smdAB. 

From (7' as a centre, with a radius equal to CBy 

describe an indefinite arc B^ F. 

From ^' as a centre, with a radius equal to chord A B, 

describe an arc intersecting the indefinite arc at ii'. 

Then arc A'B' = arcAB. 

For, draw chord A^ B', 

The (D are equal, 
{being described vnth eqiial radii), 

and chord A^ B' = chord A B ; Cons. 

.-. arc A' B' = arc ^ j5, § 182 

(in equal ® equal chords subtend equal arcs). 

Q. E F. 
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Pboposition XXVL Problem. 

224. At a given point in a given straight line to con- 
struct an angle equal 14> a given angle. 

F 




B B' 

Let C be the given point in the given line C B', and 
C the given angle. 

It is required to constrtict an Z at C equal to the A C. 

From C as a centre, with any radius as CB, 
describe the sjtc AB, terminating in the sides of the Z. 

Draw chord A B, 

From C 2i&2L centre, with a radius equal to CBy 

describe the indefinite arc J5' F. 

From B' Bsa, centre, with a radius equal to AB, 

describe an arc intersecting the indefinite arc at A'. 

Draw A' C\ 
Then ZC' = ZC. 
For, iomA'B\ 

The © to which belong arcs A B and A' B' aie equal, 
(bevtvg described with eqtuil radii). 

and chord A' B' = chord A B ; Cons. 

.-. arc A' B'^^TcAB, § 182 

(m eqyML (§) eqwil chords subtend equal arcs), 

.-. ZC' = ZC, § 180 

(in equal (D equal arcs subtend equal A at the centre). 

Q. E. F- 
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Proposition XXYJI. Problem. 



225. To bisect a given arc. 

A 



E 



\. 




X<'' 



Let A OB be the given arc. 

It is required to bisect the arc A OB, 

Draw the chord A B, 

From A and B as centres, with equal radii, 

describe arcs intersecting at E and C. 

Draw E G. 

E G bisects the arc AOB. 

For, E and C, being two points at equal distances from 
A and B, determine the position of the J. erected at the middle 
of chord ^5; §60 

and a J. erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 



Q. E. F. 
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7 

Peoposition XXX. Problem. 

228. Two angles of a triangle being given to find the 

third, 

R 

4 
I 
I 
I 

^-^^ ' 

E .::-=^.- — F 




Let A and B be two given angles of a triangle. 

It IS required to find the third Z of the A, 

Take any straight line, as EF, and at any point, as H^ 

construct A RHF equal to A By 

and ASHE equal to Z -4. 

Then A RH S is the A required. 

For, the sum of the three zi of a A = 2 rt. ^, § 98 

and the sum of the three A ahout the point H, on the sanie 
side of EF^ 2rt, A, § 34 

Two A of the A being equal to two A about the 
point H^ Cons. 

the third Z of the A must be equal to the third Z about 

the point H. 

a E. F. 
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Proposition XXXI. Problem. 



229. Two sides and tie included angle of a triangle 
being given j to construct the triangle. 

y 




-^H 



Let the two sides of the tziangle be E and F^ and 
the included angle A. 

It is required to construct a A having two sides equal to E 
and F respectivel^f, and their included Z. = Z. A. 

Take HE equal to the side F. 

At the point J3 dra.w the line HUf, 
making the Z EHM = Z -i. 
On ir if take EC equal to E. 

Draw G K. 

Then A (7ir JT is the A require4. 

Q. E. F. 
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Proposition XXXIL Problem. 

230. A side and two adjacent angles of a triangle being 
given, to constrttct the triangle, 


E^ ^^C 





Let C E be the given side, A and B the given angles. 

It is required to construct a A having a side equal to C E, 
and two A adjacent to that side equal to A A and B respectively. 

At point C construct an Z equal to /. A, 

At point E construct an Z equal to Z ^. 

Produce the sides until they meet at 0, 

Then A (7 ^ is the A required. 

Q. E. F. 

231. Scholium. The problem is impossible when the two 
given angles are together equal to, or greater than, two right 
angles. 
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Pboposition XXXIII. Problem. 



// 



232. The three aides of a triangle being given, to con- 
struct the triangle, • 



V 



/ 



,y^ 



A^ 



m 



n 



Let the three sides be m, 71, and o. 

It is required to construct a A having three sides respectively ^ 
equal to m, n, and 0. 

Draw A B equal to ». 

From ^ as a centre, with a radius equal to 0, 

describe an arc j 
and from J? as a centre, with a radius equal to m, 



describe an arc intersecting the former arc at (7. 



Then 



Draw CA and (75. 
AC AB isi the A required. 



Q. E. F. 



233. Scholium. The problem is impossible when one side 
is equal to or greater than the sum of the other two. 
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Proposition XXXIV. Problem. 

234. The hypotenuse and one side of a fight triangle 
being given, to construct the triangle. 




m 



Let m be the given side, and o the hypotenuse. 

It is required to construct a rt. A having the hypotenuse 
equal and one side equal m. 

Take A B equal to m. 

At A erect a X, -4 X. 

From JS? as a centre, with a radius equal to o, 

describe an arc cutting AX sXG. 

Draw CB. 



Then 



A Cil ^ is the A required. 



a E. F. 
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Proposition XXXV. Problem. 



235. The base, the altitude, and an angle at the base, 
of a triangle being given, to construct the triangle. 



m 




Let o equal the base, m the altitude, and C the angle 
at the basei 

It is required to construct a A having the hose eqtud to o, 
the altitude equal to m, and an Z. at the base equal to C. 

Take A B equal to o. 

At the point A, .draw the indetinite line A R, 

making iYiQ Z. B A R =- A C. 

At the point A, eiect 2k A. AX equal to m. 

From X draw XS I! to A B, 

and meeting the line AR a,t S. 

Bt&wSB. 

Then A A SB ia the A required. 

Q. E. F. 
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Proposition XXXVI. Problem. 

236. Two sides of a triangle and the angle opposite one 
of them being given ^ to construct the triangle. 

Case I. 

When the given atigle is acute, and the side opposite to it is less than 

the other given side, 

D 






// 






/ 



\ 



\ 



\ 



\ 



\ y 



a 



.''Qi 



E 



Let c be the longer and a the shorter given side, and 
/.A the given angle. 

It 18 required to construct a A having two sides equal to a 
and c respectively, and the Z. opposite a equal to given A A, 
Construct Z. D AE equal to the given Z A, 

On AD take AB=^c. 

From \5 as a centre, with a radius equal to a, 

describe an arc intersecting the side AEdXC and C". 

Draw B C and B C 
Then both the A ^ i? C and A B C" fulfil the conditions, 
and hence we have two constructions. 

When the given side a is exactly equal to the 1. BC, there 
will be but one construction, namely, the right triangle ABC. 

When the given side a is less than B C, the arc described 
from B will not intersect A E, and hence the problem is im- 
possible. 
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Case II. 

WJien the given angle is acute, right, or obtuse, and the aide opposite 
to it is greater than the other given side, 

D 




/ 



/ 



/ 



/ 



Jr 



\ 



\ 



\ 



\ 



\ 



c»\ 



x^. 



c 



Fig. 1. 



Pig. 2. 



a 




When the 'given angle is obtuse. 
Construct the Z. D A E (Fig. 1) equal to the given Z S, 

Take A B equal to a. 
From J? as a centre, with a radius equal to c, 
describe an arc cutting HA&tC, and EA produced at C. 

Join BCsLTidB C 

Then the A ABCis the A required, and there is only one 
construction ; for the A A BC will not contain the given Z aS'. 

When the given angle is a-cute, cw angle B A CK 
There is only one construction, namely, the ABAC (Fig. 1). 

When the given /.is a right angle. 

There are two constructions, the equal ^ BAC and BAC 
(Fig: 2). Q. E. F. 

The problem is impossible when the given angle is right or 
obtuse, if the given side opposite the angle be less than the 
other given side. § 117 
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Proposition XXXVII. Problem. 

237. Two aides and an included angle of a parallelO' 

gram being given, to constrttct tie parallelogram. 

R 



--. ' 



/ 



I 



I \ 
I 
I 
I 
I 
I 

I 

I 

-J 

B 



in 



Let m and a be the two sides, and C the included 
angle. 

It is required to co)i8truct a O having two adjacent sides 
equal to m and o respectively^ and their included A equal to A C. 

Draw A B equal to o. 

From A draw the indefinite line A B, 

making the Z A equal to Z C. 

On AB take A H equal to m. 

From ZT as a centre, with a radius equal to o, describe 
an arc. 

From ^ as a centre, with a radius equal to m, 

describe an arc, intersecting the former arc at E. 
Dt&w Eff&ndHB. 
The quadrilateral A B EH is the O required. 
For, AB = HE, Cons. 

AH^BE, Cons. 

.-. the figure A BEH is a O, . § 136 

(a quadrilateral^ which has its opposite sides equal, is a CJ). 

Q. E. F. 
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Proposition XXXVIII. Problem. 

238. To describe a circumference through three points 
not in the same straight line. 



N 



/ 

/ 
/ 
/ 
/ 
/ 
/ 
\ 



\ 
\ 
\ 
\ 





a I 



\ 






Jc 






Let the three points be A, B, and C. 

It is required to describe a circumference through the three 
points A, B, and C. 

Bvaw A B and B a 

Bisect ABarndB C. 

At the points of bisection, E and F, erect J§ intersect- 
ing at 0. 

From as a centre, with a radius equal to il, describe a 
circle. 

Q ABC \s, the O required. 

Por, the point 0, being in the 1. E erected at the middle 
of the line A By is at equal distances from A and B ; 

and also, being in the 1^ FO erected at the middle of the 
line (7 JB, is at equal distances from B and G, § 58 

{every point in the ± erected at the middle of a straight line is at equal 

distances from the extremities of that line). 

.'. the point is at equal distances from A, B^ and C, 

and a O described from as a centre, with a radius equal 
to Oil, will pass througli the points A, B, and (7. 

Q. E. F. 

239. Scholium. The same construction serves to describe 
a circumference which shall pass through the three vertices of a 
triangle, that is, to circumscribe a circle about a given triangle. 



/ . 
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Proposition XXXIX. Problem. 

240. Through a given point to draw a tangent to a 
given circle, 

M ..... 





Case 1. — fFhen the given point is on the circumference. 

Let ABC {Fig. 1) be a given circle, and the given 
point on the circumference. 

It is required to draw a tangent to the circle at C. 

From the centre 0, draw the radius C, 

At the extremity of the radius, (7, draw C M l.i6 DC. 

Then C Mia the tangent required, § 186 

(a straight litie ±to a radivs at its extremity is ta.ngent to the O). 

Case 2. — When the given point is without the circumference. 

Let ABO (Fig. 2) be the given circle, its centre, 
E the given point without the circumference. 

It is required to draw a tangent to the circle ABC from 
the jooint E. 

Join E, 

On E as sl diameter, describe a circumference intersecting 
the given circumference at the points M and II. 

Draw OMsindO H, EM and EH. 

Now Z ME is a rt. Z, § 204 

{being inscribed in a semicircle). 

.'. EMis ±to OM at the point M; 

.-. EM is tangent to the O, § 186 

(a straight line ± to a raditus at its extremity is tangent to the O). 

In like manner we may prove HE tangent to the given O. 

Q. E. F. 

241. Corollary. Two tangents drawn from the same point 
to a circle are equal. 
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Proposition XL. Problem. 

242. To inscribe a circle in a given triangle. 

B 
M 




Let ABC be the given triangle* 
It is required to inscribe a O in the A AB G. 
Draw the line A E, bisecting Z A, 
and draw the line G Ey bisecting Z G. 
Draw EH Jl to the line A G. 
From Ey with radius E Hy describe the O KMH, 
The O KHM is the O required. 
For, draw J^JTXtOii^, 
and^JfXto^C. 
In the rt. A il KE and A HE 

AE=AEy 

Z.EAK = ZEAHy 

.\AAKE = AAHEy 



Iden. 
Cons. 
§110 



{Two rt. &S. are equcU if the hypotenuse and an aciUe Z of the one he eqiicU 
respectively to the hypotenuse and an acute Z. of the other). 

.\EK=EHy 

(being homologous sides of equal A). 

In like manner it may be shown EM= EH, 

.'. EKy EHy and EM are all equal. 

.*. a O described from ^ as a centre, with a radius equal to EH, 

will touch the sides of the A at points ZT, Ky and M, and 
be inscribed in the A. § 1 74 

Q. E. F. 
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Proposition XLI. Problem. 

243. TTpon a given straight line, to describe a segment 
which shall contain a given angle. 




M 



E 

Let AB be the given line, and M the given angle. 

It is required to describe a segment upon the line A B, which 
sliall contain Z. M. 

At the point B construct Z. ABE equal to Z M. 

Bisect the line ^1 ^ by the ± i^ H. 

From the point B, draw BO ±to EB, 

From 0, the point of intersection of FH and ^ 0, as a 
centre, with a radius equal to B, describe a circumference. 

Now the point 0, being in a J_ erected at the middle of 

A B, is at equal distances from A and B^ § 58 

[every point in a ± erected at the middle of a straight line is at equal dis- 
tances from the extremities of that line) ; 

.'. the circumference will pass through A. 

Now B E is 1. to OB, Cons. 

.'. ^ ^ is tangent to the O, § 186 

(a straight line ± to a radiv3 at its extremity is tangent to the O). 

/.Z. ABE IB measured by J arc ^ .5, § 209 

{being an ^formed by a tangent and a chord). 

Also any Z inscribed in the segment A H B, as for instance 
Z AKB,h measured by \ arc A B, § 203 

{heitig an inscribed Z. ). 
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(being both measured by ^ the savM arc) ; 

.\/.AKB = Z. M. 
.'. segment A II B is the segment required. 



Q. E. F. 



Proposition XLII. Problem. 
244. To find the ratio of two commensurable straight 
lines. f / , 

A 1 LI_B /, 



K 

Ci , , r^D 

F 
Let AB and C D be two straight lines. 

It is required to find the greatest common measure of A B 

and C D, so as to express their ratio in figures. 

Apply CD to A B as many times as possible. 

Suppose twice with a remainder BB. 

Then apply BB to C I) as many times as possible; 

Suppose three times with a remainder FB, 

^ Then apply FB to F B sls many times as possible. 

Suppose once with a remainder HB. 

Then apply HB to F D as many times as possible. 

Suppose once with a remainder K D. 

Then apply K D to HB as many times as possible. 

Suppose K D is contained just twice in H B, 

The measure of each line, referred to K D as a unit, will 
then be as follows : — 

HB =-2KD; 

FD = HB+ KD = 3ZZ>j 

EB = FD+HB= bKD) 

CD =3EB+ FD = 18KD; 

AB ==2CI)+ EB = ilKD. 

. AB 4c\KD 

. ^AB 41 
,'. the ratio of -p^-j = 



CB 18 
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Proposition XLI. Problem. 

243. Vjpon a given straight line, to describe a segment 
which shall contain a given angle. 




7 



M 



E 
Let AB be the given line, and M the given angle. 

It is required to describe a segment upon the line A B, which 
sJiall contain Z. M, 

At the point B construct Z. ABE equal to Z M. 

Bisect the line ^ J5 by the ± /^ H. 

From the point By draw BO l.io EB. 

From 0, the point of intersection of FH and B 0, ss a 
centre, with a radius equal to B, describe a circumference. 

Now the point 0, being in a .L erected at the middle of 

A By is at equal distances from A and B, § 58 

(every point in a ± erected at the middle of a straight line is at equal dis- 
tances from the extremities of that line) ; 

.'. the circumference will pass through A. 

Now B E is ± to OB, Cons. 

.-. ^ j^ is tangent to the O, § 186 

(a straight line ± to a radius at its extremity is tangent to the O). 

.'. Z ABE is measured by | arc A B, § 209 

(being an Z formed by a tangerU and a chord). 

Also any Z inscribed in the segment AH B, as for instance 
Z ^ ^i^, is measured by \ arc AB, § 203 

i^ciiig an inscribed Z ). 
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.',/. AKB = Z.ABE, 

{being both measured by i the same arc) ; 

.\ZAKB=-Z M. 
.'. segment A ffB is the segment required. 



Q. E. F. 



Proposition XLII. Problem. 
244. To find the ratio of two commensurable straight 

lines. C / 

E H ^^ ' 

A . 1 1-1-5 . 



K 

C7l , 1 pUZ) 

F >. ' • 

Let AB and C D be two straight lines. 

It is required to find the greatest common measure of A B 

and C D, so as to express their ratio in figures. 

Apply CD to A B SLS many times as possible. 

Suppose twice with a remainder £B. 

Then apply E B io C D d^s many times as possible: 

Suppose three times with a remainder F D. 

Then apply FD to EB as many times as possible. 

Suppose once with a remainder HB. 

Then apply ffB to F I) as many times as possible. 

Suppose once with a remainder K D. 

Then apply K D to HB as many times as possible. 

Suppose K D is contained just twice in H B, 

The measure of each line, referred to K D as a unit, will 
then be as follows : — 

HB =2KD', 

FD = HB + KD=^ ZKD\ 

EB = FD-\-HB= 5KI); 

CD =3EB-{- FD = 18^2); 

AB =2CD+ EB = ilKD, 

, AB ilKD 

" CT)'~ Wkd' 

AB 41 



/. the ratio of 



CJ) 18 

Q. 5. F. 



124 GEOMETRY. BOOK II. I / 



Proposition XLI. Problem. 

243. Upon a given straight line, to describe a segment 
tahicA shall contain a given angle. 




7 



M 



/ 
E 
Let AB be the given line, and M the given angle. 

It is required to describe a segment upon the line A B, which 
sJiall contain Z. M, 

At the point B construct A A BE equal to Z. M. 

Bisect the line AEhjiYiQ LF H. 

From the point B, draw BO ± to EB. 

From 0, the point of intersection of FH and ^ 0, as a 
centre, with a radius equal to B, describe a circumference. 

Now the point 0, being in a _L erected at the middle of 

A By is at equal distances from A and J5, § 58 

{every poirU in a ± erected at the middle of a straiglU line is at equal dis- 
tances from the extremities of that line) ; 

.'. the circumference will pass through A. 

Now BE is A. to OB, Cons. 

.-. ^ ^ is tangent to the 0, § 186 

(a straight line ± to a radius at its extremity is tangent to the O). 

.'. Z ABE is measured by J arc A B, § 209 

{being an Z formed by a tangent and a chord). 

Also any Z inscribed in the segment A II B, as for instance 
Z A KB, is measured by J arc A B, § 203 

{hehig an inscribed Z. ). 
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.\/.AKB^Z.ABE, 

{being both measured by i the same arc) ; 

.\ZAKB = Z M. 
,'. segment A ff B is the segment required. 



Q. E. F. , r 



Proposition XLII. Problem. 
244. To find the ratio of two commensurable straight 

lines. f / , 

EH ^ ^- . . ' / 
A 1 Ll_5 ; A' 



K 

C7l \ , r^D 

F 
Let AB and C D be two straight lines. 

It is required to find the greatest common measure of A B 

and C D, so as to express their ratio in figures. 

Apply CD to A B as many times as possible. 

Suppose twice with a remainder £B, 

Then apply UB to C D as many times as possible: 

Suppose three times with a remainder FD. 

^ Then apply FJ) to E B as many times as possible. 

Suppose once with a remainder HB, 

Then apply ffB to FB as many times as possible. 

Suppose once with a remainder K D. 

Then apply K D to HB as many times as possible. 

Suppose KD is contained just twice in H B. 

The measure of each line, referred to KB as a unit, will 
then be as follows : — 

HB =2KB; 

FB = HB + KB = ^KB] 

EB = FB+ HB == bKB', 

GB ==3EB+ FB = ISKB; 

AB =20B+ EB = ilKB. 

, AB 41KB 
" CB " ISKB ' 
AB 41 



,'. the ratio of 



CB 18 

Q- ^. F. 
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Proposition XLI. Problem. 

243. TTpon a given straight line, to describe a segment 
which shall contain a given angle. 




M 



Let AB be the given line, and M the given angle. 

It is required to describe a segment upon the line A B, which 
sliall contain Z. M, 

At the point B construct A ABE equal to Z M. 

Bisect the line ^ J5 by the ± i^ H, 

From the point -5, draw BO 1. to EB, 

From 0, the point of intersection of FH and ^ 0, as a 
centre, with a radius equal to B, describe a circumference. 

Now the point 0, being in a J_ erected at the middle of 

A B, is at equal distances from A and j5, § 58 

(every point in a 1. erected at the middle of a straight line is at eqttal dis- 
tances from the extremities of that line) ; 

.'. the circumference will pass through A. 

Now B E is ± to OB, Cons. 

.'.BE is tangent to the O, § 186 

{a straight line ± to a radiics at its extremity is tangent to the O). 

r. Z ABE is measured by J arc A B, § 209 

{being an Z formed by a tangent and a chord). 

Also any Z inscribed in the segment A H B, as for instance 
Z AKB,is measured by J arc A B, § 203 

{being an inscribed Z. ). 
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(being both measured by i the same arc) ; 

.\ZAKB = Z M, 
.'. segment AffB is the segment required. 



Q. E. F. r 



Proposition XLII. Problem. 
244. To find the ratio of two commensurable straight 



lines. 



EH ^^'•' . . / 



K 

C\ , , rUZ> 

F 
Let AB and C D be two streiight lines. 

It is required to find the greatest common measure of A B 

and CD, so as to express their ratio in figures. 

Apply CD to A B SLS many times as possible. 

Suppose twice with a remainder EB, 

Then apply EB to C B as many times as possible: 

Suppose three times with a remainder FD. 

^ Then apply FB to E B as many times as possible. 

Suppose once with a remainder HB. 

Then apply ffB to FB as many times as possible. 

Suppose once with a remainder K B, 

Then apply K B to HB as many times as possible. 

Suppose KB is contained just twice in H B. 

The measure of each line, referred to KB as a unit, will 
then be as follows : — 

HB =-2KB; 

FB = HB-h KB = SKB; 

EB = FB-\-HB=- 6 KB; 

CB =SEB+ FB = ISKB; 

AB=2 0B+EB = ilKB. 

" CB ISKB' 

. .^^ 41 
/. the ratio of -^ — — . 

Q- 5. P. 
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Proposition XLI. Problem. 

243. Upon a given straight line, to describe a segment 
which shall contain a given angle. 




,M 



/ 
E 
Let AB be the given line, and M the given angle. 

It is required to describe a segment upon the line A B, which 
sJiall contain Z, M, 

At the point B construct Z. ABE equal to /. M, 

Bisect the line il ^ by the ± /^ H. 

From the point 5, draw BO 1. to EB. 

From 0, the point of intersection oi F H and B 0, bs a 
centre, with a radius equal to B, describe a circumference. 

Now the point 0, being in a J_ erected at the middle of 

A By is at equal distances from A and J5, § 58 

(every point in a ± erected at the middle of a straight line is at equal dis- 
tances from the extremities of that line) ; 

.*. the circumference will pass through A. 

Now BE 1^1. to OB, Cons. 

.'.BE is tangent to the O, § 186 

{a straight line 1. to a radius at its extremity is tangent to the O). 

.'. Z ^ J5 ^ is measured by J arc A B^ § 209 

{heiv^ an ^formed by a tangent and a chord). 

Also any Z. inscribed in the segment AH B, as for instance 
A AKB,\& measured by \ arc AB, § 203 

{being an inscribed Z. ). 
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.\ZAKB = ZABE, 

{being both measured by i the same arc) ; 

.\Z.AKB==Z. M. 
.'. segment A HB is the segment required. 



Q. E. F. 



Proposition XLII. Problem. 
244. To find the ratio of two commensurable straight 
lines. 





1 




EH ^ ' " 


/ 


(7i— 


— 1 1 


K 


t 


<* • 



F 

Let AB and C D be two straight lines. 

It is required to find the greatest common measure of A B 

and C D, so as to express their ratio in figures. 

Apply OB to A B as many times as possible. 

Suppose twice with a remainder EB. 

Then apply EB to C I> as many times as possible; 

Suppose three times with a remainder FI). 

^ Then apply FB to E B as many times as possible. 

Suppose once with a remainder HB. 

Then apply HB to i^Z) as many times as possible. 

Suppose once with a remainder KB, 

Then apply KB to HB as many times as possible. 

Suppose KB is contained just twice in H B. 

The measure of each line, referred to KB as a unit, will 
then be as follows : — 

HB =2KB; 

FB = HB + KB-= ZKB', 

EB = FB-\'HB= 5 KB; 

CB =3EB+ FB = 18KB; 

AB =2CB+ EB = ilKD. 

' ' CB ISKB' 



. ^AB 41 
/. the ratio of — = — . 



Q- 5. F. 
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Exercises. 

1. If the sides of a pentagon, no two sides of which are 
parallel, be produced till they meet ; show that the sum of all 
the angles at their points of intersection will be equal to two 
right angles. 

2. Show that two chords which are equally distant from the 
centre of a circle are equal to each other ; and of two chords, that 
which is nearer the centre is greater than the one more remote. 

3. If through the vertices of an isosceles triangle which has 
each of the angles at the base double of the third angle, and is 
inscribed in a circle, straight lines be drawn touching the circle ; 
show that an isosceles triangle will be formed which has each 
of the angles at the base one-third of the angle at the vertex. 

4. -4 Z> ^ is a semicircle of which the centre is C ; and AEC 
is another semicircle on the diameter AC ', AT \a a common 
tangent to the two semicircles at the point A, Show that if 
from any point F, in the circumference of the first, a straight 
line FG \iQ drawn to (7, the part F K^ cut off by the second/ 
semicircle, is equal to the perpendicular Fff to the tangent A T, 

5. Show that the bisectors of the angles contained by the 
opposite sides (produced) of an inscribed quadrilateral intersect 
at right angles. 

6. If a triangle ABChQ formed by the intersection of three 
tangents to a circumference whose centre is 0, two of which, 
A M and A N, are fixed, while the third, B (7, touches the cir- 
cumference at a variable point P ; show that the perimeter of 
the triangle AB C is constant, and equal to AM + A N', or 
2 AM, Also show that the angle B 00 ia constant. 

7. A B ia any chord and AO is tangent to a circle at A, 
D E Q, line cutting the circumference in D and E and parallel 
to ^ ^ ; show that the triangle AO D i& equiangular to the 
triangle EAB. 
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Constructions. 

1. Draw two concentric circles, such that the chords of the 
outer circle which touch the inner may be equal to the diameter 
of the inner circle. 

2. Given the base of a triangle, the vertical angle, and the 
length of the line drawn from the vertex to the middle point 
of the base : construct the triangle. 

3. Given a side of a triangle, its vertical angle, and the radius 
of the circumscribing circle : construct the triangle. 

4. Given the base, vertical angle, and the perpendicular from 
the extremity of the base to the opposite side : construct the 
triangle. 

5. Describe a circle cutting the sides of a given square, so 
that its circumference may be divided at the points of inter- 
section into eight equal arcs. 

6. Construct an angle of 60°,, one of 30**, one of 120®, one 
of 150®, one of 45®, and one of 135°. 

7. In a given triangle ABC, draw Q D E parallel to the base 
B C and meeting the sides of the triangle at D and E, so that 
Z>^ shall be equal to i>^ + EG. 

8. Given two perpendiculars, A B and CD, intersecting in 0, 
and a straight line intersecting these perpendiculars in E and i^; 
to construct a square, one of whose angles shall coincide with 
one of the right angles at 0, and the vertex of the opposite angle 
of the square shall lie in E F, (Two solutions.) 

9. In a given rhombus to inscribe a square. 

10. If the base and vertical angle of a triangle be given ; 
find the locus of the vertex. 

11. If a ladder, whose foot rests on a horizontal plane and 
top against a vertical wall, slip down; find the locus of its 
middle point. 
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On the Theory of Proportion. 

245. Def. The Terms of a ratio are the quantities com- 
pared. 

246. Def. The Antecedent of a ratio is its first term. 

247. Def. The Consequent of a ratio is its second term. 

248. Def. A Proportion is an expression of equality be- 
tween two equal ratios. 

A proportion may be expressed in any one of the following 
forms : — 

1. a : h '. \ c : d 

2. a \ h = c \ d 

3. ^=V 
h d 

Form 1 is read, a is to 6 as c is to d. 

Form 2 is read, the ratio of a to 6 equals the ratio of c to d. 

Form 3 is read, a divided by h equals c divided by d. 

The Terms of a proportion are the four quantities com- 
pared. 

The first and third terms in a proportion are the ante- 
cedents, the second, and fourth terms are the consequents. 

249. The Extremes in a proportion are the first and fourth 
terms. 

250. The Means in a proportion are the second apd third 
terms, 
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251. Dbf. In the proportion a : b : : c : d; d ia & Fourth 
Proportional to a, b, and c. 

252. Dep. In the proportion a : b : : b :c ; c is a Third 
Proportional to a and b. 

253. Def. In the proportion a :b : \b \ c\ 6is a Mean 
Proportional between a and c. 

254. Dep. Four quantities are Reciprocally Proportional 
when the first is to the second as the reciprocal of the third is to 
the reciprocal of the fourth. 

Thus a : 6 : : - : - . 

c d' 

If we have two quantities a and 6, and the reciprocals of 

these quantities - and - ; these four quantities form a recipro- 

a b 

cal proportion, the first being to the second as the reciprocal of 
the second is to the reciprocal of the first. 

As a : 6 : : - : - . ^ 

b a 

255. Dep. A proportion is taken by Alternation, when the 
means, or the extremes, are made to exchange places. 

Thus in the proportion 

a \ b : : c '. d, 
we have either 

a : c \ \ b : d, or, d : b : : c : a. 

256. Dfip. A proportion is taken by Inversion, when the 
means and extremes are made to exchange places. 

Thus in the proportion 

a : b : \ c \ d, 
by inversion we have 

b : a : \ d \ c. 

257. Def. A proportion is taken by Composition, when 
the sum of the first and second is to the second as the sum of 
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the third and fourth is to the fourth ; or when the sum of the 
first and second is to the first as the sum of the third and fourth 
is to the third. 

Thus if a : b : : c : dy 

we have by composition, 

a + b : b : : c -}• d : dy 

or, a -{- b : a : : c -^ d : c. 

258. Dep. a proportion is taken by Division, when th© 
difference of the first and second is to the second as the dif- 
ference of the third and fourth is to the fourth ; or when the 
difference of the first and second is to the first as the difference 
of the third and fourth is to the third. 

Thus if a : b : : c : d, 

we have by division 

a — b : b : : c — did, 

or, a — b : a : : c — die. 

Proposition I. 

259. In every proportion the product of the extremes is 
equal to the product of the means. 

Let a : b : : c : d. 

We are to prove ad = be. 

Now ? = -£, 

b d 

whence, by multiplying by b d, 

ad = be. 

Q. E. D 
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In the treatment of proportion, it is assumed that fractions 
may be found which will represent the ratios. It is evident that 
a ratio may be represented by a fraction when the two quanti- 
ties compared can be expressed in integers in terms of any 
common unit. Thus the ratio of a line 2^ inches long to a line 
3^ inches long may be represented by the fraction §f when both 
lines are expressed in terms of a unit ^ of an inch long. 

But it often happens that no unit exists in terms of which 
both the quantities can be expressed in integers. In such cases, 
however, it is possible to find a fraction that will represent the 
ratio to ani/ required degree of accuracy. 

Thus, if a and b denote two incommensurable lines, and b be 
divided into any integral number (w) of equal parts, if one of 
these parts be contained in a more than m times, but less than 

m + 1 times, then - > — but < — — — ; so that the error 

b n n 

a. 1 

in taking either of these values for - is < -. Since n can 

6 n 

be increased at pleasure, - can be made less than any assigned 

n 

m 
value whatever. Propositions, therefore, that are true for — and 

n 

— — — , however little these fractions differ from each other, are 
n 

true for - ; and - may be taken to represent, the value of -. 
b n b 



Proposition II. 

260. A mean proportional between two quantities is 
equal to the square root of their product. 

In the proportion a : 6 : : 6 : c, 

b^^ac, §269 

{fkt product of the extremes is equal to the product of the means). 



Whence, extracting the square root, 

b = ^ ac. 



Q. E. D. 
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Proposition III. 

261. If the product of two quantities he equal to the 
product of two others, either two may he made the extremes 
of a proportion in which the other two are made the means. 

Let ad = be. 

We are to prove a : b : : c : d. 

Divide both members of the given equation by b d. 

Then ^ = ^, 

b d 

or, a : b : \ c \ d. 

Q. E. D. 



Proposition IV. 

262. If four quantities of the same kind he in propor- 
tion, they will he in proportion hy alternation. 

Let a : b : : c : d. 
We are to prove a : c : : b : d. 

Now, 1^1. 

b (I 

Multiply each member of the equation by - . 

c 

Then ^ = ^ 

c d 

or, a ; c : ; 6 ; <f . 

Q. E. D. 
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Proposition V. 

263. If four quantities he in proportion , they will be in 
proportion by inversion. 

Let a : b : : c \ d. 

We are to prove b : a : : d : c. 

Now, r = ^ • 

b d 

Divide 1 by each member of the equation. 

Then ^- = i, 

a c 



or, b : a : : d : c. 



Q. E. D. 



Proposition VI. 

264. If four quantities he in proportion^ they will he in 
proportion by composition. 

Let a : b : : c : d 

We are to prove a + b : b : : c -)r d : d, 

Now - =— . 

6 d 

Add 1 to each member of the equation. 
Then f+l = J+l, 

* 

that IS, — ; — = — -z — y 

b d 

or, a-Vb \ b w c + d \ d, q. e. d. 
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Proposition VII. 

265. If four quantities be in proportion, they will be in 
proportion by division. 

Let a I h : : c : d. 
We are to prove a — b : b : : c — d : d. 

Now ?=i. 

6 d 
Subtract 1 from each member of the equatioiL 

Then 



that is, 



a c 

a — 5 c — d 



b d 

or, a — b : b : : c — d : d. 



Q. E. D. 



Proposition VIII. 

266. In a series of equal ratios, the sum of the ante- 
cedents is to the sum of the consequents as any antecedent is 
to its consequent. 

Let a : b = c : d = e : f = g : h. 

We are to prove a + c+e + gib + d-hf-^hiiaib. 

Denote each ratio by r, 

a c e g 
Th«« '•=6=rf=7=A- 

Whence, a=^br, c=^ dr, e "^fr^ g^=^hr. 

Add these equations. 

Then a + c-\-e + g^{b + d +/+ h) r. 

Divide by (b + d + / -\- h). 

a + c + e + g a 



Then 






b-{-d-{-f+h ' b 
or, a + c+e4-^:6 + c?+/H-A::a:6. 



Q. E. D. 
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Proposition IX. 

267. TheprodiicU of the corresponding terms of two or 
more proportions are in proportion. 



Let a : 6 

e :/ 
k : I 



: c : d, 



We are to prove aeh : bfl : : cgm : dhn, 

XT « c eg h m 

Now _ = _, _=^, _=_. 

, b d f h I n 

Whence by multiplication, 

aek cgm 

hfl dhn 

or, aek : hfl ii cgm : dhn, 

Q. E. D. 

Pboposition X. 

268. Like powers, or like roots, of the terms of a pro- 
portion a/re in proportion, 

9 

Let a : b : : e : d. 
We are to prove a* : ft" : : c* : c?", 

and a* : 6* : : c» : c?». 

Now ? = £. 

b d 

By raising to the n^ power, 

-- = —- : or a* : 6* : : c" : d^, 
6* d^ 

By extracting the n*** root, 
X 1 

-— = —.; or, a»» : 6» : : c»» : a» . 

few (/» 

Q. E. D. 

269. Dep. Equimultiples of two quantities are the products 
obtained by multiplying each of them by the same number. 
Thus m a and m h are equimultiples of a and b. 
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Proposition XL 

270. Equimultiples of two quantities are in the same 
ratio as the quantities thetnselves. 

Let a and h be any two quantities. 

We are to prove ma : mb : : a : b. 

Now 1^^. 

b b 

Multiply both terms of first fraction by m. 

rrii ma a 

Then — = _ , 

mb b 
or, ma : mb : : a : b, 

Q. E. D. 

Proposition XII. 

271. If two quantities he increased or diminished by 
like parts of each, the results will be in the same ratio as the 
quantities themselves. 

Let a and h be any two quantities. 
We are to prove a -^ ^ a : b ±, - b : : a : b. 



In the 


proportion, 


2 




9 






ma : 


mb : 


: a 


\ 




substitute for m, 1 ± ^ 




• 








Then 


(>±f)"' 


('- 




b : : 


a : 


or 


a±Pa 
9. 


: h± 


<l 


: : a 


: 6. 



Q. E. D. 

272. Dep. Euclid's test of a proportion is as follows : — 
" The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, when any equi- 
multiples whatsoever of the first and third being taken, and any 
equimultiples whatsoever of the second and fourth ; 
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^' If the multiple of the first be less than that of the second, 
the multiple of the third is also less than that of the fourth ; or, 

^* If the multiple of the first be eqiial to that of the second, 
the multiple of the third is also equal to that of the fourth ; or, 

" If the multiple of the first be greater than that of the 
second, the multiple of the third is also greater than that of 
the fourth." 



Proposition XIII. 

273. If four quantities be proportional according to the 
algebraical definition y they will also be proportional according 
to Miclid^s definition. 

Let a, 6, c, d be proportional according to the alge- 

a c * 

braical definition ; that is t= -,• 

o a 

We are to prove a, b, c, d, proportional according to Euclid! s 
definition. 

Multiply each member of the- equality by — . 

n 

Then ♦ ^=!!^. 

nb n d 

ISow from the nature of fractions, 

if m a be less than nh, mc will also be less than n d ; 

if m a be equal to nh, mc will also be equal to nd; 

if w a be greater than ?i 6, mc will also be greater than n d. 

.'. a, b, Cy d are proportionals according to Euclid's def- 
inition. 

Q. E. D. 
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Exercises. 

« 

1. Show that the straight line which bisects the external 
vertical angle of an isosceles triangle is parallel to the base. 

2. A straight line is drawn terminated by two parallel 
straight lines; through its middle point any straight line is 
drawn and terminated by the parallel straight lines. Show that 
the second straight line is bisected at the middle point of the 
first. 

3. Show that the angle between the bisector of the angle A 
of the triangle ABC and the perpendicular let fall from A on 
BC 18 equal to one-half the difference between the angles B 
and C. 

4. In any right triangle show that the straight line drawn 
from the vertex of the right angle to the middle of the hypote- 
nuse is equal to one-half the hypotenuse. 

5. Two tangents are drawn to a circle at opposite extremities 
of a diameter, and cut off from a third tangent a portion A B, 
If C be the centre of the circle, show that ACB is b. right angle. 

6. Show that the sum of tlie three perpendiculars from any 
point within an equilateral triangle to the sides is equal to the 
altitude of the triangle. 

7. Show that the least chord which can be drawn through a 
given point within a circle is perpendicular to the diameter 
drawn through the point. 

8. Show that the angle contained by two tangents at the 
extremities of a chord is twice the angle contained by the chord 
and the diameter drawn from either extremity of the chord. 

9. If a circle can be inscribed in a quadrilateral ; show that 
the sum of two opposite sides of the quadrilateral is equal to the 
sum of the other two sides. 

10. If the sum of two opposite sides of a quadrilateral be 
equal to the sum of the other two sides; show that a circle 
can be inscribed in the quadrilateral. 
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On Peopobtional Lines. 
Proposition I. Theorem. 

274. If a series of parallels intersecting any two 
straight lines intercept equal parts on one of these lines, 
they will intercept equal parts on the other also, 

H W 



Let the series of paraUels A A', BB\ CC\ BL', EE', 
intercept on H' K' equal parts A'B, B' C\ C D% etc. 

We are to prove 

they intercept on H K equal parts A B, BC, CD, etc. 

At points A and B draw A m and ^ n II to H' K', 

Am^A'B', § 135 

{parallels comprehended between parallels are equal). 

Bn-=B'C', §135 

.*. Am = Bn. 
In the Jk B Am and C Bn, 

ZA=ZB, § 77 

{having their sides respectively II and lying in the same direction from 

th^ vertices). 

Z. m = Z. n, § 77 

and Am = B n, 

,\ ABAm = A CBn, § 107 

{having a side and two adj. A of the one equal reftpectively to a side and 

two adj. A of the other). 

.-. AB = BC, 

{being homologous sides of equal ^). 
In like manner we may prove BC = CD, etc. 
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Proposition II. Theorem. 

2/6. If a line he drawn through two sides of a triangle 
parallel to the third side, it divides those sides propor^ 
lion ally. 




Fig. 1. Fig. 2. 

In the triangle ABC let EF be drawn parallel to B C, 

EB FC 



We are to prove 



AE AF 



Case I. — When A E and £B {Fig. 1) are commejiswrahle. 

Find a common measure oi A E and EB, namely Bm, 
Suppose ^ w to be contained in B E three times, 
and in -4 ^ five times. 
EB ^ 3 
Te 5* 



Then 



At the several points of division on B E and A E draw 
straight lines II to B C. 

These lines will divide A C into eight equal parts, 

of which FC will contain three, and A F will contain five, § 274 

{if parallels intersecting any two straight lines intercept equal parts on one 
of these lities, they vrUl intercept equal partes on tJie other also), 

. FC 3 
5 



But 



AF 

EB 
AE' 

EB ^ FC 
AE AF 



5' 



Ax. 1 
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Case. II. — fFhen A E and EB (Fig. 2) are incommensuraJble. 

Divide A E into any number of equal parts, 

and apply one of these parts to E B as often as it will be 
contained in E B. 

Since A E and E B are incommensurable, a certain number 
of these parts will extend from j& to a point K, leaving a re- 
mainder KB, less than one of the parts. 

DrawiTjy II to BG. 

Since A E and E K are commensurable, 

EK _ FH 
AE^ Tf 



(Case I.) 



Suppose the number of parts into which AE\& divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to B. 

The limit of ^iT will be E B, and the limit oi F H will be FC 

.'. the limit of will be , 

AE AE 

and the limit of will bo 

AF AF 

E K F H 

Now the variables — — and — — are always equal, how- 

A E A F 

ever near they approach their limits ; 

.-. their limits E^ and £^ are equal, § 199 

Q. E. D. 

276. Corollary. One side of a triangle is to either part 
cut off by a straight line parallel to the base, as the other side is 
to the corresponding part. 

Now EB : AE :: FC : AF. § 275 

By composition, 

EB^ AE : AE :: FC-^- AF . AF, § 263 

or, AB : AE :. AG '.AF. 
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Proposition III. Theorem. 

277. If a straight line divide two aides of a triangle 
proportionally^ it is parallel to the third side, 

A 




In the triangle ABC let EF be drawn so that—^^. 

AE AF 

We are to prove EFWio EG, 

From E draw EH II to B C. 

{one side of a Crista either part cut off by a line II to the base, as the other 

side is to the corresponding part). 

But 44=4-S. Hyp. 



Ax. 1 



A£ 


- AF' 


. AC 


AG 


■ AF'- 


'AH' 


.-. AF-- 


= AH. 


.-. EF and E H coincide, 


iflieir extremities being the same points). 


Effia 


11 to J5C; 



But i^^is II to J5(7; Cons. 

.-. E F, which coincides with EH, is II to BG, 

Q. E. D. 

278. Dep. Similar Polygons are polygons which have their 
homologous angles equal and their homologous sides proportionaL 

H(ymologou8 points, lines, and angles, in similar polygons, 
are points, lines, and angles similarly situated. 
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On Similar Polygons. 
Proposition IV. Theorem.' ^^ 

279. Two triangles which are mutually equiangular are 

similar, 

A 
Ai /\ 




In the AABG and A' B' C let A A, B, C be equal to 
A A'^ B\ C respectively. 

We are to prove A B \ A' B' = AC : A' C =^ B C . B' C. 
Apply the A A' B' C' to the A ^ i5 C, 
so that Z A' shall coincide with Z. A. 

Then the A A' B' C will take the position oiAAEH. 

Now Z A EH (same as Z J5') = Z B. 

.'. Eff is W to BC, §69 

(when two straight lines, lying in the same plane, are cut by a third straight 
line, if the ext. int. A be equal the lines are parallel). 

.'.AB : AE = AC : AH, §276 

(one side of a A is to either part cut off by a line II to the base, as the other 

side is to the corresponding part). 

Substitute for A E and A H their equals A'. B' and A' C. 

Then AB : A' B' = AC '. A'C. 

In like manner we may prove 

AB '. A'B' =^ BC : B' C. 

.'. the two A are similar. § 278 

Q. E. D. 

280. Cor. 1. Two triangles are similar when two angles 
of the one are equal respectively to two angles of the other. 

281. Cor. 2. Two right triangles are similar when an acute 
angle of the one is equal to an acute angle of the other. 
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Proposition V. Theorem. 

282. Ihoo triangles are similar when their homologous 
sides are proportional. 



A 



Af 




In the triangles ABO and A' B' C let 

AB ^ AC ^ BG^ 
A'B' ^ A'O " B'C' 
We are to prove 
A A, B, and C equal respectively to A A\ B\ and C". 

Take onAB^AE equal to A' B\ 

and on AC, AH equal to A' C Draw E H. 

AB__ AC_ 

A'B'^A'C' ^' 

Substitute in this equality, for A' B' and A' C their equals 
AE^^AH, 

AB AC 



Then 



AE AH 



.\EH\& 11 to ^(7, § 277 

\ifa Hfie divide two sides of a A proportionally, it is W to the third side). 
Now in the A A BC and A EH 

Z.ABC = Z.AEH, §70 

{heiTig ext. int. angles). 

ZACB = ZAHE, §70 

Z A = Z A. Iden. 

.'.AABC and A EH are similar, § 279 

{two mutually equiangular A are similar). 

.•.^=^, §278 

(Jwrrwlogous sides of similar ii are proportional). 
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But 



AB 
~BC 
AE 



A'B' 



B'C' 
A'B' 



Hyp. 
Ax. 1 



Cons. 



EH B'C'' 
Since AE = A'B', 

EU^B'C. 

Now in the A ^ A' -fir and A' B' C, 

EH=B'C', AE^A'B', and AU = A'C', 

.'. A A EH =AA'B' C, § 108 

{fuifoing three sides of the one equal respectively to three sides of the other). 

But A A EH is similar to A ABC, 

,', A A'B' C is similar to A ABC, 

Q. E. D. 

283. Scholium. The primary idea of similarity is likeness 
of form ; and the two conditions necessary to similarity are : 

I. For every angle in one of the figures there must be an 
equal angle in the other, and 

II. the homologous sides must be in proportion. 

In the case of triangles either condition involves the other, 
but in the case of other polygons, it does not follow that if one 
condition exist the other does also. 




Q' 





Thus in the quadrilaterals Q and Q', the homologous sides 
are proportional, but the homologous angles are not equal and 
the figures are not similar. 

In the quadrilaterals E and E', the homologous angles are 
equal, but the sides are not proportional, and the figures are not 
similar. 
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Proposition VL Theorem. 

284. Jhao triangles having an angle of the one equal to 
an angle of the other, and the incltcding sides proportional, 
are similar. 



A 



Af 





In the triangles ABC and A' B' C let 

We are to prove A. A BC and A' B' C similar. 

Apply the A A' B' C to the A ^ ^ C so that Z A' shaU 
coincide with Z A, 

Then the point B' will fall somewhere upon ^ ^, as at E^ 

the point C will fall somewhere upon ^ (7, as at H^ and 
B'C'yr^TLEH, 

Now = Hyp. 

A'B' A'G' ^^ 

Substitute for A' B' and A' C their equals A E and A H. 

ihen AB_^A^ 

AE AH 

.•.the line EH divides the sides AB and AC propor- 
tionally ; 

.\EHis II to BC, § 277 

(if a line divide two sides of a A proportionally, it is W to the third sidfi). 

,\ the A. ABC and A EH axQ mutually equiangular and similar. 

.\ A A'B' C' 18 similar to A ABC. 

Q.E. D. 
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285. Two triangles which have their tides respectively 

parallel are similar. 

B 

Bf 





In the triangles AEG and A' B' O let AB.AC, and 
BG be parallel respectively to A' B', A*C, and 
&G'. 

We are to prove &^ ABG and A' B' G' similar. 

The corresponding A are either equal, § 77 

{two A tohose sides are II, tvjo and tioo, and lie in the same directuntf or 
opposite directions, from their vertices are eqttal). 

or supplements of each other, § 78 

{iftioo A have two sides II and lying in the sam/t direction from their vertices, 

while the other two sides are II and lie in opposite directions, the A are 

supplemeTUs of ecu:h other). 

Hence we may make three suppositions : 

Ut A + A' = 2Tt.A, B+B' = 2Tt,A, C+C' = 2rt. A 
2d. A--=A', B + B' = 2Tt.A, (7+C' = 2rt. A 

3d. A=A', B = B' .-. C = C'. 

Since the sum of the A of the two A cannot exceed four 
right angles, the 3d supposition only is admissible. § 98 



.'. the two A. A BG and A' B' G' are similar, 
(two mviually equiangular ki. are similar). 



§279 



i 



Q. E. D. 
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Proposition VIII. Theorem. 

286. Two triangles which have their sides respectively 
perpendicular to each other are similar. 



• 

1 


\ \ 








S. \ 


A 


k c 



F 

In the tziangles EFD andBA C, let EF, FD and ED, 
be perpendicular respectively to AC, BG and AB. 

We are to pj^ove ^ EFD and BAC similar. 

Place the A E FD so that its vertex E will fall on A B, 
and the side E F, 1^ to AC, will cut AC fit F\ 

Draw F' D' II to F D, and prolong it to meet BC at i7. 
In the quadrilateral B E lyH, A. E and JI are rt. A. 

.\ZB+ZEn'H=2Tt. A. 



But /.ED' F' + ZEJy H=2Ti. A. 

.\ZED'F' = ZB, 

Now /.C+Z.HF'C=Tt,/., 

{in a rt. A the sum of the ttoo acute A = art. Z) 

and ZEF'D' + ZffF'C = Tt,Z. 

.\ZEPD» = ZC. 
.*. AEP D' and BAC are similar. 
But A EFD is similar to A E P D'. 

,\ A E F D and B AC bsq similar. 



§158 

§34 

Ax. 3. 

§103 

Ax. 9. 
Ax. 3. 

§280 
§279 



Q. E. D. 



287. Scholium. When two triangles have their sides re- 
spectively parallel or perpendicular, the parallel sides, or the 
perpendicular sides, are homologous. 
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Proposition IX. Theorem. 



288. Lines drawn through the vertex of a triangle divide 
proportionally the base and its parallel. 



B 




In the triangle ABC let H L be parallel to A C, and 
let BS and BT be lines drawn through its ver- 
tex to the base. 

We are to prove 

AS _ ST ___ TC 
HO ~ OR'" RL' 

A BHO SLiidBASsLve similar, § 279 

{tiffo ^ which are rmUually equiangular are similar). 

ABOR a,ndBSTsLTe similar, § 279 

ABRLsLudBTCeiTe similar, § 279 

BO \0B/ OR \BRf RL' ^ 

{homologous sides of similar A are proportional). 

Q. E. D. 



Ex. Show that, if three or more non-parallel straight lines 
divide two parallels proportionally, they pass through a common 
point. 
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Pboposition X. Thbobbm. 

289. If in a right triangle a perpendicular he drawn 
from the vertex of the right angle to the hypotenuse : 

I. It divides the triangle into two right triangles which 
are similar i^ the whole triangle, and also to each other, 

II. The perpendicular is a mean proportional between 
the segments <f the hypotenuse. 

III. Each side of the right triangle is a mean pro- 
portional "between the hypotenuse and its adjacent segment 

rV. The squares on the two sides of the right triangle 
have the same ratio as the adjacent segments of the hypote^ 
nuse. 

V. The square on the hypotenuse has the same ratio to 
the square on either side as the hypot^enuse has to the segtrent 
adjacent to that side. ., ^ >^ ^ /D 




.^. ^' 






/ 



F "^ 

In the light triangle A B C, let BF he drawn from the 
vertex of the right angle B, perpendicular to the 
hypotenuse A C. 

I. We are to prove 

the A ABF, ABO, and FBC similar. 

In thert. ABAF and BAC, 

the acute Z. A is common. 

.'. the A are similar, § 281 

{two rt. ^ are similar when an actUe Z. of the one is equal to an actUe Z 

of the other). 

In the xi. &,BC F and BOA, 

the acute Z C7 is common. 

.'. the A are similar. § 281 

Now as the rt. A ABF and C BF are both similar to 
A B C,hy reason of the equality of their A, 

they are similar to each other. 
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II. We are to prove AF : BF : : BF : FG. 

lu the similar AABFb,h^ CBF, 

A Fy the shortest side of the one, 
: B F, the shortest side of the other, 
: : BFy the medium side of the one, 
: F C, the medium side of the other. 

III. We are to prove AC : AB :: AB : AF. 

In the similar A ABC &nd ABF, 

A Cj the longest side of the one, 
A B, the longest side of the other, 
A B, the shortest side of the one, 
A F, the shortest side of the other. 

Also in the similar A 4BC and FB C, 

A Cj the longest side of the one, 
B Cj the longest side of the other, 
B C, the medium side of the one, 
F Cy the medium side of the other. 

Tf r mr * A Br A F 

IV. We are to prove = — — 

In the proportion AC : AB : : AB : AF, 

n^ ^ACXAF, § 259 

{the product of ike extremes is equal to the product of the mearuiy. 

and in the proportion AC : BC : : BC : FC, 

Blf ^ACXFC. § 259 

Dividing the one by the other, 

JT^ ^ ACXAF 

jg-ff ACXFC' 
Cancel the common factor A C, and we have 

Jn^ AF 



V. We are to prove 



BU^ J^O' 
JTC^ AC 



A& ^^ 
H^^ACXAG. 

Tff -=- ACXAF, (Case III.) 

Divide one equation by the other ; 

then ^ __ AC:<A C^AC 

2T5» AGX iF AF Q. E. D. 
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Proposition XI. Theorem. 

290. If two chords intersect each other in a circle ^ their 
segments are reciprocally proportional. 



Let the two chords A B and E F intersect at the 
point 0, 

We are to prove AO \ EG :: OF : OB, 

Draw AFoxi^ E B, 

In the A il ^ and EOB, 

Z.F=/.B, §203 

{eaxik being measured by \ arc A E). 

/. A=Z. E, § 203 

(eaxih being viieasured by \ arc F B). 

.*. the A are similar. § 280 

{Hco ks. are similar when two A of the one are equal to two A of the other). 

Whence A 0, the medium side of the one, § 278 

E 0, the medium side of the other, 
Fy the shortest side of the one, 
B^ the shortest side of the other. 

Q. E. D. 
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Proposition XII. Theorem. 

291. If from a point without a circle two secants he 
drawn, the whole secants and the parts without the circle 
are reciprocallif proportiotiaL 




Let B and OC be two secants drawn from point 0. 
We are to prove OB : OC :: OM : OH. 

Bmw ff C SLnd M B. 

In the AOffCsLiidO MB 

Z 19 common, 
ZB = ZC, § 203 

{each beitig mea.sure.d by i arc EM). 

m 

.*. the two A are similar, § 280 

{two i^ are similar when two A of the one are equal to two A of the other). 

Whence OB, the longest side of the one, § 278 

: C, the longest side of the other, 
: \ M, the shortest side of the one, 
: //, the shortest side of the other. 

Q. E. D. 
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Proposition XIII. Theorem. 



292. If from a point without a circle a secant and a 
tungent he drawUy the tangent is a mean proportional between 
the whole secant and the part without the circle. 




Let OB be a tangent and 00 a secant drawn from 
the point to the circle MB 0, 

We are to prove 00 : B : : B : M. 

Dtslw BM&ndBC, 

In the A B M and OBO 

Z is common. 

Z BM is measured by J arc MB, § 209 

{being an Z formed by a tangent and a chord). 

Z ia measured by J arc B Af, § 203 

{being an inscribed Z). • 

.-.Z OBM = Z 0. 

.\AOBO and B M ave similar, § 280 

Quirying iivo A of the one equal to tiro A. of the other). 

Whence C, the longest side of the one, § 278 

By the longest side of the other, 

B, the shortest side of the one, 

M, the shortest side of the other. 

Q. E. D. 



J 
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Proposition XIV. Theorem. 



//^ 



293. If two polygons he composed of the same number 
of triangles which are similar, each to each, and similarly 
placed y then the polygons are similar. 





B C Bf Cf 

In the two polygons ABODE and A'B'C'D'E', let 
the triangles BAE, BEC, and CEB be similar 
respectively to the, triangles B' A' E', B' E' C, and 
C E' D', 

We are to prove 
the polygon ABODE similar to the polygon A' B' O' D' E'. 

Z A=Z A', § 278 

(hciruj homologous A of similar k^ ). 

Z ABE = Z A'B'E', §278 

Z EBO = /. E'B'O', §278 

Add the last two equalities. 

Then Z. ABE ^- A EBO= Z A' B' E' + Z E' L' C ) 

or, ZABO=ZA'B'C'. 

In like manner we may prove Z BO D = Z B' 0' D', etc. 
.'. the two polygons are mutually equiangular. 

^ AE _AB _/EB\^BO _/E0\_ OP ^ ED 
^^ A^'~"A^'~'\E^')~' B' O' \E'o) G'D'~~E'D'' 

{the homologous sides of similar A are proportional). 

.•.the homologous sides of the two polygons are proportional. 

.*. the two polygons are similar, § 278 

(having their homologoics A equal, and their homologous sides j^roportional). 

Q. E. D. 
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V 

Proposition XV. Theorem. 

294. If two polygons be similar, they are composed of 
the same number of triangles, which are similar and similarly 
placed. 





Let the polygons ABODE and A'B'C D'E' he similar. 

rrom two homologous vertices, as E and E\ 

draw diagonals EB, EC, and E' B', E' C 

We are to prove A A E B, EBC.EC D 

similar respectively to A A' E' B', E' B' O, E' O D*. 

In the AAEB and A' E' B', 

A A^AA', § 278 

Q>cing homologous A of similar polygons). 

AE^ = jL?., §278 

A'E' A'B 
{being homologous sides of similar polygons). 

.\ A AEB and A' EB' are similar, § 284 

{having an Z of the one equal to an Z. of the oilier, and i?i£ including 

sides proportional). 

Also, ZABC=Z A'B'C, 

{being homologous A of similar polygons). 

Z ABE = Z A'B'E, 

(being homologons A of similar A ). 

.\Z ABC- ZABE^-Z A'B'C -Z A'B'E. 
That is Z EBC=-Z E'B'C. 
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Now 


EB AB 

E' B' A' B' ' 
(Jking homologous sides of similar ^); 




also 


BC AB 

B' C A' B' ' 

(betTig homologous sides of similar polygons). 






. EB ' BC 

E' B' B' C ' 


Ax. 1 




,\AEBCa.ndE'B' C are similar, 


§284 



{having an Z of the one equal to an Z. of the other, and the including sides 

proportional). 

In like manner we may prove AEC D similar to A E'C D', 

Q. E. D. 



Proposition XVI. Theorem. 

295. The perimeters of two similar polygons have the 
same ratio as any two homologous sides. 

E 






B C 

Let the two similar polygons be ABODE andA'B'C'D) 
and let P and P' represent their perimeters. 

We are to prove P \ P' : . A B : A' B'. 

AB : A'B' \\ BC \ B' C : : CD \ C DJ.'ki^, § 278 
{fhe homologous sides of similar pohjgons are pro^miional). 

.\AB+ BC, etc. : A'B' + B'C, etc. : -.JtB : A'B', § 266 

(in a series of equal ratim the sum of the nntcymends is to the sum of the 
consequents as any antecedent is to Ms conseqiient). 




That is 



P '. P' :: ABy<A'B'. 



Q. E. D. 
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V 



Proposition XVII. Theorem. 



296. The homologous altitudes of two similar triangles 
luLve the same ratio as any two homx)logoiis sides. 




B 




In the two similar triangles ABC and A'B'C, let 
the altitudes be BO and B'O'. 



We are to prove 



BO 
B'& 



AB 
A' B' 



In the rt. A ^ A and B' 0' A', 

Z. A^Z A' § 278 

{being homologoiLs A of the similar ^ AB C and A' B' C). 

,\ABOA and A B' 0' A' are similar, § 281 

{two rt. A having an acute /. of the one eqiml to an aoute Z. of the other are 

similar). 

,\ their homologous sides give the proportion 



BO 



AB 
A'B' 



Q. E. D 



297. Cor. 1. The homologous altitudes of similar triangles 
have the same ratio as their homologous bases. 
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§278 



In the similar AABC&ndA'B' C, 

AC ^ AB^ 

A' C A' B' ' 

(the homologous sides of similar ^ are proportional). 

And in the similar A B A smd B' 0' A', 

BO _ A^ 

B'O' ■" A'B'' 

. B0_ ^ AC 
" B'C ^ A'C' 



§296 



Ax. 1 



298. Cor. 2. The homologous altitudes of similar triangles 
have the same ratio as their perimeters. 

Denote the perimeter of the first by P, and that of the 
second by P'. 

Then 4 = ^ » § 295 

{the perimeters of two similar polygons have the sams ratio as any two 

homx>logous sides). 

But — = — ; § 296 



Ax. 1 



BO 


AB 


B'O' 


A'B'' 


BO 


P 


B'C 


" P'' 



Ex. 1. If any two straight lines be cut by parallel lines, 
show that the corresponding segments ai-e proportional. 

2. If the four sides of any quadrilateral be bisected, show that 
the lines joining the points of bisection will form a parallelo- 
gram. 

3. Two circles intersect; the line AH KB joining their 
centres A, B, meets them in H, K, On AB y& described an 
equilateral triangle ABCy whose sides j5 (7, ACy intersect the 
circles in F, E, F E produced meets BA produced in P, Show 
that as P^ is to PA' so is Ci^ to CE, and so also is P^' to PB. 
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Proposition XVIII. Theorem. 

299. In any triangle the product of two sides is equal 
to the product of the segments of the third side formed hy the 
bisector of the opposite angle together with the square of the 
bisector. 




Let ZBAC of the A ABC be bisected by the stmiffht 
line AD, 

We are to prove BAXAC = BI)XDC + AD\ 

Describe the O ^ ^ C about the A ABC; 

produce ^ Z> to meet the circumference in JS, and draw U C. 

Then inthe A ABB and A E C, 

ZBAD = ZCAE, Hyp. 

ZB = Z E, § 203 

(each being measured by i the arc AC). 

,\ A ABD and AEC sltq similar, § 280 

(two ^ are similar wh^n two A of the one are equal respectively to two A 

of the other). 

Whence B A^ the longest side of the one, 
E A^ the longest side of the other, 
A Dy the shortest side of the one, 
A C, the shortest side of the other ; 

or, ^^._^, §278 

EA AC 

{homologous sides of similar A are proportional). 

.'.BAXAC = EAXAD. 
But EAXAD = {ED + AD) AD, 

,\BAXAC = EDX AD-¥ A~D\ 
But EDXAD = BDXDCy §290 

{the segments of two chords in a O v'hich intersect each other are 

reciprocally proportional). 

Substitute in the above equality B D X DC for E D X A D, 
then BAX AC = BDX DC + AD\ 

Q. E. D. 
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Proposition XIX. Theorem. 

300. In any triangle the product of two sides is equal to 
the product of the diameter of the circumscribed circle hy the 
perpendicular let fall upon the third side from the vertex of 
the opposite angle. 



-.^ 




y 



J5? ''---_ " 



Let ABC be a triangle, and AD the perpendicular 
from A to BC, 

Describe the circumference A BC £iho\\i the A A BC. 

Draw the diameter A E, and draw E C, 

We are to prove BAXAC = EAXAI). 

In the A ABB and A EC 

Z BDA is art. Z, 

Z ^Cil isart. Z, 

{being inticribed in a semicircle). 

.\ZBI>A==Z EC A. 



Cons. 
§204 



§203 

§281 

(f,wo rt. /k having an acuU Z. of the one equal to an aciUe Z. of the other are 

mnilar). 



{each being measured by \ the arc A C). 
,'. A A B D and A E C slvg similar, 



Whence 



or. 



BA, the longest side of the one, 
E A, the longest side of the other, 
A Dj the shortest side of the one, 
A C, the shortest side of the other ; 

BA ^ AD 
Ya" AC' 

\BAX AC = EAX AD. 



§278 



Q. E. D. 
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Proposition XX. Theorem. 

301. The prodVfCt of the two diagonals of a quadrilateral 

inscribed in a circle is equal to the sum of the products of its 

opposite sides. 

C 




Let ABC D be any qnadiilateral inscribed in a circle, 
AC and BD its diagonals. 

We are to prove BDXAC = ABXCD + ADXBC. 

Construct ZABE = ZI)BC, 

and add to each Z. E BD, 

Then in the A /I ^/> and BC E, 

ZABD = Z CBE, 
and Z BDA=Z BCE, 



(each being measured by i the arc A B). 



Ax. 2 
$ 203 

§ 280 



,\ A A B D and BC E, are similar, 

{two ^ are similar when two A of the one are equal respectively to two A 

of the other). 

Whence A Z>, the medium side of the one, 
C E, the medium side of the other, 
B D, the longest side of the one, 
B C, the longest side of the other, 



J 
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or. 



AD ^ BD 

{the hoTnologoua irides of similar ^ arc proportional), 
.\£DX CE = ADXBC. 
Again, in the A ^1 ^ ^ and BC D^ 

Z ABi: = Z DBC, 



§278 



and 



ZBA]t: = ZBDC, 

{each being measxired hy^ofthe are BC), 



Cons. 
§203 



.-. A il 5 ^ and ^ aZ> are similar, § 280 

{two ^ are mnilar when two A of the one are equal respectively to two A 

of the other). 



Whence 



A By the longest side of the one, 
B D, the longest side of the other, 
A By the shortest side of the one, 
CD, the shortest side of the other. 



or. 



AB 
BD 



AE 
CD' 



§ 278 



But 



{the Tmmolcgons sides cf similar A are proportional). 

.\BDX AB = ABX CD. 
BD X CE = AD X BC. 



Adding these two equalities, 

BD{AE+CE) = ABXCD + ADXBC, 
or BDXAC=ABXCD + ADXBC. 



Q. E. D. 



Ex. If two circles are tangent internally, show that chords 
of the greater, drawn from the point of tangency, are divided 
proportionally hy the circumference of the less. 
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On Constructions. 
Proposition XXI. Problem. 
302. To divide a given straight line into equal par f^. 



nB 



-u 



c'\.. 







Let AB be the given straight line. 

It is required to divide A B into equcU parts. 

From A draw the indefinite line A 0. 

Take any convenient length, and apply it to ii as many 
times as the line -4 5 is to be divided into parts. 

From the last point thus found on A 0, as C, draw C B. 

Through the several points of division on AO draw lines 
II to CB, 

These lines divide A B into equal parts, § 274 

{if a series ofWs intersecting any two straight. lincSf intercept equal parts 
on o)ie of these lines, they intercept cqiuil parts on the other also). 

Q. E. F. ' 



Ex. To draw a common tangent to two given circles. 

I. When the common tangent is exterior. 

II. When the common tangent is interior. 
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Proposition XXII. Problem. 

303. To divide a given straight line into parts prO' 
portional to any mmber of given lines, 

n K B 



\ 



\ \ 



-4 \ \ 



E 



m 



n 






Z*"^--.^ 



X 



Let A Bf rriy n, and o he given straight lines. 

It 18 required to divide A B into parts proportional to the 
given lines m, «, and o. 

Draw the indefinite line A X, 

On ^ JT take AC = m, 

CE = n, 
and EF=o. 

Draw FB. From E and C draw E K ^x\di C H W to F B. 
K and H are the division points required. 

For (^) = ^=^=^, §275 

\AE} AC CE EF ^ 

(a lifie drawn through two sides of a A W fo the third side divides those 

sides proportionally). 

.'.AH : UK : KB :: AC : CE : EF. 

Substitute w, w, and o for their equals AC, C E, and E F. 
Then A H : H K : KB \\ m \ n \ o. 

Q. E. F 
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Proposition XXIII. Problem. 

304. To find a fourth proportional to three given 
straight lines, 

B F m. 



s 



/ n 






R 



Let the three given lines be m, Uy and o. 

It Is required to find a fourth proportioned to m, n, and o. 

Take A S equal to n. 

Draw the indefinite line A E, making any convenient Z 
with A B. 

On AR take AC ="m, and C S = o. 
Draw CB, 
From S draw S F W io C B, to meet A B produced at F, 

B F is the fourth proportional required. 

For, AC : AB :: OS : BF, § 275 

(a line drawn through two sides of a AW to the third side divides those sides 

proportionally). 

Substitute m, n, and o for their equals AC, AB, and C S, 

Then m : n : \ o \ B F, 

Q. E. F. 
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Pboposition XXIV. Problem. 
305. To find a third proportional to two given straight 

A 



lines. 




' y ! \ A c 



Let A B and AC be the two given straight lines. 
It is required to find a third proportional to AB and A C. 
Place A B and ii C so as to contain any convenient Z. 
Produce A B to D, making BD =" AC. 

Join BC. 
Through 2> draw I) E W to BC to meet A C produced at E. 

C E is a, third proportional to AB and AC. § 251 

For, ^=^. §275 

(a liiie draum through two sides of a AW to the third side divides those sides 

proportiaiuilly). 

Substitute, in the above equality, A C for its equal B D ; 

Then d^==^, 

AC CE' 

or, AB : AC :: AC : CE. 

Q. E. F. 
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lines. 



Proposition XXV. Problem. 
306. To find a mean proportional between two given 

H 



/ 



/ 



1 \ \ VL 



/f \ •« • 

^L: _!, .^__.._.^ 



Let the two given lines be m and n. 

It is required to find a mean proportional between m and n. 

On the straight line A E 

take AC =" nij and C B== n. 

On ^ J? as a diameter describe a semi-circtimference. 

At C erect the A. C H, 

C Hia a, mean proportional between m and n, ^ 

Draw HB and HA, ^^^ 

The A A HB is a rt. Z, § 204 

(beinf/ inscribed in a semicircle)^ 

and HC is a ± let fall from the vertex of a rt. Z to the 

hypotenuse. 

.'.AC : CH :: CH : C B, §289 

{the ± let fall frmn the vertex of the rt. Z to the hypotenuse is a mean pro- 
portional between the segments of the hypotenuse). 

Substitute for A C and C B their equals m and n. 

Then m : C H : \ C H -. n, q. e. f. 

307. Corollary. If from a point in the circumference a 
peipendicular he drawn to the diameter ^ and chords from the point 
to the extremities of the diameter^ tJie perpendicular is a mean pro- 
portional between the segments of the diameter, and each chord is a 
mean proportional between its adjacent segment and the diameter. 
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Proposition XXVI. Problem. / 

308. To divide one Me of a triangle into two parU 
proportional to the other two sides. 




B E 
Let ABC be the triangle. 

It is required to divide the side B C into tv>o such parts that 
the ratio of these two parts shall equal tJve raiio of tlie other tivo 
sides f A G and A B, 

Produce G A to Fy making A F = A B, 

Draw FB, 
From A draw A E II to F B, 

E is the division point required. 

For ^=^. §275 

AF EB ^ 

(a line drawn through two sides o/a AW to tJis third side divides those sides 

proportionally). 

Substitute for A F its equal A B. 

GA GE 



Then 



AB EB 

Q. E. F. 



309. Corollary. The line A E bisects the angle GAB, 
For AF=-AABF, §112 

(being opposite equal sides). 

AF^AGAE, §70 

{being ext.-int. A ). 

AABF-=Z.BAE, ^^S 

(being alt. -int. A ). 

.\Z.GAE = Z.BAE. Ax. 1 

310. Def. a straight line is said to be divided in extreme 
and mean ratio, when" the whole line is to the greater segment 
as the greater segment is to the less. 
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Proposition XXVII. PROBLriifcc . 
311. To divide a given line in extreme and mean ratio. 



X 






* 



I 



— -A-" 



^ 



B 



Let AB be the given line. 

It is required to divide A B in extreme and m>ean ratio. 

At B erect a J_ ^ C, equal to one-half of A B, 

From C as a centre, with a radius equal to C B, describe a O. 

Since -4 j5 is J_ to the radius CB Q.t its extremity, it is 
tangent to the circle. 

Through C draw A Z>, meeting the circumference in E and D. 

OnAB take A II ^ A E. 
H is the diirision point of AR paquired. 

For AD : AB :. AB '. AE, § 292 

{if frmn a point without Oie circuinference a secant and a tangent he dranm, 
the tangent is a mean proportional between the ichole secant and tlic part 
vriihout the dreyi/mferenci). 

Then AD - AB \ AB . \ AB - AE \ AE, § 265 






/ 



V ,J 



I 
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Since AB = 2CB, Cons. 

and ED = 2CB, 

{the diameter ofaQ being ttvice the radius), 

AB = ED, Ax. 1 

.\AD-AB = AD-ED-=AE, 
But AE = AHy Cons. 

,\AB — AB = AH. Ax. 1 

Also AB- AE^AB — AH = HB, 
Substitute these equivalents in the last proportion. 
Then AH , AB : : H B : AH. 

Whence, by inversion, AB \ AH \ \ AH \ H B. § 263 
.'. ^ J5 is divided at H in extreme and mean ratio. 

Q. E. F. 

Eemark. AB \& said to be divided at H^ inteiniaHy, in 
extreme and mean ratio. If BA be produced to H, making 
A H' equal to A D, A B is said to be divided at H', extemalli/, 
in extreme and mean ratio. 

Prove AB \ AH' : . A H' : H' B, 

When a line is divided internally and externally in the 
Bame ratio, it is said to be divided harmonically. 

Thus J B f f— f - is divided harmoni- 
cally at and D,\i C A :C B \:D A \D B\ that is, if the ratio 
of the distances of G from A and B is equal to the ratio of the 
distances of D from A and B. 

This proportion taken by alternation gives : 

AG \AD wBC \BD \ that is, G J) is divided harmoni- 
cally at the points B and A, The four points A, B, G, 2), are 
called harmonic points ; and the two pairs A, B, and G, D, are 
called conjugate points. 



Ex. 1. To divide a given line harmonically in a given ratio. 
2. To find the locus of all the points whose distances from 
two given points are in a given ratio. 
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Proposition XXVIIL Problem. 

312. Upon a given line homologous to a given side of a 

given polygon, to construct a polygon similar to the given 

polygon, 

E 




Let A' E' be the given line, homologous to A E of the 
given polygon ABODE. 

It is required to construct on A* E' a polygon similar to the 
given polygon. 

From E draw the diagonals E B and E C, 

From E' draw E' B\ making Z A' E* B' = Z A EB. 

Also from A' draw A' B', making Z B' A' E' = Z BAE, 

and meeting E' B' at B'. 

The two A ^ J5 ^ and A' B' E' are similar, § 280 

{pvoo ^ are similar if they Jiave two A of the one equal respectively to two A 

of the other). 

Also from E' draw E' C\ making Z B' E' C ^ Z B E C, 
From B' draw B' C\ making Z E' B' C = Z EBC, 

and meeting E' C at C, 

Then the two A E BO and E' B' C are similar, § 280 

(pvoo ^ are similar if they have two A of the one eqiuxl respectively to tioo A 

of the other). 

In like manner construct A E' C Z>' similar to A EC D, 

Then the two polygons are similar, § 293 

(ttvo polygons composed of the same nuviiber of A similar to each other arid 

similarly plaxxd, are similar). 

.'. A' B' C ly E' is the required polygon. 

Q. E. F. 
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Exercises. 

1. A BC 18 a, triangle inscribed in a circle, and BI) is drawn 
to meet the tangent to the circle at A in D, at an angle ABB 
equal to the angle ABC; show that A C Ib sl fourth propor- 
tional to the lines B B, A B, A B, 

2. Show that either of the sides of an isosceles triangle is a 
mean proportional between the base and the half of the segment 
of the base, produced if necessary, which is cut ofiF by a straight 
line drawn from the vertex at right angles to the equal side. 

3. A B la the diameter of a circle, B any point in the circum- 
ference, and C the middle point of the arc A B, li AC, A B, 
BC he joined and A B cut BC in E, show that the circle cir- 
cumscribed about the triangle ABB will touch A C and its 
diameter will be a third proportional to B C and A B. 

4. From the obtuse angle of a triangle draw a line to the 
base, which shall be a mean proportional between the segments 
into which it divides the base. 

5. Find the point in the base produced of a right triangle, 
from which the line drawn to the angle opposite to the base 
shall have the same ratio to the -base produced which the per- 
pendicular has to the base itself 

6. A line touching two circles cuts another line joining their 
centres ; show that the segments of the latter will be to each 
other as the diameters of the circles. 

7. Required the locus of the middle points of all the chords 
of a circle which pass through a fixed point. 

8. is a fixed point from which any straight line is drawn 
meeting a fixed straight line at P ; in P a. point Q is taken 
such that $ is to P in a fixed ratio. Determine the locus 
of Q, 

9. (9 is a fixed point from which any straight line is drawn 
meeting the circumference of a fixed circle at P ; in P a point 
Q is taken such that OQisto OP in a fixed ratio. Determine 
the locus oi Q, 
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COMPARISON AND MEASUREMENT OF THE SUR- 
FACES OF POLYGONS. 

Proposition I. Theorem. 

313. Two rectangles huving equal altitudes are to each 
other as their bases. 



D 



A 













r 













D 





-■ 

i 


" 











E 



Let the two rectangles be AC and A F, having the 
the same altitude A D, 



We are to prove 



rect. A C _ AB 
rect. A F "" Te 



Case I. — When A B and A E are commensurable. 

Find a common divisor of the bases A B and A F, as A 0. 
Suppose ^ to be contained in ^ jB seven times and in 



A E four times. 
Then 



AB 
AF 



7 
4 



At the several points of division on. A B and A E erect Js . 

The rect. A C will be divided into seven rectangles, 

and rect. A F will be divided into four rectangles. 

These rectangles are all equal, for they may be applied to 
each other and will coincide throughout. 

. rectiiC 7 



But 



rect A F 


• 

4 


AB 
AE 


7 
4 


rect A C 


AB 



rect AF AE 
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D 



Case II. — When A B and A E are incommensurable, 

D 



H 



■ 









1 



F 



K 



E 



Divide A B into any number of equal parts, and apply one 
of these parts to il ^ as often as it will be contained in A E. 

Since A B and -4 -^ are incommensurable, a certain number 
of these parts will extend from -4 to a point iT, leaving a re- 
mainder K E less than one of these parts. 

Draw ^//^ II \.oEF. 

Since A B and AKkk^ commensurable, 

"^"^- ^ ^ = ^, ^ Case 1 

rect. AC AB 

Suppose the number of parts into which AB\& divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to E, 

The limit oi AK will be A E^ and the limit of rect. A H 
will be rect. A F, 

.-.the limit of — will be ij?, 

AB AB' 

and the limit of !?^L£^ will! be '"^^- ^ ^ 



rect. A C 



rect. A G 



XT Au • VI ^ -^ J rsct. AH , , 

Isow the variables and are always equal 

A B rect. AC ^ ^ 

however near they approach their limits ; 

/. their limits are equal, namely, ^^^-^ = — - , § 199 

rect. AC AB 

Q. E. D. 

314. Corollary. Two rectangles having equal bases are 
to each other as their altitudes. By considering the bases of 
these two rectangles A D and A D, the altitudes will be -4 ^ and 
A E. But we have just shown that these two rectangles are to 
each other as ^ j5 is to ^ ^. Hence two rectangles, with the 
same base, or equal bases, are to each other as their altitudes. 
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Another Demonstration. 
Let A C and A' C be two rectangles of equal altitudes. 




O 



P' 



Af D' Ef fi G' 



We are to prove 



rect. A C 



AD 



rect. A' C A' D' 



Let h and 6', S and S' stand for the bases and areas of these 
rectangles respectively. 



Prolong A D and A D\ 



Take ADy D E, E F . . . . m in number and all equal, 
and A' D', D' E', E' F] F G' , . . , n in number and all equal. 
Complete the rectangles as in the figure. 



Then 


base AF — mhy 


and 


hQS& A' G' — nh' ', 




rect. A P — mS, 


and 


lectAT—nS'. 



Now we can prove by superposition, that if A Fhe^ A^ G', 
rect. A P will be > rect. A' P' ; and if equal, equal ; and if less, 
less. 

That is, if m6 be > nVy mS is > nS^ ; and if equal, 
equal ; and if less, less. 

Hence, b : b^ : : S : JS', Euclid's Def., § 272 



Q. E. D. 
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Proposition IL Theorem. 

315. Two rectangles are to each other as the jaroducts of 
their bases by their altitudes. 






§3U 



§313 



Let R and R' be two rectangles, having tor their bases 
h and V, and tor their altitudes a and a', 

TIT A ^ a X 6 
We are to prove — = . 

^ R' a' X ly 

Construct the rectangle S, with its base the same as that 
of R and its altitude the same as that of i?'. 

Then ^ = 1, 

{recUmgles having the same base are to each other as their altitudes) ; 

, S b 

and _-=-., 

R' b' 
(rectangles having the same altitude are to each other as their bases). 

By multiplying these two equalities together 

R _ aXb 

R' ■"" a' X // ' 

Q. E. D. 

316; Def. The Area of a surface is the ratio of that surface 
to another surface assumed as the unit of measure. 

317. Def. The Unit of measure (except the acre) is a square 
a side of which is some linear unit ; as a square inch, etc. 

318. Def. Equivalent figures are figures which have equal 
areas. 

Kem. In comparing the areas of equivalent figures the 
symbol ( = ) is to be read " equal in area." 
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Proposition III. Theorem. 

319. The area of a rectangle is equal to the product 
of its base and altitude. 





h 1 

Let R be the Tect&ngle, h the base, and a the alti- 
tude; and let U be a square whose side is the 
linear unit. 

We are to prove the area of E = a X b, 

R _ aXb 
U 



§315 



1 X 1' 
(two rectangles are to each other as the product of their bases and altitudes). 



But 



-- is the area of Ry 
.*. the area oi R = a X b. 



§316 



Q. E. D. 



320. Scholium. When the base and altitude are exactly- 
divisible by the linear unit, this proposition is rendered evident 
by dividing the figure into squares, each equal to the unit of 






f 



'' i i 



i I 

i : 



I : 

• ■ 

i I 



1 

I 

•t- 

I 
\ 



.4..~...^_...» 



measure. Thus, if the base contain seven linear units, and the 
altitude four, the figure may be divided into twenty-eight 
squares, each equal to the unit of measure; and the area of 
the figure equals 7X4. 
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Proposition IV. Theorem. 

321. The area of a parallelogram is equal to the product 
of its base and altitude. 

BE C F B G E F 




A D 

Let A E FD be a paiallelogram, A D its base, and CD 
its altitude. 

We are to prove the area of the OA EFD = ADXCD, 

From A draw A B W to DC io meet F F! produced. 

Then the figure ABC D will be a rectangle, with the same 
base and altitude as the EJ AE F D, 

In the rt. A ^ ^ ^ and CD F, 

AB=CD, §126 

(being opposite sides of a rectangle), 

and AE=DF, §134 

(being opposite sides ofaCJ); 

.\AABE = ACDF, §109 

{two rt. A are eqiuxJf when the hypotenuse and a side of the one are equal 
respectively to the hypotenuse and a side of the other). 

Take away the A (7 /> ^ and we have left the rect. ABC D. 

Take away the A ^ ^ JE^ and we have left the CJ A EFD. 

.-. Ted. ABCD = CJ A EFD. Ax. 3 

But the area of the rect. ABCD = ADXCD, §319 
(the area of a rectangle eqtials the product of its base and altitude). 

.-. the area of the O A EFD = A D X C D. Ax. 1 

Q. E. D. 

322. Corollary 1. Parallelograms having equal bases and 
equal altitudes are equivalent. 

323. Cor. 2. Parallelograms having equal bases are to 
each other as their altitudes ; parallelograms having equal alti- 
tudes are to each other as their bases ; and any two parallelo- 
grams are to each other as the products of their bases by their 
altitudes. 
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Proposition V. Theorem. 

324. The area of a triangle is equal to one-half of the 
product of its base by its altitude. 



Let ABC be a triangle, AB its base, and CD its 
altitude. 

We are to prove the area oftheAABC = \ABX CD, 

From C draw CHWioAB, 

From A draw A H W io BC, 

The figure A B C His sl parallelogram, § 136 

{having its opposite sides parallel)^ 

and ^ (7 is its diagonal. 

.\AABG=-AAHC, §133 

(t?ie diagonal of a CD divides it into two equal ^ ). 

The area of the EJ ABC H is equal to the product of its 
base by its altitude. § 321 

.*. the area of one-half the O, or the A ABC, is equal to 
one-half the product of its base by its altitude, 

or, lABXCD, 

Q. E. D. 

325. Corollary 1. Triangles having equal bases and equal 
altitudes are equivalent. 

326. Cor. 2. Triangles having equal bases are to each other 
as their altitudes; triangles having equal altitudes are to each 
other as their bases ; any two triangles are to each other as the 
product of their bases by their altitudes. 
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r 



Proposition VI. Theorem. 

327. Tii! area of a trapezoid is equal to one-half the 
sum of the parallel sides multiplied bif ike altitude. 

H E C 1 





A FIB 

Let ABC H be a trapezoid, and EF the altitude. 

We are to prove area of ABGH= \ {HC -^ A B) E F. 

Draw the diagonal A C. 

Then the area of the A AffC=i HC X E F, § 324 
(the area of a ^ is equal to one-half of the product of its base by its altitude), 

and the area of the A A B G = i A B X EF, § 324 
.\AAHC+AABC, 
or, SLTe^ of ABCH^UffC-i-AB) E F, 

Q. E D. 

328. Corollary. The area of a trapezoid is equal to the 
product of the line joining the middle points of the non-parallel 
sides multiplied by the altitude ; for the line P, joining the 
middle points of the non-parallel sides, is equal to ^ {U C 
^ AS). § 142 

.*. by substituting P for ^(ffC + A B), we have, 

the area of ABC 11= OP X E F, 

329. Scholium. The area 
of an irregular polygon may be 
found by dividing the polygon 
into triangles, and by finding 
the area of each of these tri- 
angles separately. But the 
method generally employed in 
practice is to draw the longest 

diagonal, and to let fall perpendiculars upon this diagonal from 
the other angular points of the polygon. 

The polygon is thus divided into figures which are right 
triangles, rectangles, or trapezoids ; and the areas of each of these 
figures may be readily found. 
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Proposition VII. Theorem. 

330. The area of a drcumscrihed polygon u equal to one- 
half the product of the perimeter by the radius of the in- 
scribed circle. 

B 

D 




Let ABSQy etc, be a circumscribed polygon, and C 
the centre of the inscribed circle. 

Denote the perimeter of the polygon by P, and the radius 
of the inscribed circle by E, 

We are to prove 

the area of the circumscribed polygon = ^ .P X R, 

Draw (7^, C B, OS, etc.; 

also draw C Oy CD, etc., A. to A Bf BS, etc. 

The area of the A C A B = ^ AB X C 0, § 324 

{t?ie area of a L, is equal to (me-haJf the product of its hose aTid altitude). 

The area oithe A C BS= \ B S X C D, § 324 

.'. the area of the sum of all the ^ CAB, CBS, etc., 
= ^{AB + BS, etc.) CO, § 187 

{for G Ot CD, etc., are equal, beitig radii of the same O). 

Substitute fovAB + BS+SQ, etc., P, and for C 0, R ; 

then the area of the circumscribed polygon = ^ P X R, 

Q. E. D. 
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Proposition VIII. Theorem. 

331. The sum of the squares described on the two sides 
of a right triangle is equivalent to the square described on the 
hypotenuse, ^ 




Let ABC "be a, right tri&ngle with its right angle at C, 

We are to prove AG^ + 0^ = 11^ 
Draw CO ±to A B. 

Then A7f = A0X AB, §289 

(the square on a side of art A is equal to ike product of ike hypotenuse by 
the adjacent segmeni made by the JL let fall from the vertex of the rt. Z) ; 



and ETJ^ = BOX AB, 

By adding, Al? + B(f-= {AO + BO)AB, 

= ABX AB, 

332. Corollary. The side and diagonal ^ 
of a square are incommensurable. 

Let ABCD be a square, and AC the 
diagonal. 

Then JTB* + Blf = a7)\ 

or, 2 iO^ = ATf, B 

Divide both sides of the equation by ^O^, 



§ 289 



a. E. D. 




rF 



= 2. 



Extract the square root of both sides the equation, 

AC ^ 



then 



Since the square root of 2 is a number which cannot be 
exactly found, it follows that the diagonal and side of a square 
are two ineommensurable lines. 
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Another Demonstration. 

333. The square described on the hypoUnuse of a right 
triangle is equivalent to the sum of the squares on the other 
two sides. 




H 

\ 



..^K 



D L E 

Let ABC be a right A, having the right angle BAC, 

We are to prove STT = WA -VAC, 

OnBC, GA, AB construct the squares B E, C H, A F, 
Through A draw A L W to C E, 
Draw ^Z) and i^C. 
Z JJ^Cisart. Z, 
and Z j5 ii G^^ is a rt. Z, 

.'. C AG \^ Q. straight line. 
Also Z (7 -4 ^ is a rt. Z, 

.'. B A His a straight line. 



Hyp. 

Cons. 
Cons. 



Now 



Z DBG=Z FBA, 

{each being a rt. /.). 



Cons. 
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then 



§ 106 



that 



Add to each the Z ABG\ 

ZABD^AFBG, 

.\AABD=AFBa 

Now CJ BLis double AABD, 

{being on the same base BD, and between the same \\s, A L and BV), 

and square A F is double A FB C, 
{being on the same base FB, and betvjeen the same Ws, FB and O C) ; 

.'. CD BL=^ square A F. 
In like manner, by joining A E and B K^ it may be proved 



O C7Z = square C H. 

Now the square ouBC^OBL + OCL, 

= square A F + square C H, 

.-. FJ? = bT + AG^, 



Q. E. D. 



On Projection. 

334. Def. The Projection of a Point upon a straight line 
of indefinite length is the foot of the perpendicular let fall from 
the point upon the line. Thus, the projection of the point C 
upon the line -4 ^ is the point P. 

C C 





Fig. 1. Fig. 2. 

The Projection of a Finite Straight Line, aa C I) (Fig. 1), 
upon a straight line of indefinite length, as il 5, is the part of 
the line AB intercepted between the perpendiculars GP and 
D R, let fall from the extremities of the line G D, 

Thus the projection of the line G D upon the line AB\^ 
the line P R, 

If one extremity of the line G D (Fig. 2) be in the line 
A Bf the projection of the line G D upon the line A B \s, the 
part of the line A B between the point 2> and the foot of the 
perpendicular G P ; that is, D P, 
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Proposition IX. Theorem. 

335. In any triangle, the square on the side opposite an 
acute angle is equivalent to the sum of the squares of the other 
two sides diminished by twice the product of one of those 
sides and the projection of the other upon that side, 

A 




2)u. 




Fig. 2. 



Let C he an acute angle of the tiiangle ABC, and 
D G the projection ot AC upon B 0. 

We are to prove H^ = W^ + AG^ — 2 BOX DC. 

If D fall upon the base (Fig. 1), 

DB = BC- DC; 

If D fall upon the base produced (Fig. 2), 

DB = DC-BC. 

In either case DB^ = F^ + UV^ -2BCX DC. 

Add J. Z> to both sides of the equality ; 

then, nf + JUl^ = W& + m^ + IT^ -2BC.X DC, 



But 



AD + DB' =AB, 



§331 



{the sum of the squares on two sides of. a rt. ^ is equivalent to the square 

on the hypotenicse) ; 

and AD^ + ITc" = Hf, § 331 

Substitute ATB and A C for their equivalents in the above 
equality ; 

then, A^ = THf + IT!' --^BCX DC, 

Q. E. D. 
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Proposition X. Theorem. 

336. In any obtuse triangle y the square on the side 
opposite the obtuse angle is equivalent to the sum of the 
squares of the other two sides increased by twice the product 
of one of those sides and the projection of the other on that 
side. 




Let C be the obtuse angle of the triangle ABC, and 
C D be the projection of AG upon BG produced. 

We are to prc/oe A^ = F^ + IC^ + 2BGX DC, 

I)B = BG+ DC, 

Squaring, U:^ = BC'' + Blf -^ 2 B C X B C. 

Add A D to both sides of the equality ; 

then, nf + Dl^ = BC"" + Alf + DC'' + 2BCXDC. 

But Alf + DB^ = jrB\ § 331 

(t?ie sum of the squares on two sides of a rt. Ais equivaleTU to the square 



and 



on the hypotenuse) ; 

rn" + Dif = AG", 



§ 331 



» q 

Substitute AB and A G for their equivalents in the 
above equality ; 

then, ATB^ = BG" + AC" + 2BGX DC, 



Q. E. D. 



337. Definition. A Medial line of a triangle is a straight 
line drawn from any vertex of the triangle to the middle point 
of the opposite side. 
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Proposition XI. Theorem. 

338. In any tri-angle, if a medial line be drawn from 
the vertex to the base : 

I. The sum of the squares on the two sides is equivalent 
to twice the square on half the base, increased by twice the 
square on the medial line ; 

II. The difference of the squares on the two sides is 

equivalent to twice the product (fthe base by the projection 

(f the medial line upon the base, 

A 



In the triangle ABC let A M be the mediaJ. line and 
M D the projection of A M upon the ba$e B G, 
Also let AB be greater than A C. 

We are to prove 

I. Jn^ + Alf = 2 SlSr^ + 2 JTM^. 

II. Arff-A^ = 2BCXMD, 

Since A B > A C, the Z A MB will be obtuse and the 
A A MC Y/Hlhe acute. 

Then Jl^ = BM^ + JT^d^ +2BMX M D, § 336 

(m any obtuse A the sqtutre on the side opposite the ohttLse /. is equivalent to 
the sum of the squares on the other two sides increased by twice the 
product of one of those sides and the projection of the. other on thai side) ; 

and Jlf = MV^ + A~M^ - 2 MC X MB, § 335 

i;in any A t?ui square on the side opposite an a^Ue Z is equivalent to the sum 
of the squares on the other two sides, diminished by twice the product 
of one of those sides and the projection of the other upon that side). 

Add these two equalities, and observe that B M = MC, 

Then J^ + XC^ = 2 BM'^ + 2 AM^. 
Subtract the second equality from the first. 
Then AT? — Alf =-2 BOX MB, 

Q. E. D. 



COMPARISON AND MEASUREMENT OP POLYGONS. 189 

Proposition XII. Theorem. 
339. The mm of the squares on the four sides of any 
quadrilateral is equivalent to the sum of the squares on the 
diagonals together with four times the square of the line 
joining the middle points of the diagonals, 

A 




In the qnadiilateral ABC D, let the diagonals be AC 
and B Z>, and F E the line Joining the middle 
points of the diagonals. 

We are to prove 

AB^ + BC^ + C^ + d:^ = AC'^ + Bl? + 4 El^' 
Draw B£J And I) E, 

Now rff + BG^ = 2 (— )'' + 2 Elf^, § 338 

(pu sum of the squares on the two sides of a A is equivalent to twice the square 
on half the base increased by twice the square on the medial line to the ba>se), 

and C^ + m^ = 2 (— y + 2^E\ § 338 

Adding these two equalities, 
Aff + F^-\'CT? + iO^ = 4 (^' + 2 (BE^ + DE\ 

But BE^ + HE^ = 2 (^)^ + 2 ^T^ § 338 

{the sum of the squares on the two sides of a A is equivalent to twice the square 
on half the base increased by tivice the square on the medial line to the ftowc). 

Substitute in the above equality for {BE + D~E^) its 
equivalent ; 

thenJ]? + :g^^ + CT?^+:D3' = 4(^' + 4(^)'+4^* 

= AC'^ + BD^ + 4 El^ 

Q. E. D. 

340. Corollary. The sum of the squares on the four sides 
of a parallelogram is equivalent to the sum of the squares on the 
diagonals. 
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PRpposiTioN XIII. Theorem. 

341. Two triangles having an angle of the one equal to 
an angle of the other are to each other as the products of the 
sides including the equal angles. 




Let the triangles ABC and ADE have the common 
angle A. 



We are to prove 



Draw B E, 



Now 



AABC_ AB X AG 
'AlTnE "" Tdx a E 



AABC AG 



AABE AE 
(A having the same altitude are to each othei' as their bases). 



§326 



Also 



AABE 



AB 



AABE AD 
(A having the same altitude are to each other as thmr bases). 

Multiply these equalities ; 



§326 



then 



AABG ^ A BX AG 
A ADE ADXAE 



Q. E. D. 
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Proposition XIV. Theorem. 

342. Similar triangles are to each other as the squares 
on their homologous sides. 





" ^ (F ~^' 

Let the two triangles be AG B and A'C B', 

AACB A^ 



We are to prove 



AA'C'B' 



A^ 



Draw the perpendiculars C and C C. 



Then 



A ACB 



ABX CO 



AB ^ CO 



§ 326 



AA'G'B' A'B'XC'O' A' B' CO' 
(tiGO ^ are to each other as the products of their bases by their dltUvdes), 

AB _ CO^ 
A!~B' "■ C^' ' 



But 



§297 



{pie homologovA aUitvdes of similar k. have t?ie same ratio as their homolo- 
gous bases), 

CO A B 

Suhstitute, in the above equality, for its equal ; 

^ ^ CO' ^ A' B 



then 



A ACB 
AA'C'B' 



AB AB ^ ATff 
A^' ^ A'B' j[rj^ 



Q. E. D. 
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Proposition XV. Theorem. 

343. Two similar polygons are to each other as the 
squares on any two homologous sides. 





Let the two similar polygons be ABC, etc, and 
A'BC, etc. 

^ , ABC, etc. JTff 
We are to prove = . 

A' B' 6^ etc. ^r^ 
From the homologous vertices A and A' draw diagonals. 



Now 



^ = J^ = ^ etc 
A'B' B'C CD'' 



(similar polygons have their homologous sides proportumal) ; 



.'.by squaring, 



STB' 



BG' 



CD' 



WU'^ C X>'2 



, etc. 



The S^ABC.A CD, etc., are respectively similar to A' B'C, 
A' C D', etc., § 294 

(two similar polygons are composed of the 8am£ number of A similar to ecuJi 

other and similarly placed). 



A ABC 



r^ 



§342 



AM B'C jr^i^ 
(similar ^ are to each other as the squares on their homologous sides), 

and ^A^. = ^. §342 



A A' C D' ^1-^^ 
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But ^ = i^, 

. AABC AACn 



llA'B'G' A A' CD' 

In like manner we may prove that the ratio of any two of 
the similar A is the same as that of any other two. 

. AABO_ AACD _ A APE __ AAEF 
AA'WC "" AA'C'iy "~ AA'D'E' "" AA' E' F' 

. ^ABC-\- ACD^- ADE^- AEF _ AABC 

' ' /k.A'B'C + A'CD' + A'D'E'-^A'E'F'^AA'B'C' 

(in a series of equal ratios the sum of the antecedents is to the sum of the 
consequents as any antecedent is to its consequent). 

But AiA^ = i^, §342 

AA'B'C £r^ ^ 

{similar ^ are to each other as the squares on their homologous sides) ; 
. the polygon ABC, etc. A B^ 

• • ■ " ■ "" -■ ■ ■ ■ 11 " 9 

the polygon A^ B' (7', etc. A'^'^ 

Q. E. D. 

344. Corollary 1. Similar polygons are to each other as 
the squares on any two homologous lines. 

345. Cor. 2. The homologous sides of two similar poly- 
gons have the same ratio as the square roots of their areas. 

Let S and aS'' represent the areas of the two similar polygons 
ABC, etc., and A' B' C\ etc., respectively. 

Then S : S' : \ AB^ : jTB^, 

(similar polygons are to ea^ other as the squares of their hatnologous sides), 

)/^ : )fS^ :: AB : A' B\ § 268 

or, AB \ A'B' \\ >(S \ sfS\ 
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T 



On Constructions. 
Proposition XVI. Problem. 



346. To conairuct a square equivalent to the 9um of two 
given squares. 





B 



\ 



\ 



S 



Let R and R' be two given squares. 
It is required to construct a square = R+ R^. 
Construct the it, Z A, ' 

Take A B equal to a side of 2?, 

and A C equal to a side of R', 

Draw B G. 

Then B C will be a side of the square required. 

For TC^ = Al^ + TC^ § 331 

{the square on (he hypotenuse of a rt. A is equivalent to the sum of the 

sqvnres on the two sides). 

Construct the square S, having each of its sides equal 
ioBC. 

Substitute for BG^, £^ and £^, S, R, and B re- 
spectively ; 



then 



S = R + R\ 
.*. S 18 the square required. 



Q. B. F, 
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/ 



Proposition XVII Problem. 



347. To construct a square equivalent to tie difference 
of two given squares. 





\ / 



^i — ™y:^ X 



I ^ ! 



Let R he the smaller square and R* the larger. 
It is required to construct a square = R' — R, 
Construct the rt. Z A. 

Take A B equal to a side of R, 

From ^ as a centre, with a radius equal to a side of Rf^ 

describe an arc cutting the line AX at C. 

Then A C will be a side of the square required. 

For draw B C. 

Jrff + J-0' = S7f, § 331 

{the sum of the squares on the two sides of a rt. A is equimleiU to the sqiiare 

on the hypotevAise), 

By transposing, A^ = FC^ — I~ff, 
Construct the square aS', having each of its sides equal to A C, 

Substitute for A&, Blf, and Aff, S, R', and R re- 
spectively ; 

then S=R' — R, 



>'» S \^ the square required. 



Q. E. F 
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X 



Proposition XVIII. Problem. 

348. To construct a square equivalent to the sum of any 

number of given squares. 

H 

A A 



/ \ \ 



/\. \ \ 

\ \ 





p 



cL^^ \ \ \ 



\\ 



m A- — l-^^^ 

Let m, n, o, p, r be sides -of the given squares. 
It is required to construct a square = ?»* -h ?i* + o* + jt?' + r*. 
Take AB=m, 

Draw AC = n and A^to AB ai A. 
Draw B 0. 
Draw CE=o and Lio BG oiC, and draw BE. 
Draw EF = pdin^A-io BE dX E, and draw B F. 
Dmw FH = r and ± to B F &t F, and draw -5 J7. 
The square constructed on B II is the square required. 

For £TP = FTP + F7^, 

= fh'^ + sy^ + wc^ + u^, 

= FH'^ + ET + El? + (TT + Zi?, §331 

(the sum of the squares on two sides of a rt. t^is equivaleitt to the square 

on the hypotenuse). 

Substitute for AB, C A, EC, E F, and FH, m, n, o, p, 
and r respectively ; 

then mP' = m2 + 7^2 + ^2 + ^2 _^. ^ 

Q. E. F. 
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Proposition XTX. Problem. 

349. To construct a polygon similar to two given similal 
^polygons and equivalent to their sum. 




\ 



\ 



\ 



\ 



W 






A 



P^ 



H 



Let R and R' be two similar polygons, and A B and 
A' B' two homologous sides. 

It is required to construct a similar 'polygon equivalent to 
R+ R'. 

Construct the rt. Z. P. 

TQkePH=A'B', B,nd F = A B, 

Draw IT. 

TQkQA"B" = OH, 

Upon A" B", homologous to A B, construct the polygon R" 
similar to R, 

Then 72" is the polygon required. 

For R : R :: A^ : Ji^, § 343 

{similar polygons are to each other as the squares on their homologous sides). 

Also R" : R' :: AlHS^ : A!~W^, § 343 

In the first proportion, by composition, 

R'+ R '. R :: ATW^ + F^ : A!^, § 264 

FTP + FXP' : t^, . 



But 



R" : W 



\ A'^B"" : A'B'\ 
: SD'^ : FTP. 
:.R' '. R \: R'+ R : R' -, 
.-. R" = R + R, 



Q. E. F. 
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Proposition XX. Problem. 

350. To construct a polygon similar to two given similar 
polygons and equivalent to their difference. 




Af B' A B 

Let R and R' be two similar polygons, and A B said 
A' B' two homologous sides. 

It is required to construct a similar polygon which shall 
be equivalent to R' — R, 

Construct the rt. /. /*, 

and take P = .4 J5. 

From as a centre, with a radius equal to A' Bf, 

describe an arc cutting F X Q.t H, 

Draw ff. 

T^\qA"B" = PH, 

On A" B"y homologous to A B, construct the polygon R" 
similar to R. 

Then i?" is the polygon required. 

For R : R :: AH^ : Aff, § 343 

{similar polygons are to each other as the squares on their honvologous sides). 



Also R" : R w A" B"^ : AT^. 

In the first proportion, by division, 

- A^ : J^, 



W-R \ R 



A'B'" 



§343 



§ 265 



But 



R" : R :: AFW' : A jf, 

r.R" \ R .: R' — R : R', 
.-. R" = R' — R. 



Q. E. F. 
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Proposition XXI. Problem. 

351. To construct a i/riangle equivalent to a given 
polygon. C D 




Let ABC DH E be the given polygon. 

It M required to construct a triangle equivalent to the given 
polygon. 

From 2> draw 2> jET, and from H draw HF II to I) K 

Produce AEix) meet HFsA, F, and draw £> F. 

The polygon ABC D F has one side less than the polygon 
ABCDUE, but the two are equivalent. 

For the part ABCDF is common, 

and theAI)FF==ADFH,foT the base D Eis common, 

and their vertices j^and II are in the line FH II to the base, § 325 
(^ having the same base and equal aUUvdes are equivalent). 

Again, draw C F, and draw D K W to C F to meet A F 
produced at K. 

Draw CK, 

The polygon ABC K has one side less than the polygon 
ABC D F, but the two are equivalent. 

For the part ABCFis common, 

and the A (7^ A" = A Ci^/), for the base CFis common, 
and their vertices ^and D are in the line ED II to the base. § 325 

In like manner we may continue to reduce the number of 

sides of the polygon until we obtain the A CIE. 

a E. F. 
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Proposition XXII. Problem. 

352. To construct a square which shall have a given 
ratio to a given square, 

m IE A r \r. 




n A ^- 






:^ 



n 
Let R be the given sqn&re, and - the given ratio, 

m 

It is required to construct a square which shall be to R as 

n is to m. 

On a straight line take AB = m, and BC = n. 

On AC as Si diameter, describe a semicircle. 

At B erect the J^ B S, and draw SA and SO. 

Then the A ^1 aS' C is a rt. A with the rt. Z Sit S, § 204 
(being inscribed in a semicircle.) 

On S Ay 01 S A produced, take SE equal to a side of R. 

Draw EF II to A G, 
Then SFis & side of the square required. 

For S=i^> §289 

(the sqtbares on the sides of art. A have the sanie ratio as the segments of the 
hypotenuse made by the 1. let fall from the vei'tex of the rt. Z). 

Also ^ = 1^, § 275 

SO SF ' 

(a straight line drawn thrtmgh two sides of a A, parallel to the third side, 

divides those sides proportionaily). 

Square the last equality ; 

then ^ = _^^ 



^~T2 iS Til 

Substitute, in the first equality, for its equal ^ ; 

., S^^ AB m 
then = = — , 

^5^2 BC n 

that is, the square having a side equal to SF will have the 
same ratio to the square R, aa n has to m. 

Q. E. F. 
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Proposition XXIII. Problem. 

353. To construct a polygon similar to a given polygon 
and having a given ratio to it. 




/ 1 \\ / \. 






V 



m 



( S > 

^ \ / 

- V. / 

n— A' Bf 

n 
Let JK be the given polygon and - the given ratio. 

It is required to construct a polygon similar to R, which 
shall he to R as n is to m, 

. Find a line, A' B', such that the square constructed upon it 
shall be to the square constructed upon -4 -5 as ?i is to m. § 352 

Upon A' B' as a side homologous to A B, construct the 
polygon S similar to R, 

Then aS' is the polygon required. 

For i = ^' §343 

^ AK 

(similar polygons are to each other as the squares on their homologous sides). 



But ^' = - ; Cons. 

AB^ ^ 

. S n an 

.•.- = _, or, kS : R : : n : m. 
R m 

Q. E. F. 
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Proposition XXIV. Problem. 

'854. To construct a square equivalent to a given paral- 
lelogram, 

P 

* iV! A 

/• I • \ 

Let ABCD be a paiallelogzum, b its base, and a its 
altitude. 

It is required to construct a square ^^ EJ ABCD. 

Upon the line MX take Jf i\r= a, and iV = h. 

Upon if as a diameter, describe a semicircle. 

AtiV^erectiV^PXtoifO. 

Then the square R, constructed upon a line equal to NP^ 
is equivalent to the EJ ABC D. 

For MN : NP :: NP \ NO, § 307 

(a ± let fall from any point of a drcwmference to the diameter is a mean 
proportional between the segments of the diameter), 

.'. NT^ = MN X NO = aXb, § 259 

(the product of the means is equal to the product of the extremes), 

Q. E. F. 

355. Corollary 1. A square may be constructed equiva- 
lent to a triangle, by taking for its side a mean proportional 
between the base and one-half the altitude of the triangle. 

356. Cor. 2. A square may be constructed equivalent to 
any polygon, by first reducing the polygon to an equivalent tri- 
angle, and then constructing a square equivalent to the triangle. 
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Proposition XXV. Pbobleh. 

357. To construct a parallelogram equivalent to a given 
square f and having the sum of its base and altitude equal to 
a given line. 




M 



n 




N 



C 

liOt R be the given square, and let the sum of the 
base and altitude of the required parallelogram 
be equal to the given line MN, 

It 18 reqtcired to construct a HJ = B, and having the sum 
of Us base and altitttde =• M N. 

Upon MN 2&2k diameter, describe a semicircle. 

At M erect a _L Jf P, equal to a side of the given square B, 

Draw FQ II io MN^ cutting the circumference at S. 

DTa,w SO ± to MJ}^. 

Any O having GM for its altitude and ON for its base, 
is equivalent to B. 

For SO is II to P if, § 65 

{tiao straight lines I. to the same straight line are II ). 

\\SC = PM, §135 

(\\s comprehended between \\s are eqical). 

.'. ^ = FlP = B. 

But MO : SO :: SC : ON, § 307 

(a Jl let fall from any point in a circumference to the diameter is a mean 
proportional betiveen the segments of the diameter). 

Then S^ = MCX ON, § 259 

(fhe product of the means is equal to the product of the extremes). 

Q. E. F. 

358. Scholium. The problem is impossible when the side 
of the square is greater than one-half the line MN', 
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Proposition XXVI. Problem. 

359. To construct a parallelogram equivalent to a given 

square, and having the difference of its base and altitude 

equal to a given line. 

S 




I \ 



\c..... 



X 



1/ 



Ml 



\ 



./ 



10 



/ 



/ 



/ 



/ 






'^.. 






Let R be the given square, and let the difference of 
the base and altitude of the required parallelo- 
gram be equal to the given line MN, 

It 18 required to construct a CJ = B, with the difference 
of the base and altitude = M N. 

Upon the given line Jf iV as a diameter, describe a circle. 

From M draw MS, tangent to the O, and equal to a side 
of the given square R. 

Through the centre of the O, draw SB intersecting the 
circumference at G and B. 

Then any O, as /?', having aS'^ for its base and SO for 
its altitude, is er^uivalent to R, 

For SB '. SM :. SM : SC, § 292 

{if from a point without a O, a secant and a tangent be dratmiy the tangent is 
a mean proportional between the whole secant and the part vnthout the O). 

Then SM^ = SBX SC; § 259 

and the difference between S B and SC 19 the diameter 
of the O, that is, MN'. 

Q. E. F. 
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Proposition XXVII. Problem. 
360. Given x = y^, to construct x. 



E 



f 



I 



\ 

\ 



A s 1 i— n 



m 



Let m represent the unit of length. 

It 18 required to find a line which shall represent the square 
root of 2. 

On the indefinite line A B, take AC = m, and CD = 2 m, 

On A I) SiB a, diameter describe a semi-circumference. 

At C erect a JL to ^ 5, intersecting the circumference at K 

Then C B is the line required. 

For AC : CE -. CE '. CD, § 307 

(the ± let faXl from any poiiit in the circumference to the diameter, is a mean 
proportional between the segments of the diameter) j 

.'.C^'^^AGXCD, §259 



.\CE=sjAGX CD, 



= ^J\><r2 = v^2. 

Q. E. F. 



Ex. 1. Given x = \/5, y = \J1, 2 = 2 y/3 ; to construct x, y, 
and z. 

2. Given 2 : a? : : a? : 3 ; to construct x. 

3. Construct a square equivalent to a given hexagon. 
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Proposition XXVIII. Problem. 

361. To construct a polygon similar to a given polygon 
P, and equivalent to a given polygon Q. 





B 




^^^ 




1 


i 

1 

...:J 


m 


A 


B 




< 



I 



\ I 

AJ B 



n. 



Let P and Q be two given polygons, and AB & side 
of polygon P. 

It is required to construct a polygon similar to P and equiva- 
lent to Q. 

Find a square equivalent to P, § 356 

and let m be equal to one of its sides. 

Find a square equivalent to ^, § 356 

and let n be equal to one of its sides. 

Find a fourth proportional to wi, n, and AB. § 304 

Let this fourth proportional be A' B'. 

Upon A' B'^ homologous to AB^ construct the polygon P 
similar to the given polygon P. 

Then P' is the polygon required. 





CONSTRUCTIONS. 




:su/ 


For 


m AB 

n A' B 




Cons. 


Squaring, 








But 


P = m«, 




Cons. 


and 






Cons. 


But 


p re 

p' irs^' 




§343 


(similar polygons are 


to each other as the sqtcares on 


their homologou8 sides) ; 




. p p. 

'■ Q P'' 




Ax. 1 


.'. P' is equivalent to Q, and is similar to P by 


construction. 




• 




Q. E. F. 



Ex. 1. Construct a square equivalent to the sum of three 
given squares whose sides are respectively 2, 3, and 5. 

2. Construct a square equivalent to the difference of two 
given squares whose sides are respectively 7 and 3. 

3. Construct a square equivalent to the sum of a given tri- 
angle and a given parallelogram. 

4. Construct a rectangle having the difference of its base and 
altitude equal to a given line, and its area equivalent to the sum 
of a given triangle and a given pentagon. 

5. Given a hexagon; to construct a similar hexagon whose 
area shall be to that of the given hexagon as 3 to 2. 

6. Construct a pentagon similar to a given pentagon and 

equivalent to a given trapezoid. 
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Proposition XXIX. Problem. 

362. To construct a polygon similar to a given polygon, 

and having two and a half times its area, 

Y 

/J 

I 




M 






I 
I 



B "^ C N 

Let P be the given polygon. 

It is required to construct a polygon similar to P, and 
equivalent to 2^ F. 

Let il ^ be a side of the given polygon F, 
Then )/T : ^ :: AB : x, 

m 

or ^2 : ^6 : : AB : X, § 345 

(the homologous sides of similar polygons are to each other as the square roots 

of their areas). 

Take any convenient unit of length, as M C, and apply it 
six times to the indefinite line MN, 

On MO {= S M C) describe a semi-circumference ; 

and on M N (^ ^ MC) describe a semi-circumference. 

At G erect a JL to M N, intersecting the semi-circumfer- 
ences at D and H, 

Then C D \% the ^2, and C iB' is the V^. § 360 

Draw F, making any convenient Z with G H, 

OnCrtakeC^=^^. 

From D draw B E, 

and from H draw HYWio DE. 
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Then G Y will equal x, and be a side of the polygon re- 
quired, homologous to A B, 

For OD '.^CH :: CE . OY, §275 

(a line drawn throvgh tioo sides of a A, W to the third aidej divides the tioo 

sides proportionally). 

Substitute their equivalents for CD, C H, and C E ; 
then sj2 :sj6 \\ AB : CY, 

On C Y, homologous to A B, construct a polygon similar 
to the given polygon F; 

and this is the polygon required. 

Q. E. F. 



Ex. 1. The perpendicular distance between two parallels is 
30, and a line is drawn across them at an angle of 45® ; what is 
its length between the parallels ] 

2. Given an equilateral triangle each of whose sides is 20 ; 
find the altitude of the triangle, and its area. 

3. Given the angle A of a, triangle equal to f of a right 
angle, the angle B equal to |^ of a right angle, and the side a, 
opposite the angle A, equal to 10 ; construct the triangle. 

4. The two segments of a chord intersected by another chord 
are 6 and 5, and one segment of the other chord is 3 ; what 
is the other segment of the latter chord ? 

5. If a circle be inscribed in a right triangle : show that 
the difference between the sum of the two sides containing the 
right angle and the hypotenuse is equal to the diameter of the 
circle. 

6. Construct a parallelogram the area and perimeter of which 
shall be respectively equal to the area and perimeter of a given 
triangle. 

7. Given the difference between the diagonal and side of a 
square; construct the square. 



BOOK V. 

REGULAR POLYGONS AND CmOLES. 

363. Def. a Regular Polygon is a polygon which is 
equilateral and equiangular. 

Proposition L Theorem. A^ 

364. Every equilateral polygon inscribed in a circle is a 
regular polygon. 

D 




Let ABC, etc., be an equilateral polygon inscribed 
in a circle. 

We are to prove the polygon ABC, etc., regtUar, 

The BXC8AB,BC,CD, etc., are equal, § 182 

{in the same O, eqtuil chords subtend equal arcs). 

.*. arcs ABC, BCD, etc., are equal, Ax. 6 

.*. the A A, B, C, etc., are equal, 
(beirig inscribed in equal segments). 

.'. the polygon ABC, etc., is a regular polygon, being 
equilateral and equiangular. 

Q. E. D. 



J 



BE6ULAB POLYGONS AND CIBCLES. 



I 



Proposition II. Theorem. 



365. I. A circle may be circumscriied about a regular 
polygon. 

11. A circle may be inscribed in a regular polygon* 




Let ABG D, etc., he a regular polygon. 

We are to prove that a O may he circumscribed about this 
regular polygon, and also a O may be inscribed in this regular 
polygon. 

Case L — Describe a circumference passing through A, B, and G. 

From the centre 0, draw OA, D, 

and draw « 4- to chord B 0. 

On « as an axis revolve the quadrilateral OABs, 

until it comes into the plane of OsC D, 

The line s B will fall upon s C, 
ifixr Z.OsB = 1.08Q, both being H. A ). 

The point B will fall upon G, § 183 

(since aB = sC). 

The line BA will fall upon (7 2>, § 363 

[since Z.B — AC^ being A of a regular polygon). 

The point A will fall upon 2), § 363 

(since BA = CD, being sides of a regular polygon), 

.'. the line OA will coincide with line 01), 
(their extremities being the same points), 

.*. the circumference will pass through D, 

In like manner we may prove that the circumference, pass- 
ing through vertices B, G, and 2) will also pass through the 
vertex H, and thus through all the vertices of the polygon in 
succession. 

Case II. — The sides of the regular polygon, being equal chords of 
the circumscribed O, are equally distant from the centre, § 1 85 

/.a circle described with the centre and a radius Os 
wiU touch all the sides, and be inscribed in the polygon. § 174 
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366. Def. The Centre of a regular polygon is the common 
centre of the circumscribed and inscribed circles. 

367. Def. The Badttia of a regular polygon is the radius 
OAoi the circumscribed circle. 

368. Def. The Apothem of a regular polygon is the radius 
Os oi the inscribed circle. 

369. Def. The Angle at the centre is the angle included 
by the radii drawn to the extremities of any side; 



Proposition III. Theorem. 

370. Each angle at the centre of a regular polygon is 
equal to four right angles divided hy the number of sides 
of the polygon. 




Let ABC, etc, be a regular polygon of n sides. 
We are to prove 



ZAOB = 



n 



Circumscribe a O about the polygon. 

The AAOB,BOC, etc., are equal, § 180 

(in the same O equal arcs subtend equal Aaitlie centre). 

.'.the Z A OB = iit. A divided by the number of A about 0. 

But the number of A about = w, the number of sides 
of the polygon. 



:\ZAOB = 



4 rt. ^ 



n 



Q. E. D. 



371. Corollary. The radius drawn to any vertex of a 
regular polygon bisects the angle at that vertex. 
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Proposition IV. Theorem. 

372. Two regular polygons of the same number of sides 
are similar. 




Q 





Of 




Let Q and Q* be two regular polygons, each having 
n sides. 

We are to prove Q and Q' similar polygons. 

The sum of the interior A of each polygon is equal to 

2 rt. A{n-2\ § 157 

(fhe sum of the interior A of a polygon is eqical to 2 rt. A taken as many 

times less 2 as the polygon has sides). 

^ , . « , 2 rt. 2^ (?i — 2) - 1 -Q 

Each Z of the polygon Q = ^^ ^ > § 158 

(for the A of a regular polygon are all equal, and hence each Z is equal 
to the sum of the A divided by their number). 

Also, each A oi Q' = ^:^'AJ^..'Z3 . § 158 

n 

,', the two polygons Q and Q^ are mutually equiangular. 

A B 
Moreover, _ = i^ § 363 

(the sides of a regular polygon are all equ^l) ; 

and ^'=^^' §^^^ 

...^ = ^:^', Ax.l 

BC B'C 

.*. the two polygons have their homologous sides proportional ; 

.'. the two polygons are similar. § 278 

Q. E. D. 
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Pboposition V. Theorem. 

373. The homologous sides of similar regular polygons 
have the same ratio as the radii of their circumscribed cir^ 
cleSf and, also as the radii of their inscribed circles. 





Let and (y he the centres of the two similar regu- 
lar polygons ABC, etc, andA'BfC\ etc. 

From and 0' draw JS, D, 0* E', & !>, also the 
Js Om and Om', 

E and 0' E' are radii of the circumscribed (D, § 367 

and m and 0' m' are radii of the inscribed <§>. § 368 

ED __ OE __ Om 

~^ O'E 



We are to prove 



E' D' 0' E (y m' 

IntheAOED and 0" E' D* 

the AGED, ODE, C E ly and 0* ly E' are equal, § 371 
(f>eing halves of the equal A FED, ED C, F^ B Df and Ef Df C); 

.'.the A ED SiiidO' E D' are similar, § 280 

(if two &i have two A of the one equal res]oectively to two A of the other, they 

are similar). 



ED 



OE 



Also, 



ED' 0' E' 
(fhe homologous sides of similar ^ are proporOonal). 

ED Om 



§278 



ED' 



O'w! 



§297 



{fhe homologous altitudes of similar ^ have the sam/e ratio as their homolo- 

govs bases). 

^ ' Q. E. D. 
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Proposition VI. Theorem. 

374. The perimeters of similar regular polygons have 
the sam^ ratio as the radii of their circumscribed circles, and, 
also as the radii of their inscribed circles, * 

Af^ -x.B' 





/ 



Let P and P' represent the perimeters of the two 
similar regular polygons ABC, etc., and A'PfC, etc. 

From centres 0, 0' draw E, 0' E', and J§ »i and (? mf. 

Om. 



w * P OE 

We are to prove — = = 

^ P* 0' E' 

P ^ ED 

P "" E' D'' 



cym' 



§ 295 



(flu ^perimeters of similar polygons Jiave the same ratio as any two JumiolO' 

gous sides). 



Moreover, 



OE 



ED 



0' E' E' D' 



§373 



((he homologoibs sides of similar regular polygons have the sa/me ratio as the 

radii of their circumscribed (D). 



Also 



Om 



ED 



0' mf E' D' 



§373 



(fhe homologous sides of similar regular polygons have the sanu ratio as 

the radii of their inscribed (D). 



P' 



OE 

O'E' 



Om 
Wm' 



Q. E. D, 
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Proposition VII. Theorem. 

375. The circumferences of circles have the same ratio 
as tJieir radii. 





Let G and C be the circumferences, R and E' the 
radii of the two circles Q and Q*. 

We are to prove : C : : E : E\ 

Inscribe in the (D two regular polygons of the same number 
of sides. 

Conceive the number of the sides of these similar regular 
polygons to be indefinitely increased, the polygons continuing to 
be inscribed, and to have the same number of sides. 

Then the perimeters will continue to have the same ratio as 

the radii of their circumscribed circles, § 374 

{the perimeters of similar regular polygons have the same ratio as the radii 

of their circumscribed (D), 

and will approach indefinitely to the circumferences as their 
limits. 

.*. the circumferences will have the same ratio as the radii 
of their circles, § 199 



\C : C :: E : R'. 



Q. E. D. 
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376. CoBOLLABY. By multiplying by 2, both terms of the 
ratio £ : £', we have 

C : C' :: 2Ii : 2R'; 

that is, the circumferences of circles are to each other aa 
their diameters. 

Since C : C : : 2 B : 2 B', 

C i2B :: C , 2B\ § 262 

C C 



or, 



2B 2B' 



That is, the ratio of the circumference of a circle to its 
diameter is a constant quantity. 

This constant quantity is denoted by the Greek letter ir. 

377. ScnoLiUM. The ratio tt is incommensurable, and there- 
fore can be expressed only approximately in figures. The let- 
ter w, however, is used to represent its exact value. 



Ex. 1. Show that two triangles which have an angle of the 
^ one equal to the supplement of the angle of the other are to each 
[ other as the products of the sides including the supplementary 
■ angles. 

! 2. Show, geometrically, that the square described upon the 

sum of two straight lines is equivalent to the sum of the squares 
described upon the two lines plus twice their rectangle. 

3. Show, geometrically, that the square described upon the 
difference of two straight lines is equivalent to the sum of the 
squares described upon the two lines minus twice their rectangle. 

4. Show, geometrically, that the rectangle of the sum and 
difference of two straight lines is equivalent to the difference 
of the squares on those lines. 
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Proposition VIII. Theorem. 

378. If the number of aides of a regular inscribed poly- 
gon be increased indefinitely, the apothem will be an increas- 
ing variable whose limit is the radius of the circle. 




In the right triangle OCA, let A be denoted by R, 

OC byr, and AC byh. 

We are to prove lim, (r) = /?. 

r<R, § 52 

(a ±18 the shortest distance from a point to a straight line). 

And E — rKb, §97 

(one side of a A is greater than the difference of the other two sid^is). 

By increasing the number of sides of the polygon indefi- 
nitely, A B, that is, 2 6, can be made less than any assigned 
quantity. 

,', b, the half of 2 6, can be made less than any assigned 
quantity. 

.*. R — r\ which is less than 6, can be made less than any 
assigned quantity. 

.'. lim. (R — ?•) = 0. 

,\R-lim. (r) = 0. § 199 

/. lim. (r) = R. 

Q. E. D. 
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Pbofosition IX. Theorem. 

879. The area of a regular polygon is equal to one-half 
the product of its apothem hy its perimeter, 

B 




Let P represent the perimeter and R the apothem 
at the regular polygon ABC, etc. 

We are to prove the area of A B 0, etc., "= ^ E X P, 

DrawOii, OB, C, etc. 

The polygon is divided into as many A as it has sides. 

The apothem is the common altitude of these A, 

and the area of each A is equal to ^ R multiplied by 
the base. § 3*24 

.'. the area of all the A is equal to ^E multiplied by the 
sum of all the bases. 

But the sum of the areas of all the A is equal to the area 
of the polygon, 

and the sum of all the bases of the A is equal to the 
perimeter of the polygon. 

.'. the area of the polygon = ^ E X P, 

Q. E. D. 
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Proposition X. Theorem. 

380. The area of a circle is equal to one-^half the 
product of its radius by its circumference. 



Let R represent the radius, and C the circumference 
of a circle. 

We are to prove the area of the circle = ^ R X C, 

Inscribe any regular polygon, and denote its perimeter 
by P, and its apothem by r. 

Then the area of this polygon =J/'XjP, §379 

{tJie area of a regular polygon is equal to oiie-ka.lf the product of Us apothem. 

by the pcriinctcr). 

Conceive the number of sides of this j^olygon to be indefi- 
nitely increased, the polygon still continuing to be regular and 
inscribed. 

Then the perimeter of the polygon approaches the circum- 
ference of the circle as its limit, 

the apothem, the radius as its limit, § 378 

and the area of the polygon approaches the O as its limit. 

But the area of the polygon continues to be equal to one- 
half the product of the apothem by the perimeter, however 
great the number of sides of the polygon. 

.-. the area of the O = ^ 7? X (?. § 199 

Q. E. D. 
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381. CoROLLABY 1. Since - — = tt, x 375 

In the equality, the area of the O = ^ B X C, 

substitute 2 tt /? for C; 

then the area of the O = ^ B X 2ir-ff, 

That is, the area q/" a O = tt times the square on its radius. 

382. Cor. 2. The area of a sector equals ^ the product of 
its radiiis by its arc ; for the sector is such part of the circle as 
its arc is of the circumference. 

383. Def. In difiFerent circles similar arcs^ similar sectors, 
and similar segments, are such as correspond to equal angles at 
the centre. 

Proposition XI. Theorem. 

384. Two circles are to each other as the squares on 
their radii. 





Let R and R' Zje the radii of the two circles Q and Q'. 
We are to prove — = 

Now g = 7ri?2, §381 

(the area of aO^ v times the square on Us radius), 

and Q'=^'n-R^. ' § 381 

Then «=!:^ = ^. 

Q" . TrR'l R^ 

Q. E. D. 

385. Corollary. Similar arcs, being like parts of their re- 
spective circumferences, are to each other as their radii; similar 
sectors, being like parts of their respective circles, are to each 
other as the squares on their radii. 
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Proposition XIL Theorem. 

386. Similar segments are to each other as the squares 

on their radii. c 

O 




pi p 

Let A C and A' C be the radii of the two similaT seg- 
ments ABP and A' B F, 

rrr , ABP Hf 

We are to prove = 

A' B' P' £-(j?' 

The sectors ACB^vA A' C B' are similar, § 383 

{having the A at the centre^ C and O, eqtial). 

In the AACB and A' C B' .. 

ZC = /.G\ § 383 

{Jbeing corresponding A of similar seders), 

AC = CB, §163 

A'C' = C'B'y §163 

.-. the A il(7 ^ and ^' C B' are similar, § 284 

(having an /.of the one equal to an L of the oiher^ and the including sides 

proportional). 

^^^ sectf^r AGB _ r^ .335 

sector A' C B' Jfjj/^ 
{similar sectors are to each other as the squares on their radii); 

and /^ACB _ A^ g 3^2 

(similar A are to each other as the squares on their homologous sides), 

Tj sector ACB — AACB Jlf 

xience , &=: ■■■■ . ■ « 

sector A' C B' - i\ A' C B £r(f 

segment ABP ^ Z7/ » 071 

segment A' B' P' ATC''^ 

{if two quantities he increased or diminished by like parts ofeach^ the resulU 
vxill he in the same ratio as the quantities themselves). 

Q. E. D. 



BXEBCISES. 223 



Exercises. 

1. Show that an equilateral polygon circumscribed about a 
circle is regular if the number of its sides be odd. 

2. Show that an equiangular polygon inscribed in a circle is 
regular if the number of its sides be odd. 

3. Show that any equiangular polygon circumscribed about a 
circle is regular. 

4. Show that the side of a circumscribed equilateral triangle 
is double the side of an inscribed equilateral triangle. 

5. Show that the area of a regular inscribed hexagon is 
three-fourths of that of the regular circumscribed hexagon. 

6. Show that the area of a regular inscribed hexagon is a 
mean proportional between the areas of the inscribed and cir- 
cumscribed equilateral triangles. 

7. Show that the area of a regular inscribed octagon is equal 
to that of a rectangle whose adjacent sides are equal to the 
sides of the inscribed and circumscribed squares. 

8. Show that the area of a regular inscribed dodecagon is 
equal to three times the square on the radius. 

9. Given the diameter of a circle 60; find the area of the 
circle. Also, find the area of a sector of 80® of this circle. 

10. Three equal circles touch each other externally and thus 
inclose one acre of ground ; find the radius in rods of each of 
these circles. 

11. Show that in two circles of different radii, angles at the 
centres subtended by arcs of equal length are to each other in- 
versely as the radii. 

12. Show that the square on the side of a regular inscribed 
pentagon, minus the square on the side of a regular inscribed 
decagon, is equal to the square on the radius. 
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On Constructions. 

Proposition XIII. Problem. 

387. To inscribe a regular polygon of any number of 
sides ifi a given circle. 




Let Q be the given circle, and nj^he number of sides 
of the polygon. 

It is required to inscribe in Q, a regular polygon having n 
ndes. 

Divide the circumference of the O into n equal arcs. 

Join the extremities of these arcs. 

Then we have the polygon required. 

For the polygon is equilateral, § 181 

(in the same O equal arcs are svhtended by equal chords) ; 

and the polygon is also regular, § 364 

{an equUcUeral polygon inscribed in a O is regular). 

Q. E. F. 
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Proposition XIV. Problem. 

888. To inscribe in a given circle a regular polygon 
which has double the number of sides of a given inscribed 
regular polygon. 




Let ABC D be the given inscribed polygon* 

It is required to inscribe a regular polygon having double the 
number of sides of ABC D. 

Bisect the arcs AB^ BC, etc. 

Draw AE, E B, B F, etc., 

The polygon AEBFC, etc., is the polygon required. 

. 

For the chords AB, BC, etc., are equal, § 363 

(being sides of a reg%ila/r polygon). 

.'. the arcs A B, BC, etc., are equal, § 182 

{in the sarrije O equal chords subtend equal arcs). 

Hence the halves of these arcs are equal, 

or, AE, EBy B F, FC, etc., are equal; 

.'. the polygon A EB F, etc., is equilateral. 

The polygon is also regular, § 364 

(an equilateral polygon inscribed in a O is regular) ; 

and has douhle the numher of sides of the given regular 
polygon. 

Q. E. F. 
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Proposition XV. Problem. 
889. To inscribe a square in a given circle. 




Let be the centre ot the given circle. 

It w required to inscribe a square in the circle. 

Draw the two diameters A C and ^ i> J_ to each other. 

Join AB, BC, CD, and DA, 

Then A B C D is the square required. 

For, the A ABC, BCD, etc., are rt. A, § 204 

(being inscribed in a semicircle) , 

and the sides A B, BC, etc., are equal, § 181 

(in the same O equal arcs are subtended by equal cTurrds) ; 



.*. the figure AB C D ia a, square, 
(having its sides equal and its A rt. A ). 



§ 127 



Q. E. F. 



390. Corollary. By bisecting the arcs AB, BC, etc., a 
regular polygon of 8 sides may he inscribed ; and, by continuing 
the process, regular polygojj^ of IG, 32, 64, etc., sides may be 
inscribed. 
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Proposition XVI. Problem. 
891. To inscribe in a given circle a regular hexagon. 



Let he the centre of the given circle. 

It is required to inscribe in the given O a regular hexagon. 

From draw any radius, as C. 

From (7 as a centre, with a radius equal to OC, 

describe an arc intersecting the circumference at F, 

Draw Oi^and CF. 

Then C Fi&B, side of the regular hexagon required. 

For the A OFCis equilateral. Cons. 

and equiangular, § 112 

.-. thoZ FOC 13^ of 2 rt. A, or, J of 4 rt. ^ . § 98 

.*. the arc ^C is J of the circumference A BC F, 

.*. the chord FC, which subtends the arc FC, is a side 
of a regular hexagon ; 

and the figure CFB, etc., formed by applying the radius 

six times as a chord, is the hexagon required. 

Q. E. F. 

392. Corollary 1. By joining the alternate vertices A, C, 
Df an equilateral A is inscribed in a circle. 

393. Cor. 2. By bisecting the arcs A B, B 0, etc., a regu- 
lar polygon of 12 sides may be inscribed in a circle; and, by 
continuing; the process, regular polygons of 24, 48, etc., sides 
may be inscribed. 
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Proposition XVII. Problem. 
894*. To inscribe in a given circle a regular decagon. 




Let be the centre of the given circle. 

It is required to inscribe in the given O a regular decagon. 

Draw the radius (7, 

and divide it in extreme and mean ratio, so that G shall 
be to OaS' as *S is to SO, § 311 

From (7 as a centre, with a radius equal to S^ 

describe an arc intersecting the circumference at B, 

Btolw B C, B S, 8iTid B 0. 

Then BO is a. side of the regular decagon required. 

For 00 : OS :: OS : SC, Cons. 

and B0=0 S. Cons. 

Substitute for S its equal B G, 

then OC : BO :: BC : S G. 

Moreover the Z 00 B =- Z SO B, Iden. 

.-. the A 0GB and B GS are similar, § 284 

(having an Z of the one equal to an /.of the other , and the induding sides 

proportional). 

But the A GB IB isosceles, § 160 

(its sides C and B being radii of the same circle), 

wihe A B G S, which is similar to the A GB, is isosceles, 
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and 


BS-BG, 


§ 114 


But 


OS=^BG, 


Cons. 




.\OS-BS, 


Ax. 1 




/. the A SO B ia isosceles, 




and 


the Z = Z SBO, 

(being opposite equal sides). 


§ 112 



But the Z (7 /S'^ = Z + Z ^^ 0, § 105 

ifhe exterior ZofaAis eqvM to the sum of the two opposite interior A ). 

.-. theZ CSB = 2/. 0. 
ZSCB{=Z CSB) = 2Z 0, §112 

and ZOBC {=Z SCB) = 2Z0. §112 

/. the sum of the z^ of the A (7^ = 5 Z 0. 

.-. 5 Z = 2rt. ^, §98 

and Z = J^ of 2 rt. ^, or 1^ of 4 rt. A, 

,'. the arc ^ C is -j^ of the circumference, and 

.'. the chord J5 (7 is a side of a regular inscribed decagon. 

Hence, to inscribe a regular decagon, divide the radius in 
extreme and mean ratio, and apply the greater segment ten 
times as a chord. 

Q. E. F. 

395. Corollary 1. By joining the alternate vertices of a 
regular inscribed decagon, a regular pentagon may be inscribed. 

396. Cor. 2. By bisecting the arcs BC, C F, etc., a regular 
polygon of 20 sides may be inscribed, and, by continuing the 
process, regular polygons of 40, 80, etc., sides may be inscribed. 
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Proposition XVIII. Problem. 

397. To imcribe in a given circle a regular pmtedeca^m, 
or polygon of fifteen sides. 




Let Q be the given circle. 

It is required to inscribe in Q a regular pentedecagon. 

Draw EH equal to a side of a regular inscribed hexagon, § 391 

and UF equal to a side of a regular inscribed decagon. § 394 

Join FII, 

Then FH will be a side of a regular inscribed pentedecagon. 

For the arc E H is ^ of the circumference, 

and the arc E F is ^ of the circumference ; 

.*. the arc i^^ is J^ — ^, or -jiy, of the circumference. 

.'. the chord FH ia a. side of a regular inscribed pente- 
decagon, 

and by applying FH fifteen times as a chord, we have the 
polygon required. 

Q. E. F. 

398. Corollary. By bisecting the arcs FH, HA, etc., 
a regular polygon of 30 sides may be inscribed; and by con- 
tinuing the process, regular polygons of 60, 120, etc. sides may 
be inscribed. 
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Proposition XIX. Problem. 

399. To inscribe in a given circle a regular polygon 
similar to a given regular polygon. 

^^ ^Z> C D 





Let A BCD, etc, be the given regular polygon, and 
C D'E' the given circle. 

It is required to inscribe in C D' E' a regular polygor* 
similar to A B C B, etc. 

From 0, the centre of the polygon A BC D, etc. 

draw Z> and (7. 

From 0' the centre of the O C D' JS^, 

draw O C and 0' D', 

making the /. 0' = /. 0. 

Draw C B'. 

Then C B' will be a side of the regular polygon required. 

For each polygon will have as many sides as the Z. 
(=Z 0') is contained times in 4 rt. A* 

.*. the polygon C B' E', etc. is similar to the polygon 
CDE, etc., §372 

{two regular polygons of the same number of sides are similar). 

Q. E. F. 
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Proposition XX. Problem. 

4)00. To circumscribe about a circle a regular polygon 
similar to a given inscribed regular polygon. 





B 


M 


C 






Z^' 


T=5 


Slv 


• 


JET 


4>^ 


■ 


^ 


M 


^/ 




■ 

• • 


y' 


\ 


p|..... 




M-''' 

"^:" 




'As 


ftV 


-• 




'. 


n\ 


*'"\ 


/ 


1 
■ 

• 

• 
• 

■ 
ff 
■ ^^ 


• 

J' 


/^^ 



Let HMRSy etc., he a given inscribed Tegular polygon. 

It is required to circumscribe a regular polygon similar 
to II MBS, etc. 

At the vertices H, M, /?, etc., draw tangents to the O, 
intersecting each other at -4, By C, etc. 

Then the polygon A BC D, etc. will be the regular poly- 
gon required. 

Since the polygon ABC Dy etc. 

has the same number of sides as the polygon H M RS, etc., 

it is only necessary to prove that ABC By etc. is a regular 
polygon. § 372 



In the A BHM^xA C M R, 



IIM= MR, 

(being sides of a regular polygon). 



§ 363 
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the A BHM, BMH, C M R, and CBM sltq equal, § 209 
(being measured by halves of equal arcs) ; 

/. the A BHM and CMB are equal, § 107 

{Tiaving a side and two adjacent A of the one equal respectively to a side and 

two adjacetU A of the other). 

.\ZB==ZC, 

{being homologous A of equal ^ ). 

In like manner we may prove /. C ^^ Z. D^ etc. 

.'. the polygon ABC B^ etc., is equiangular. 

Since the A BHM, C MB, etc. are isosceles, § 241 
{two tangents drawn from the same point to a CD are equal), 

the sides BH, BM, CM, G R, etc. are equal, 
{being Jiomologous sides of equal isosceles ^ ). 

.'. the sides AB, BC, C D, etc. are equal. Ax. 6 

and the polygon ABC D, etc. is equilateral. 

Therefore the circumscribed polygon is regular and similar 
to the given inscribed polygon. § 372 

Q. E F. 



Ex. Let R denote the radius of a regular inscribed .polygon, 
r the apothem, a one side, A one angle, and C the angle at the 
centre ; show that 

_ 1. In a regular inscribed triangle a = R V^, r = \ R, 
A =60°, (7= 120°. 

2. In an inscribed square a = R)/2, r = ^ R )/2, A= 90°, 
G = 90°. 

3. In a regular inscribed hexagon a = R, r = J i? ^3, 
^ = 120°, (7 = 60°. 

. , , 7? (V^ - 1) 

4. In a regular inscribed decagon a = ^ ' 

r = ii? VlO+ 2)/5, ^ = 144°, {7 = 36°. 
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Proposition XXI. Problem. 

401. To find the value of the chord of one-half an arc, 

in terms of the chord of the whole arc and the radius of the 

circle, 

D 




Let AB be the chord of arc A B and A D the chord 
of one-half the arc A B. 

It is required to find the value of A D in terms of AB and 
R (radius). 

From D draw D H through the centre 0, 

and draw A, 

II D ia Jl to the chord AB a,t its middle point C, § 60 
{two points, and D, equally distant from the extremities^ A and B, de- 



termine the position of a ^^ to the middle point of A B), 

The Z ZTil Z> is a rt. Z, 

{being inscribed in a semicircle). 



§204 



.\A1^ = DHX DC, §289 

(the square on one side of a rt. A is equal to the product of the hypotenuse by 
the adjacent segment made by the ± let fall from the vertex of the rt, Z ). 



Now 



DH^2R, 



and DC = DO-CO = R-CO; 

.\A~D'^ = 2R(R—C0). 
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Since -4 C is a rt. A, 

£^-=-r&^' Cl?\ §331 

.-. (70* = n? - AT?. 



.\co = >J{ii^-rG% 



-v^ 



4 /^ - A^, 



_ V4 1^ - J^. 



In the equation ^1? = 2R{R— CO), 

V4 ^2 _ X"i^« 



substitute for (7 its value 



2 



then /T5* = 27?(7?-V5^Z^), 

= 2 722 - ^ ^^4 722 - J^2\ 

.'.AD = \l2m- R (>Ji 722 - X:5'A . 

Q. E. F. 

402. Corollary. If we take the radius equal to unity, 



the equation AD = J^R^ - R Ni R^ - A B^\ becomes 

il7> = y/2- ^^-Tb^. 
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Proposition XXII. Problem. 

403. To compute the ratio of the circumference of a 
circle to its diameter, approxim^telt/. 




Since 



IT 



§376 



Let C be the circumference and E the radius of a 
circle, 

^ G 

when ii = 1, ^r = 2 • 
It is required to find the numerical value of tt. 

We make the following computations by the use of the 
formula obtained in the last proposition, 



AD=^- 



y/2-V/4^ 



2 



AB^y 



No. 
Sides. 

12 
24 

48 
96 



when A B \^ Q. side of a regular hexagon : 
In a polygon of 

Form of Computation. 

AD = s'2-sJ\-{.b\ 763809)2 
^ i> = V^ 2 - v^4 - (.261052 38)2 
AD = \J'2 — ^i — {A 3080626)2 



192 .4 2) = v /2-v/4"^ (.06543817)2 
384 AD==\ J2 — sJi — (.03272346)2 
768 AD =^2 — ^4^^01636228)2 



Length of Side. 

.51763809 
.26105238 
.13080626 
.06543817 
.03272346 
.01636228 
.00818121 



Perimeter. 

6.21165708 
6.26525722 
6.27870041 
6.28206396 
6.28290510 
6.28311544 
6.28316941 



Hence we may consider 6.28317 as approximately the cir- 
cumference of a O whose radius is unity. 

.-. ^, which equals ^, = ^:28317 

2 2 



TT = 3.14159 nearly. 



Q. B. P 



ISOPEBIMETRICAL POLYGONS. 



23: 



On Isoperimetrical Polygons. — Supplementary. 

404. Dep. Isoperimetrical figures are figures which have 
equal perimeters. 

405. Def. Among magnitudes of the same kind, that 
which is greatest is a Maxiinum, and that which is smallest 
is a Minimum, 

Thus the diameter of a circle is the maximum among all 
inscribed straight lines; and a perpendicular is the minimum 
among all straight lines drawn from a point' to a given straight 
line. 

Proposition XXIII. Theorem. 

406. Of all triangles having two sides respectively equal, 
that in which these sides include a right angle is the maxi- 
mum. 




Let the triangles ABC and EB G have the sides A B 
and BG equal respectively to EB and BG \ and 
let the angle ABG be a righi angle. 

We are to prove AABG>AEBG. 

From E, let faU the ±ED. 

The A ABG and E BG, having the same base B G, are to 
each other as their altitudes A B and ED, § 326 

(A having the same base are to each other as their altitudes), 

Now E I) is <EB, §52 

{a _L is the shortest distance from, a point to a straight line). 

But EB = AB, Hyp. 

.\EDis<AB, 
.\AABG> A EBG. 

Q. E. D. 
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Proposition XXIV. Theorem. 

407. Of all poly gonB formed of sides all given hut oncy 
the polygon inscribed in a semicircley having the undetermined 
side for its diameter, is the maximum, 

C 




Let AB, BCy CD, and D E be the sides of a polygon 
inscribed in a semicircle having A E for its di- 
ameter. 

We are to prove the polygon ABODE the maximum of 
polygons having the sides A B, B C, CD, and D E, 

From any vertex, as C, draw C A and C E. 

Then the Z AG E ia SLvt. Z , § 204 

(being inscribed in a semicircle). 

Now the polygon is divided into three parts, ABC, G D E, 
and A G E, 

The parts ABG and G D E will remain the same, if the 
Z AG Ehe increased or diminished ; 

but the part AGE will be diminished, § 406 

(of all A having two sides respectively equal, that in which these sides in- 
clude art. Zis the maximum). 

.', AB G I) E is the maxim lun polygon. 

Q. E. D. 
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Proposition XXV. Theorem. 

408. The maximum of all polygons formed of given aides 
can be inscribed in a circle, 

H' V 





A A' 

Let ABC DE be a polygon inscribed in a circle, and 
A'B'C'D' E' be a polygon, equilateral with re- 
spect to ABODE, but which cannot be inscribed 
in a circle. 

We are to prove 
the polygon ABCDE>the polygon A' B' C D' E', 

Draw the diameter A H. 

Join GHa,ndI) H. 

Upon C D' (= C D) construct the A C H' D' = A C H D, 

and draw A' H', 

Now the polygon ABC H>i\ie^ polygon A* B' C //', § 407 

{of all polygons foi^med of sides all given hut one, the polygon inscribed in a 
semicircle having the undetermined side for its diameter, is the foaximum). 

And the polygon AEI)ff>the polygon A' E' ly E'. § 407 

Add these two inequalities, then 

the polygon ABCHBE>i\\^ polygon A'FC'H'D'E', 

Take away from the two figures the equal ^ C H D and 
G'H'D', 

Then the polygon ABCDE>i\iQ polygon A' B' C D' E'. 

Q.£0. 
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Proposition XXVL Theorem. 

409. Of all triangles having the same base and equal 
perimeters, the isosceles triangle is this maximum. 



.-1^ 




Let the AACB and ADB have equal pezimeteis, 
and let the AACB be isosceles. 

We are to prove AACB>AADB. 

Draw the Js CU and D F. 



AACB 



CE 



AABD DF 

(^ havinjg the same base are to each other as their attitudes). 
Produce AC to H, making C H = AC, 



§326 



Draw HB, 



The A ABH is a rt. Z, for it will be inscribed in the 
semicircle drawn from C as a centre, with the radius C B. 
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From C let fall the ± (7^; 

and from Z> as a centre, with a radius equal to D By 

describe an arc cutting H B produced, at P. 

Draw 7) P and il P, 

and let fall the 1. D M. 

Since AH = AC'\'CB = AD-¥DB, 

and APKAD+ DP] 

.\AP<AD + DB] 

.'.Aff>AP. 

.\BH>BP, §56 

Now BK=\BH, §115 

(a ± drawn from the vertex of an isosceles A bisects the base). 



and 


BM-^BP. 


§113 


But 


CE-BK, 

(Il5 comp-eheTided between \\s are equal); 


§135 



and DF=BM, §136 

.-. CE> DF. 
.\AACB>AAI)B. 

Q. E. D. 
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Proposition XXVII. Theorem. 

410. The maximum of isojterimetrical polygons of the 

same number of sides is equilateral, 

B K 





Let ABC D, etc, be the maximum, of isopezimetxical 
polygons of any given number of sides. 

We are to prove A By BC, C D, etc., equal. 

Draw A C. 

The A ABC must be the maximum of all the A which 
are formed upon A C with a perimeter equal to that of A ABC. 

Otherwise, a greater Ail XC could be substituted for A ABC, 
without changing the perimeter of the polygon. 

But this is inconsistent with the hypothesis that the poly- 
gon AB CD, etc., is the maximum polygon. 

.*. the A ABC, is isosceles, § 409 

(of all ^ having the same base and equal perimeters^ the isosceles A is the 

maximum). 

In like manner it may be proved that BC "= CD, etc. 

Q. E. D. 

411. Corollary. The maximum of isoperimetrical poly- 
gons of the same number of sides is a regular polygon. 

For, it is equilateral, § 410 

{the maximum of isoperimetrical polygons of the same number of sides is 

equilateral). 

Also it can be inscribed in a O, § 408 

{the maximum of all polygons formed of given sides can be inscribed in a O). 

Hence it is regular, § 364 

(an equilateral polygon inscribed in a O is regular). 
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Proposition XXYIII. Theorem. 

412. Of uoperimeirical regular polygons ^ that is greatest 
which has the greatest number of sides. 





Let Q be a regular polygon of three sides, and Q* pe 
a regular polygon of four sides, each having the 
same perimeter. 

We are to prove Q > Q. 

In any side A B oi Q, take any point D. 

The polygon Q may be .considered an irregular polygon 
of four sides, in which the sides A D and D B make with eacJi 
other an Z equal to two rt. A . 

Then the irregular polygon Q, of four sides is less than the 
regular isoperimetrical polygon Q of four sides, § 4 1 1 

{the maximum of isoperimetrical polygons of the same number of sides is a 

regular polygon). 

In like manner it may be shown that Q^ is less than a 
regular isoperimetrical polygon of five sides, and so on. 

Q. E. D. 



413. Corollary. Of all isoperimetrical plane figures the 
circle is the maximum. 
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Pboposition XXIX. Thgobem. 

414. If a regular polygon he constructed with a given 
area, it's perimeter will be the less the greater the number 
of itrS sides. 




Q! 






Let Q and Q he regular polygons having the same 
area, and let Q* have the greater number of sides. 

We are to prove the perimeter of Q^ the perimeter of Q. 

Let Q!' be a regular polygon having the same perimeter as 
Qy and the same number of sides as Q, 

Then Q' is > Q", § 412 

{of isoperimetrical regular polygmin, that is the greatest which has the greatest 

number of sides). 



But 



<2 = e', 

.-. e is > Q", 



.: the perimeter of ^ is > the perimeter of ^'. 
But the perimeter of Q' = the perimeter of ^', Cons. 
.*. the perimeter of © is > that of ©'. 

Q. E. D. 

415. Corollary. The circumference of a circle is less than 
the perimeter of any other plane figure of equal area. 
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On Symmetry. — Supplementary. 

416. Two points are Symmetrical when they are situated 
on opposite sides of, and at equal distances from, a fixed point, 
line, or plane, taken as an object of reference. 

417. When a point is taken as an object of reference, it is 
called the Centre of Symmetry ; when a line is taken, it is called 
the Adds of Symmetry ; when a plane is taken, it is called the 
Plane of Symm^ry, 



418. Two points are symmetrical with re- 
spect to a centre, if the centre bisect the straight 
line terminated by these points. Thus, P, P 
are symmetrical with respect to C, if C bisect 
the straight line P F. 



419. The distance of either of the two symmetrical points 
from the centre of symmetry is called the Radius of Symmetry. 
Thus either C P oi C P' \& the radius of symmetry. 

420. Two points are symmetrical with 
respect to an aacis, if the axis bisect at right 

angles the straight line terminated by these X , X' 

points. Thus, P, P are symmetrical with re- 
spect to the axis XX', if XX' bisect P P' at p, 
right angles. 




421. Ttoo points are symmetrical with 
respect to a plane, if the plane bisect at 
right angles the straight 'line terminated by 
these points. Thus P, P' are symmetrical 
with respect to M N, H M N bisect P P' at 
right angles. 



M^ 



P' 



N 
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422. Two plane figures are symmetrical with respect to a 
centre, an cueis, or a plane, if every point of either figure have 
its corresponding symmetrical point in the other. 




A 


~ 1 


B 


1 




1 


^ 




/ 


M 


• 



A' 



Fig. 1. 



Fig. 2. 



Fig. a 



Thus, the lines A B and A' Bf are symmetrical with respect 
to the centre C (Fig. 1), to the axis XX' (Fig. 2), to the plane 
MN (Fig. 3), if every point of either have its corresponding 
symmetrical point in the other. 




Fig. &. 



Fig. 6. 



Also, the triangles AB D and A' B' D' are symmetrical with 
respect to the centre C (Fig. 4), to the axis XX' (Fig. 5), to the 
plane M N (Fig. 6), if every point in the perimeter of either 
have its corresponding symmetrical point in the perimeter of the 
other. 

423. Def. In two symmetrical figures the corresponding 
symmetrical points and lines are called homologous. 
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Two symmetrical figures with respect to a centre can be 
brought into coincidence by revolving one of them in its owd 
plane about the centre, every radius of symmetry revolving 
through two right angles at the same time. 

Two symmetrical figui-es with respect to an axis can be 
brought into coincidence by the revolution of either about the 
axis until it comes into the plane of the other. 

424. Def. a single figure is a symmetrical figurty either 

when it can be divided by an axis, or plane, into two figures 

symmetrical with respect to that axis* or plane ; or, when it has 

a centre such that every straight line drawn through it cuts the 

perimeter of the figure in two points which are symmetrical 

with respect to that centre. 

C 



Xi-^ 





Fig. 1. 



Fig. 2. 



Thus, Fig. 1 is a symmetrical figure with respect to the 
axis XX\ if divided by XX' into figures ^^C7i> and ABV'J) 
which are symmetrical with respect to X X^, 

And, Fig. 2 is a symmetrical figure with respect to the 
centre 0, if the centre bisect every straight line drawn 
through it and terminated by the perimeter. 

Every such straight line is called a diameter. 

The circle is an illustration of a single figure symmetrical 
with respect to its centre as the centre of symmetry ^ or to any 
diameter as the axis of symmetry. 
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Proposition XXX. Theorem. 

425. Two equal and parallel lines are symmetrical with 

respect to a centre. 

. A Bf 



B Af 

Let A B and A' B' be equal and parallel lines. 

We are to prove A B and A' B' symmetricaL 

Draw A A' and B B', and through the point of their inter- 
section C, draw any other line HC H.\ terminated in ^^ and 
A'B'. 

In the ^CAB and G A' B' 

AB = A' B', Hyp. 

also, A A and B^= A A' and B' respectively, § 68 

{being alt, 'int. A), 
.\ACAB = A CA'B'; § 107 

.-. (7^ and (7i5 = (7^' and C^' respectively, 
(being hmnologous sides o/cqtccU A). 

Now in the A AG Hand A' CH' 

AG = A'G, 

A A and AG H = A A' and A' G II' respectively, 

.\AAGH=AA'GH', § 107 

(having a side and two adj. A of the one equal respectively to a side and two 

adj. A of the other). 

.\GH==GH', 

(bein^ homologous sides of eqtial ^ ). 

.'. H' 18 the symmetrical point of H, 

But II is a7iy point in ^4 ^ ; 

.'. every point in il ^ has its symmetrical point in A' B'. 

.'. A B and A' B' are symmetrical with respect to (7 as a 
centre of symmetry. 

Q. E. D. 

, 426. Corollary. If the extremities of one line be re- 
spectively the 83'^m metrical s of another line with respect to the 
same centre, the two lines are symmetrical with respect to that 
centre. 
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Proposition XXXI. Theorem. 

427. If a figure he symmetrical with respect to two axes 
perpendicular to each other, it is symmetrical with respect 
to their intersection as a centre. 




Let the figare ABODE FGH be symmetiical to the 
two axes XX'^ YY' which intersect at 0. 

We are to prove the centre of symmetry of the figure. 

Let / be any point in the perimeter of the figure. 

Draw IKL J_ to XX', and IMN± to YT, 

Join LO, ON,Q.\\diKM. 

Now KI^KL, 

{the figure being symmetrical with respect to X X^). 

But KI--=OM, 

(11.9 comprehended hetiveen \\s are cgual). 

,\KL^ OM. 

{having two sides equal and parallel). 

,', LO is equal and parallel to K M, 
{being opposite sides of a CJ). 

In like manner we may prove N equal and parallel to K M. 

Hence the points Z, 0, and N are in the same straight line 
drawn through the point II to KM. 

Also LO^ON, 

{since each is equal to KM). 
,', any straight line LO N, drawn through 0, is bisected at 0, 
.'. is the centre of symmetry of the figure. § 424 

Q. E. D. 



§420 

§ 135 

Ax. 1 
§136 

§ 134 
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Exercises. 

1. The area of any triangle may be found as follows : From 
half the sum of the three sides subtract each side severally, mul- 
tiply together the half sum and the three remainders, and extmct 
the square root of the product. 

Denote the sides of the tri- 
angle ABGhja,bf c, the alti- 
tude by p, and by ». 



Show that 



a 



3 = 






and show that 




= ,2^(^ + .^-«7 



4c^ 



P 



P 



__V4 6V-(62+c«-aV 



2c 



_ y/ (6 4- c 4- q) (6 + c — g) (g + 6 - c) (g — 6 + c) 



2c 



Hence, show that area of A A B C, which is equal to 



cXp 



= iV(6 + c + g)(6 + c-g)(g-f 6-c)(a-6 + r), 
^ = V « (« — a) (« — - 6) (« — c). 

2. Show that the area of an equilateral triangle, each side of 
which is denoted by a, is equal to — ~- . 

3. How many acres are contained in a triangle whose sides 
are respectively 60, 70, and 80 chains 1 

4. How many feet are contained in a triangle each side of 
which is 75 feet 1 
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On Lines and Planes. 

428. Def. a Plane has already been defined as a surface 
such that the straight line joining any two points in it lies 
wholly in the surface. 

The plane is considered to be indefinite in extent, so that 
however far the straight line be produced, all its points lie in 
the plane. A plane is usually represented by a quadrilateral 
supposed to lie in the plane. 

429. Def. The Foot of a line is the point in which it 
meets the plane. 

430. Def. A straight line is perpendicular to a plane if 
it be perpendicular to every straight line of the plane drawn 
through its foot. 

In this case the plane is perpendicular to the line. 

431. Def. The Distance from a point to a plane is the 
perpendicular distance from the point to the plane. 

432. Def. A line is parallel to a plane if all its points be 
equally distant from the plane. 

In this case the plane is parallel to the line. 

433. Def. A line Is oblique to a plane if it be neither per- 
pendicular nor parallel to the plane. 

434. Def. Two planes are parallel if all the points of 
either be equally distant from the other. 

435. Def. The Projection of a point on a plane is the foot 
of the perpendicular from the point to the plane. 

436. Def. The projection of a line on a plane is the locus 
of the projections of all its points. 

437. Def. The plane embracing the perpendiculars which 
project the points of a straight line upon a plane is called the 
projecting plane of the line. 
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438. Def. The angle which a line makes with a plane is 
the angle which it makes with its projection on the plane. 

This angle is called the Inclitiation of the line to the plane. 

439. Def. A plane is determined by lines or points, if 
no other plane can embrace these lines or points without being 
coincident with that plane. 

440. Def. The intersection of troo planes is the locus of 
all the points common to the two planes. 

« 

441. An infinite number of planes may embrace the same 
straight line. 

Thus, if the plane MN' em- 
brace the line ^^ it may be made 
to revolve about ^ ^ as an axis, 
and to occupy an infinite number 
of positions, each of which is the 
position of a plane embracing the 
line A £. 

442. A plane is determined by a straight line and a point 
vrithout that line. 

Thus, let any plane em- 
bracing the straight line AB 
revolve about the line as an axis 
until it embraces the point C. 

Xow if the plane revolve either way about the line AB d& 
an axis, it will cease to embrace the point C. 

Hence any other plane embracing the line AB and the 
point C must be coincident with the first plane. § 439 

443. Three points not in a straight line determine a plane. 

For, by joining any two of the points, we have a straight 
line and a point which determine a plane. § 442 

444. Two intersecting straight lines determine a plane. 
For, a plane embracing one of these straight lines and any 

point of the other line (except the point of intersection) is deter- 
mined. § 442 

445. Tufo parallel straight lines deta^min^ a plane. 

For, a plane embraciDg either of tliese parallels and any 
point in the other is determined. § 442 
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Proposition I. Theorem. 

446. If two planes cut one another their intersection is 
a straight line. 




Let M N and FQ be two planes which cut one another. 

We are to prove their intersection a straight line. 

Let A and B be two points common to the two planes. 

Draw the straight line A B, 

Since the points A and B are common to the two plane*, 
the straight line A B lies in both planes. § 428 

Now, no point out of this line can be in both planes ; 

for, if it be possible, let C be such a point. 
But there can be but one plane embracing the point and 
the line AB. § 443 

,', G does not lie in both planes. 



.'. every point in the intersection of the two planes lies in 

Q. E. D 



the straight line A B, 
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Proposition II. Theorem. 

447. From a point without a plane only one perpendic- 
ular can he drawn to the plane ; and at a given point in a 
plane only one perpendicular can be erected to the plane. 




Fig. 1. 




Fig. 2. 



Let C D {Fig. 1) be a perpendicular let fall from the 
point C to the plane M N, 

We are to prove that no other JL can he drauonfrom the poirU 
G to the plane M N. 

If it be possible, let C B he another J_ to the plane MN, 

and let a plane F Q pass through the lines C B and C D. 

The intersection oi P Q with the plane Jf iV is a straight 
line BD, § 446 

Xow liCD^n^CB be both JL to the plane, ih^ACBD 
would have two rt. A, GBD and C D B, which is impos- 
sible. § 102 

Let D C (Fig. 2) be a perpendicular to the plane MN at 
the point D. 

If it be possible, let j9 il be another ± to the plane fronx 
the point D, 

and let a plane PQ pass through the lines D C and DA. 

The intersection of P © with the plane Jf iV is a straight hne. 

Now \^ DC and D A could both be ± to the plane if iV at 
Dy we should have in the plane F Q two straight lines _L to the 
line DQ dX the point D, which is impossible. § 61 

Q. E. D. 

448. Corollary. A perpendicular is the shortast distance 
><)m a point to a plane. 
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Proposition III. Theorem. 

449. If a straight line he perpendicular to each of two 

straight lines drawn through its foot in a plane it is perpen- 

dicular to the plane. 

D 




Let DC be perpendicular to each of the two lines 
AC A' and BCB' drawn through its foot in the 
plane M N, 

We are to prove DC JLto tlie plane M N. 

Take C A = C A' bxi^ C B= CB'. 

Join A B and A' B', 

Then A B and A' B' are symmetrical with respect to C, § 426 
{fli&ir extremities being syimnetrical). 

Through C draw any line HC H' in the plane Jf i\r. 

Then H and W are symmetrical, § 422 

(being corresponding points in the symmetrical lines A B andA^B^), 

About C, the centre of symmetry, revolve A B, keeping A C 
and jB (7 -L to CD, until it comes into coincidence with A' B\ 

Then the point ff will coincide with its symmetrical 
point iT, 

and Z. DC H will coincide with, and be equal to, Z D C H', 

.-. A D CH and D CW are rt. A § 25 

,\DC\^\.ioECH', 

Now since i>(7 is _L to any line, HC H', drawn through its 
foot in the plane M N, it is _L to every such line. 

.-. />(7 is ± to the plane M N. § 430 

a ED. 
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Proposition IV. Theorem. 

450. Oblique lines drawn from a point U a plane at 
equal diatances from the foot of the perpendicular are equal; 
and of two oblique lines unequally distant from the foot of the 
perpendicular the more remote is the greater. 




Let the oblique lines BC, BD, and BE, be drawn at 
equal distances, AC, AD, and A E, from the foot 
of the perpendicular BA ; and let BC be drawn 
more' remote from the foot of the pezpendicular 
than BC. 

We are to prove I. BC=^BI) = BE. 

11. BOBC. 

I. Inthert. A^^C7and^^i> 

BA=-BA, Iden. 

AC = AD, Hyp. 

and Ji. Z. BAC = rt. /. BAD. 

.\ABAC = £:^BAD, §106 

/.BC^BD, 

{being homologous sides of equal ^ ). 

II. Since A C'is> AC, 

BC'\8>BC, §55 

Q. E. D. 

451. Corollary 1. Equal oblique lines from a point to a 
plane meet the plane at equal distances from the perpendicular ; 
and of two unequal oblique lines, the greater meets the plane at 
the greater distance from the perpendicular. 

452. Cor. 2. All equal oblique lines BC, B D, etc., drawn 
from a point to a plane terminate in the circumference CDE 
described from ^ as a centre with a radius equal to A C. Hence, 
to draw a perpendicular from a point to a plane, draw any ob- 
lique line from the given point to the plane ; revolve this line 
about the point, tracing the circumference of a circle in the plane, 
and draw a h'ne from the point to the centre of the circle. 
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Proposition V. Theorem. 

453. If three straight lines meet at one pointy and a 
straight line he perpendicular to each of them at that pointy 
the three straight lines lie in the same plane. 




Let the stT&ight line AB be pezpendicular to each of 
the straight lines BG,BD, and B E, at B. 

We are to prove BCy B D, and BE in the same plane M N, 

If not, let BDfin^BEhQ in the plane M N, and ^(7 with- 
out it ; and let P H, passing through A B and B (7, cut the plane 
if iV in the straight line B H, 

Now AB, BC, and ^ ZT are all in the plane F H, 

and since A B \a -L to B D and B E, it is J- to the 

plane Mli, § 449 

(if a straight line he ± to each of two straight lines drawn through its foot 

in a planCf it is JL to the plane). 

.'. .4 ^ is J_ to B HjSL straight line in the plane Ml^y § 430 

(a ± to a plane is ± to every straight line in that plane draion through 

its foot). 

That is Zil^^isart. Z. 

But Z ^ ^ (7 is a rt. Z. Hyp. 

,\/.ABC==/.ABK 

.'. BC and BH coincide. 

,'. B Cis not without the plane MN'. 

Q. E. D 

454. Corollary. The locus of all perpendiculars to a given 
straight line at a given point is a plane perpendicular to this 
given straight line at the given point. 

455. Scholium. In the geometry of space the term locus 
has the same signification as in plane geometry, only it is not 
limited to lines, but is extended to include surfaces. 
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Proposition VI. Theorem. 

456. If from the foot of a perpendicular to a plane a 
straight line be drawn at right angles to any line of the plane ^ 
the line drawn from its intersection with the line of the plane 
to a7iy point of the perpendicular is perpendicular to the line 
of the plane. 




Let F F be a perpendicular to the plane M N, F C 
a perpendicular from the toot ot PF to any line 
A By in the plane MN, and G P a line drawn from 
its intersection with AB to any point P in the 
perpendicular P F, 

We are to prove C P J- to A B. 

Take C A =- G B a,nd draw FA, FB, PA,PB, 

Now FA ^FB, § 53 

{tiw obliqtie lines dravm from a point in a ± cutting off equal distances 

from the foot of the ± are equal), 

and PA = PB, § 450 

(oblique lines draum from a point to a plane at equal distances from (he 

foot of the X are equal). 

,'. PG is ± to A B, §60 

(two points equally distant from the extremities of a straight line determine 

the 1. at the middle point of the line), 

Q. E. D. 
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Proposition VII. Theorem. 

457. If a line he perpendicular to a plane y every line 

which is parallel to this perpendicular is likewise perpendic- 

nlar to the plane. 

A C 



M 



B 



TV 






I 



Let AB be perpendicular to the plane MN, and CD 
any line parallel to AB. 

We are to prove G D perpendicular to the plane M N, 

Draw B D in the plane MN', and through D draw £ F in 

the plane MN 1. to B By and join D with any point in A B, 

as A, 

BI)i3±toAB, §430 

(if a straight line be X to a plane it is Xto every line of the plane drawn 

through its foot) ; 

it is also J- to (7 A §67 

{if a straight line he ± to one of two \\s, it is ± to the other). 

]S"ow ^i^is±to^Z>, §456 

{if from the foot of a 1. to a plane a straight line he drawn at right angles to 
any liTie of the plane, the line drawn from its intersection wUh the line 
of the plane to any point in the 1. is A. to the line of the plane), 

and is also 1. to B JD. Cons. 

.-. ^ i^ is JL to the plane ABDC, § 449 

{a straight line 1. to two straight lines draum through its foot in a plane is 

A. to the plane), 

.\EFis±toGD, §430 

{if a straight line he 1. to a plane it is A. to every line of the plane drawn 

through Us foot). 

.'. CD is -L to BD and E F, and consequently to the 
plane M N. § 449 

Q. E. D. 

458. Corollary 1. Two lines which are perpendicular to 
the same plane are parallel. 

459. CoR. 2. Two lines parallel to a third straight line not 
in their own plane are parallel to each other. 
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Proposition VIII. Theorem. 

460. If a straight line and a plane he perpendicular to 
the same straight line, they are parallel. 




Let the straight line BC and the plane MN be per- 
pendicular to the straight line A B, 

We are to prove BC W to MN. 

From any point C of the line BC let (7 i> be drawn per- 
pendicular to M N, 

Join A D, 

B A and C JD sltb parallel, § 458 

(two straight lines ± to the same plane are II ). 

A I) is ^. to B A, §430 

{if a straight line he X to a plane it is X to every liiu of the plane dravm 

through its foot). 

,\ A D and B C are parallel, § 65 

(two straight lines ± to the same straigJU line are II ). 

.', A BCD is a EJ. . §125 

.\CD = AB, §134 

Now, since C is any point in the line B C, all the points in 
B G are equally distant from the plane M N, 

.'.BC is II to MJ^, § 432 

(a line is II to a plane if all its points be equally distant froin (heplatie). 

Q. E. D. 
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Proposition IX. Theorem. 

461. If two planes be perpendicular to the same straight 

line they are parallel. 

P • 



Q 



A 






Let the two planes UN and FQ be pezpendicular to 
the straight line A B, 

We are to prove P Q W to M N, 

From any point G in the plane P Q draw C D A, to MN", 

Join B C. 

BCis±toAB, §430 

(if a straight line be A. to a plane U is A. to every line of the pla/ne drawn 

through its foot). 

r.BCisWto the plane MN, § 460 

(if a straight line and a plane he 1. to the same straight line they are II ). 



.'. C D is equal to A B, 



§432 



{if a straight line he II to a plane, all its points are equally distant from the 

plane). 

Since C is any point in the plane P Q, all the points in 
the plane PQ are at equal distances from M N. 



.\PQ is II to JfiV, 



§434 



{two planes are It if all the points of either be equally distant from the other). 

Q. E. D. 
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Proposition X. Theorem. 

462. If two angles not in the same plane have their 
sides respectively parallel a?id lying in the same direction, 
they are equal, 

M 




Let A A and A' be respectively in the planes M N and 
P Q and have A D parallel to A' D and A C parallel 
to A' C and lying in the same direction. 

We are to prove Z. A=^ /. A', 

Take AD = A'D' and AG = A' C, 
Joiu A A', D D', C C", C D, C D', 

Since A D i& equal and II to A' D', the figure A D D' A* 
is a O, § 136 

.'.AA'^DJy, §134 

In like manner AA'='G C, 

,\CC' = Diy, Ax. 1 

Also, since C C and D D b,tq respectively II to A A', they 
are II to each other, § 459 

(tvx> straight lines Wto a third straigM line not in their oum plane are II to 

ea^h other). 

.\CDD'C'\BB.n. § 136 

.\CD = C'iy, §134 

.'.t:iADC^l^A' D'C'y §.108 

(having three sides of the one equal respectively to three sides of the other). 

.\Z.A = Z A', 

(being homologous A of equal A). 

Q. E. D. 

463. Corollary. If two angles lie in different planes and 
have their sides parallel and extending in the same direction, the 
planes are parallel. For the intersecting lines, A C and A D, 
which determine the plane M N are parallel respectively to the 
lines A' C and A' ly which determine the plane P Q, therefore 
the planes are determined parallel. 
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Proposition XI. Theorem. 

464. Two parallel lines comprehended between two par- 
allel planes are equal. 




JUq 



7. 






Let the two parallel lines AB and C D be included 
between the parallel planes MN and P Q. 

We are to prove A B = C D. 

liAB and CD be .L to the two II planes they are equal, § 434 
{if two plaiies he II, all the poiiUs of either are eqtcally distant from the other). 

If A B and G Dhe not -L to the two II planes, draw from 
the points A and C the lines A E and C F l.io the plane M N, 

AE\B\\ioCF, §458 

{tvKt lines ± to the saineplaTie are II ). 

Join ^ ^ and i> i^. 

In Ail^^and G F D, 

AE^GF, §434 

ZAEB = Z.GFD, §430 

(if a straight liiie he 1. to a plane it is ± to any line of the plane draion 

through its foot) ; 

and ZBAE = ZDGF, §462 

{if tvxt A not in the same plane have thtiir sides II and lying in the same 

direction they are eqiuil). 

.'.AAEB = A GFD, §107 

{having a side and two adj. A of the one eqical respectively to a side and two 

adj. A of the other). 



Hence 



AB-=GD, 

{being homologous sides of equal A ). 



Q. E. D 
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Proposition XII. Theorem. 

465. The intersections of two parallel planes hy a third 
plane are parallel lines. 




Let the plane S intersect the parallel planes P Q 
and MN in the lines A C and B D respectively. 

We are to prove A C W to B D, 

Through the points A and C draw the II lines AB and 
CD'm the plane S. 

Now AB = CD, §464 

( II Imes compreTwaded between II planes are eqtial). 



.'. ABC D is &CJ, 
(having two sides equal and II ). 

.\AG\s II to BDy 

(being opposite sides ofatU). 



§136 



§125 



Q. E. O. 
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Proposition XIII. Theorem. 

466. If a straight line be jperpendicular to one of two 

parallel planes it is perpendicular to the other, 

M 

7 



D 



\ A .. 



c 



B 



N 



•— -JJS 



7 



Q 

Let MN and PQ be parallel planes and AB be per- 
pendicular to PQ. 

We are to prove AB A^to M N, 

Let two planes embracing AB intersect the planes M N and 
PQ'm ACy BE QXidi A DjBF respectively. 

Then ^ C is II to B E and A D to BF, § 465 

{fhe. intersedioTis of two W planes hy a third plane are II lines). 

But EB and FB are ± to ^ ^, § 430 

(t/a straight line be 1. to a j)lane it is A. to every straight line of the plane 

drawn throicgh its foot). 

.'.AG and A D which are respectively II to B E and B F 

SLTe ± to A B, § 67 

(if a straight line be J_ to one of two II lineSy it is 1. to the other). 

.-. ^ J5 is ± to Jf iT, § 449 

(if a line be A. to two straight lines in a jylane drawn through its foot it is A. 

to the plane). 

Q. E D. 

467. Corollary. If two planes be parallel to a third plane 
they are parallel to each other. For, every line perpendicular to 
this third plane is perpendicular to the other planes ; and two 
planes perpendicular to a straight line are parallel. 
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Proposition XIV. Theorem. 

468. If a straight line be parallel to another straight 
line drawn in a plane, it is parallel to the plane. 

A C 



/ 
/ 

M/ 1 


A 

t 
* 




yiL-'-'t 


/- Z^* 


7 


/ B 


I) 



N 
Let AC be parallel to the line B D in the plane MN, 

We are to prove AC W to the plane M N, 

From A and C, any two points in A C, draw A B and CD 
± to ^ C, and AE^,n^CF l.io the plane M N, 



Join B E and D F. 

Now ABisWioCD, 

{two straight lines X to the same liiie are li ). 

Also AB=CD, 

( II lilies comprehended between II lines are equal), 

and ^ii'islltoC^, 

(two straight lines ± to the same plane are II ). 

.\ZBAE = Z DCF, 



§65 
§135 
§458 

§462 

(t/ two A not in the same plane have their sides II and lying in the same 

direction, they are equal). 

.-. rt,AAEB^rt.A GFD, § 110 

{two rt. A are equal when an acute Z. and the hypotenuse of the one are 
equal respectively to an acute Z and the hypoieniise of the other), 

,'.AE=GF, 

(being homologous sides of eqical ^ ). 

Now since the points A and (7, any two points in the line 
A G, are equally distant from the plane MNy 

all the points in AC are equally distant from the 
plane MN'. 

.',ACis\\to the plane MN. § 432 

Q. E. D. 



J 
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Proposition XV. Theorem. 

469. If two straight lines be intersected by three jpar^ 

allel planes their corresponding segments are proportional. 

M C_ . 

TZ. A / 

1 \ 
I \ 

I \ 

I s 

I X 

I N 
P \ , . 

X :tf 7 

Q 
/?' 

Let A B and G D be intersected by the parallel planes 
MN, PQ,RSyin the points A, E, B, and G, F, D, 

w * AE GF 

We are to prove = . 

^ EB FD 

Draw A D cutting the plane PQ'itlG. 

JomEGd^ndFG, 

Then E G is W to BD, § 465 

{the intersections oftvx) II planes by a third plane are II lines). 

AE AG^ J 275 

EB GD' 

(a line drawn through two sides of a £^ W to the third side divides those 

sides proportionally). 

Also, 6^i^isllto^C, §465 

.•.^ = ^, §275 

FD GD 

... ^ = ^. Ax. 1 

EB FD 

Q. E. D. 
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On Dihedral Angles. 

470. Dbf. The amount of rotation which one of two inter- 
secting planes must make about their intersection in order to 
coincide with the other plane is called the Dihedral angle of 
the planes. 

The Faces of a dihedral angle are the intersecting planes. 

The Edge of a dihedral angle is the intersection of its faces. 

The Plane angle of a dihedral angle is the plane angle 
formed by two straight Hues, one in each plane, perpendicular 
to the edge at the same point. 

Thus, in the diagram, 
C'A B-D is a dihedral an- 
gle, CB and DA are its 
faces, -4 ^ is its edge, OP II 
is its plane angle if P 
and HP in the faces be 
perpendicular to the edge A B at the same point P, 

471. l^he plane angle of a dihedral angle has the same mag- 
nitude from whatever point in the edge we draw the perpendicu- 
lars. For every pair of such angles have their sides respectively 
parallel (§ 65), and hence are equal (§ 462). 

Two equal dihedral angles, D-A B-C, and D-A B-E', have 
corresponding equal plane angles, D AC and 
DAE. This may be shown by superposi- 
tion. 

Any two dihedral angles, G-A B-E' and 
E-A B-H', have the same ratio as their corre- 
sponding plane angles, G A E and E AH, This 
may be shown by the method employed in ^ 
§ 200 and § 201. 

Hence a dihedral angle is measured by its 
plane angle. 

It must be observed that the sides of the 
plane angle which measures the dihedral angle must be perpendic- 
ular to the edge. Thus in the rectangular solid A H, Fig. 1, the 
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dihedml angle F-B A-H, is a right dihedral angle, and is meas- 
ured by the angle C ED, if its sides C E and ED, drawn in 
the planes A F and A G respectively, be perpendicular to A B, 
But angle G'E'D, drawn as represented in the diagram, is 
acute, while angle C" E" D"^ drawn as represented, is obtuse- 




Fig. 1. 



Fig. 2. 



Many properties of dihedral angles can be established which 
are analogous to propositions relating to plane angles. Let the 
student prove the following : 

1. If two planes intersect each other, their vertical dihedral 
angles are equal. 

2. If a plane intersect two parallel planes, the exterior- 
interior dihedral angles are equal ; the alternate-interior dihedral 
angles are equal ; the two interior dihedral angles on the same 
side of the secant plane are supplements of each other. 

3. When two planes are cut by a third plane, if the exterior- 
interior dihedral angles be equal, or the alternate dihedral angles 
be equal, or the two interior dihedral angles on the same side of 
the secant plane be supplements of each other, the two planes 
are parallel. 

4. Two dihedral angles are equal if their faces be respec- 
tively parallel and lie in the same direction, or opposite directions, 
from the edges. 

5. Two dihedral angles are supplements of each other if 
two of their faces be parallel and lie in the same direction, and 
the other faces be parallel and lie in the opposite direction, from 
the edges. 
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Proposition XVI. Theorem. 

472. If a straight line be perpendicular to a plane 
every plane embracing the line is perpendicular to that plane. 



A 



M 



L 



— c 



I 



Let AB be pezpendicular to the plane M N, 

We are to prove any planCy PQ^ emhracmg A B, perpen- 
dicular to M N, 

At B draw, in the plane MN, 5 C J_ to the intersection D Q. 

Since AB\^ l.io M N,\i\^ A.io DQ and BC, § 430 

{if 'a straight line he 1. to a planef it is ±to every straight line in that plane 

dravm through its foot). 

Now Z. A B G is the measure of the 

dihedral Z PD Q-K § 470 

But Z ABC isa. right angle, 

/. the Z P-I) Q-N is a right dihedral, 

.'.PQ\&l.ioMN. 

Q. E. D. 
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Proposition XVIL Theorem. 

478. If two planes he perpendicular to each other y a 
straight line drawn in one of them perpendicular to their 
intersection is perpendicular to the other plane. 



A 



M 



Q 



7J 



][iet the planes MN and PQ be perpendicular to each 
other, and at any point B of their intersection DQ 
let BA be drawn in the plane PQ, perpendicular 
to DQ, 

We are to jyrove A B A^to the plane M N. 

Draw BCm the plane MN A^io DQ, 

Then Z. AB C is a. right angle, 

{being the plane Z of the rt. dihedral Z formed by the two planes), 

.". ^ ^ is JL to the two straight lines D Q and B.C. 

.-. ^ ^ is ± to the plane MN, § 449 

{if a straight line be l.to two straight lines drawn through its foot in a 

platUj it is 1. to the plans). 



a E. D 
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Proposition XVI I L Theorem. 

474. If two planes he perj^endicular to each othefy a 
straight line drawn through any point of intersection per- 
pendicular to one of the planes will lie in the other plane, 

C 





Fig. 1. 



Fig. 2. 



Let PQ {Fig, I) be perpendicular to the plane M Ny CQ 
their intersection, andBA be drawn through any 
point 'B in C Q perpendicular to the plane M N, 

We are to prove that B A lies in the plane P Q. 

At the point B draw BA^ in the plane PQJ-to the inter- 
section C Q. 

The line BA' will be ± to the plane M^T, § 472 

(if two planes be ± to each other, a straight line draion in one of them ± to 

their intersection is X to the other). 

Now B A is J. to the plane MN'; Hyp. 

,', B A and BA^ coincide, § 447 

(at a given pohU in a plane only one ± can be erected to that plane). 

But. B A' lies in the plane P Q ; 

,'. B A, which coincides with B A\ lies in the plane PQ. 

Q. E. D. 

Scholium. Through a line parallel or oblique to a plane, as 
A C, Fig. 2, only one plane can be passed perpendicular to the 
given plane. 
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Proposition XIX. Theorem. 

475. If two interBeciing planes he each perpendicular to 
a third plane, their intersection is also perpendicular to that 
plane. 




I 



Let the planes BD and BC intersecting in the line 
AB be pezpendicnlar to the plane FQ. 

We are to prove A B 1. to the plane F Q. 

A perpendicular erected at B, a point common to the three 
planes, will lie in the two planes B G and B Dy § 473 

{if two planes be ± to each other , a straight line drawn through any point 
of irUersedion ± to one of the planes vrlll lie in the other plane). 

And, since this J. lies in both the planes, B and B D, it 
must coincide with their intersection. 



.*. ^ 5 is -L to the plane F Q. 



Q. E. D. 



476. Corollary. If a plane be perpendicular to each of 
two intersecting planes, it is perpendicular to the intersection of 
those planes. 
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Proposition XX. Theorem. 

477. Every point in the plane which bisects a dihedral 
angle is equally distant from the faces of thut angle. 

M 



A 

Let plane A M bisect the dihedral angle fozxned by 
the planes A D and A C; and let PE and PF be 
pezpendiculars drawn from any point P in the 
plane A M to the planes A C and A D. 

We are to prove P E = P F. 

Through P E and P F pass a plane intersecting the planes 
AC ^.n^ A D in E Q.nd. F, 

Join P 0. 
Now the plane P E F is -L to each of the planes A C and 
A A § 471 

{if a straight line be ± to a plane, any plane ernbracing the line is ± to that 

plane) ; 

.'. the plane P^-^ is X to their intersection AG. ^ 476 

iff ^ plctne be ± to each of two intersecting planes, it is J.to the intersection 

of these plan^). 

,\Z.POE = ZPOF, 

(being measures respectively of the equal dihedral A M-OA-C and M-OA-D). 

,\lt. A POE = It. A PDF, § 110 

.\PE = PF, 

(bevig homologous sides of equal ^ ). 

Q. E. D. 
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Supplementary Propositions. 

Proposition XXI. Theorem. 

478. The acute angle which a straight line makes with 

its own projection on a plane is the least angle which it makes 

with any line of that plane, 

A 




Let BA meet the plane M N at B, and let BA' be its 
projection upon the plane M N, and B C any other 
line drawn through B in the plane. 

We are to prove Z A BA'</.ABG, 

Take BC^BA'. 

Join A C. 

In the ^ABA'2iXi^ABC, 

AB = AB, Iden. 

BA'==BC, Cons, 

but A A' < AC, § 448 

{a l.is the shortest distance from a point to a plane). 

.\/.ABA'<Z.ABC, §116 

{if two sides ofaJ\he eqical respectively to two sides of another y hut the third 

side of tlie first A be greater than the third side of tJie second^ then the 

Z. opposite the third side of th^ first A is greater than the Z. opposite the 

third side of the second). 

Q. E. D. 

Exercise. — The angle included by two perpendiculars drawn 
from any point within a dihedral angle -to its faces, is the supple- 
ment of the dihedral angle. 
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Proposition XXII. Theorem. 

479. If two straight lines be not in the same plane, one 
and only one common perpendicular to the lines can be drawn, 

C E D 



M A 



/ 






~f— - 

R_ r. / 



7 



Let AB and C D be two given straight lines not in 

the same plane. 
We are to prove one and only one common perpendicular to 
the two lines can he drawn. 

Since A B and C J) sltq mot in the same plane they are 

not II, § 474 

{two lU lie in the same plane). 

Through the line A B pass the plane JfiV II to CD. 

Since C D is II to the plane MN, all its points are equally 
distant from the plane MN'; § 432 

hence C"Z>', the projection of the line C D on the plane 
MN, will be 11 to CD, §76 

and will intersect the line ^ ^ at some point as (7'. 

Now since C C is the line which projects the point C upon 
the plane M N, it is ± to the plane M N , § 435 

hence C C" is ± to C jy and AB, § 430 

(t/a liiM be ± to a planCf it is A- to every line drawn through its foot in the 

plane). 

Also, CC"is± to CD, §67 

/. C C \& the common. _L to the lines CD and A B. 

Moreover, line C C is the only common JL. 
For, if another line E B, drawn between A B and C D, could 
be -L to il jB and C D, it would also be _L to a line B G drawn 
W to CD in the plane MJST, § 67 

and hence J_ to the plane MN. § 449 

But Bff, drawn in the plane C Z>' II to C C, is ± to the 

plane MN. § 457 

Hence we should have two Ji from the point E to the plane 

M N, which is impossible, § 44^ 

.'. C C is the only common J. to the lines CD and A B. 

Q. E. D 
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On Polyhedral Angles. 

480. Def. a Polyhedral angle is the extent of opening of 
three or more planes meeting in a common point. 

Thus the figure S-A EC DE, 
formed by the planes A SB, 
BSC, CSD, DSE, ESA, 
meeting in the common point 
.S; is a polyhedral angle. 

The point aS' is the, vertex of 
the angle. 

The intersections of the planes -^^ 
SA, SB, etc., are its edges. 

The portions of the planes 
bounded by the edges are its faces. 
• The plane angles A SB, BSC, etc., formed by the edges are 
its face angles. 

481. Def. Polyhedral angles are classified as trihedral, quad- 
rahedral, etc., according to the number of the faces. 

482. Def. Trihedral angles are rectangular, hi-rectangular, or 
tri-rectangular, according as they have one, two, or three right 
dihedral angles. 

483. Def. Trihedral angles are scalene, isosceles, or equilateral, 
according as the face angles are all unequal, two equal, or three 
equal. 

484. Def. A polyhedral angle is convex, if the polygon formed 
by the intersections of a plane with all its faces be a convex 
polygon. 

485. Def. Two polyhedral angles are equal when they can 
be applied to each other so as to coincide in all their parts. 

Since two equal polyhedral angles coincide however far their 
edges and faces be produced, the magnitude of a polyhedral angle 
does not depend upon the extent of its faces. But, in order to 
represent the angle in a diagram, it is usual to pass a plane, as 
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ABODE, cutting all its faces in the straight lines, A B, BC, 
etc. ; and by the face A SB 18 meant the indefinite surface in- 
cluded between the lines ^S^^ and SB indefinitely produced. 

486. Def. Two polyhedral angles are sj^mmetrical if they 
have the same number of faces, and the successive dihedral and 
face angles respectively equal but arranged in reverse order. 

Thus, if the edges A S, B S, 

etc., of the polyhedral angle, x 7\ 

S-A BC D, he produced, there is Ii)\.X..-^^A! 

formed another polyhedral angle, / // y'' 

S-A' B* C D, which is symmetri- i^y'* 

cal with the first, the vertex S sjt' 

being the centre of symmetry. y/fj V*"\ ">. 

If we take S A' =- S A, and X/V I \W 

through the points* -4 and -4' the ^r — /yPI \ <*/-;— -; a 

parallel planes A B C D and V- V v' .V 

A' B' C D be passed, we shall 

have SB' = SB, SC = SO, etc. For if we conceive a third 
parallel plane to pass through 8, then A A', B B', etc., are 
divided proportionally, § 469. And if any one of them be 
bisected at S, the others are also bisected at S. Hence, the 
points A', B', etc., are symmetrical with A, B, etc. 

Moreover, the two symmetrical polyhedral angles are equal in 
all their parts. For their face angles A SB and A' SB', BSC 
and B' S C are equal each to each, being vertical plane angles. 
And the dihedral angles formed at the edges SA and SA', SB 
and SB', are equal each to each, being vertical dihedral angles. 

Now if the polyhedral angle S~A' B' C D be revolved about 
the vertex S until the polygon A' B' C D is brought into the 
position ahcd, in the same plane with ABCD, it will be 
evident that while the parts A SB, BSC, etc., succeed each 
other in the order from left to right, the corresponding equal 
parts aSb, b Sc, etc., succeed each other in the order from right 
to left. Hence the two figures cannot be made to coincide by 
superposition, but are said to be equal by symmetry. 
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Proposition XXIII. Theorem. 

487. The sum of any two face angles of a trihedral 
angle is greater than the third, ^ 



Let S-ABC be a trihedial angle in which the face 
angle A SO is greater than either angle ASB or 
angle BSC. 
We are to prove ZASB-hZBSOZASC. 

In the face ASG draw S D, making ZASD = ZASB, 
Through any point D oi S D draw any straight line ADC 
cutting A S and S G, 

TakeSB = SD. 

Pass a plane through A C and the point B. 
In the A A SDsind A SB 

AS=AS, Iden. 

SD = SB, Cons. 

ZASD = ZASB. Cons. 

.\AASD = AASB, §106 

,\AI) = AB, 

(being Twmologous sides ofeqiial A). 

Inthe A ABC, AB + BOAC. 

Subtract the equals A B and A D, 
Then BO DC. 

Now in the ABSCsLndDSC 

SB^Sn, Cons.* 

SC = SCy Iden. 

but BO DC, 

,\Z BSOZ DSC. §116 

,\Z ASB-^ Z BSC > ZASD + Z DSC, 
that is Z ASB+ZBSOZASC 

Q E D 
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Proposition XXIV. Theorem. 
488. The sum of the face angles of any convex polyhe- 



dral angle is less than four right angles, 

S 




Let the polyhedral angle S be cut by a plane, mak- 
ing the section ABODE a convex polygon. 

We are to prove Z ASB + Z B S C etc. < 4: rL A. 

From any point within the polygon draw Ay By 0, 
OD, OE. 

The number of the A having their common vertex at 
will be the same as the number having their common vertex at S. 

.'. the sum of all the A of the A having the common verteic 
at *S' is equal to the sum of all the A of the A having the com- 
mon vertex at 0. 

But in the trihedral A formed at -4, J5, (7, etc. 

ZSAE-VZSAB>ZOAE+ZOAB, § 487 

(the sum of any two face A of a triJiedral Z is greater than the third). 

and ZSBA + Z SBO>ZOBA-\- ZOBO. §487 

.*. the sum of the A at the bases of the A whose common 
vertex is aS' is greater than the sum of the A at the bases of the 
A whose common vertex is 0. 

.". the sum of the AixtSh less than the sum of the A at 0. 

But the sum of the A dX ^ i li. A . § 34 

. • . the sum of the ^ at aS' is less than 4 rt. A . 

Q. E. D. 
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Proposition XXV. Theorem. 

489. An isosceles trihedral angle and its symmetrical 
trihedral angle are equal. 




Let S-A B C be an isosceles trihedrsLl angle, having 
/. ASB = /.BSC, And let S-A' B' C he its sym- 
metrical trihedral angle. 

We are to prove trihedral ZS-ABC = trihedral Z S-A'B' C, 

Revolve Z S-A' B' C about S until SB' falls oxv SB and 
the plane SB' A' falls on the plane SBC. 

Now the dihedral Z C-S B-A = dihedral Z A'-SB'-C, 

{being vertical dihedral A ). 

.-. the plane SB' C will fall on the plane S B A. 

Now ABSC = Z.BSA, Hyp. 

and Z.B' SA' = ABSA, 

(heiiig vertical A ). 

.-.Z BSC = Z B'SA'; Ax. 1 

.-.6'^' will fall on aS' a 

In like manner SC will fall on S A, 

.'. the two trihedral A will coincide and be equal. 

Q. E. D. 
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Proposition XXVI. Theorem. 
490. Two symmetrical trihedral angles are equivalent 

a 

A' 




Let the trihedral Z S-ABC and Z S-A' B' C be sym- 
metrical. 

We are to prove ttnhedral A S-A BC=^* trihedral Z S-A'B' C, 

Draw D'D making the A DSA, DSC, and BSB equal. 

Then Z D'SA' ^ZB' SC' = Z B'SB', 

(J)eing vertical A of the equal A D S A^ DSC, and D SB). 

Then the trihedral ZS-DCB = trihedral Z S-D' C'B', § 489 
{two isosceles symmetrical trUiedral A are equal). 

And trihedral Z S-DGA= trihedral Z S-D' C A', 

and trihedral Z S-A D B = trihedral Z S-A' !> B'. 

Adding the first two equalities, the polyhedral Z S-A BCD 
=0= polyhedral Z S-A' BCD'. 

Take away from each of these equals the equal trihedral 
AS-ADB and S-A' D' B'. 

Then trihedral Z S-A BC^ trihedral Z S-A' B' C. 

Q. E. D. 

491. Scholium. If D D' fall within the given trihedral 
angles these trihedral angles would be composed of three isosceles 
trihedral angles which would be respectively equal, and hence' 
the given trihedral angles would be equivalent. 

* The symbol (=<>=) is to be read " equivalent to." 



J^ 
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Exercises. 

1. If a plane be passed through one of the diagonals of a 
parallelogram, the perpendiculars to the plane from the extremi- 
ties of the other diagonal are equal. 

2. If each of the projections of a line A B upon two inter- 
secting planes be a straight line, the line il jB is a straight line. 

3. The height of a room is eight feet, how can a point in 
the floor directly under a certain point in the ceiling be deter- 
mined with a ten-foot pole ? 

4. If a line be drawn at an inclination of 45° to a plane, what 
is the greatest angle which any line of the plane, drawn through 
the point in which the inclined line pierces the plane, makes 
with the line. 

■ 

5. Through a given point pass a plane parallel to a given 
plane. 

6. Find the locus of points in space which are equally distant 
from two given points. 

7. Show that the three planes embracing the edges of a tri- 
hedral angle and the bisectors of the opposite face angles re- 
spectively intersect in the same straight line. 

8. Find the locus of the points which are equally distant from 
the three edges of a trihedral angle. 

9. Cut a given quadrahedral angle by a plane so that the 
section shall be a parallelogram. 

10. Determine a point in a given plane such that the sum of 
its distances from two given points on the same side of the plane 
shall be a minimum. 

11. Determine a point in a given plane such that the differ- 
ence of its distances from two given points on opposite sides of 
a plane shall be a maximum. 
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Propositiox XXVII. Theorem. 

492. Thoo trihedral angles are equal or symmetrical 
when the three face angles of the one are respectively equal lo 
the three face angles of the other. 




In the tiihedral A S and S', let Z A S B = Z A' S' F, 
Z ASC ^ZA'S'a, and Z BSC = ZB'S'C', 

We are to prove tliat the homologous dihedral angles are equal, 
and hence the trihedral angles S and S^ are either equal or 
symmetrical. 

On the edges of these angles take the six equal distances 
^S'^, SB, SC, S'A', S'B', S'C. 

Draw AB^BCyAC, A'B', B'C, A'C. 

The homologous isosceles A SAB, S' A' B', SAC, S'A'C, 
S B C, S' B' C are equal, respectively. § 106 

.-. AB,AC,BC equal respectively A' B', A'C, B' C, 
{being homologoics sides of equal A). 

,\AABC = AA'B'C'. § 108 

At any point D in S A draw Z) ^ and Z>7^ ± to >S^^ in the 
faces AS B and A SC respectively. 

These lines meet A B and A C respectivel}^ 

[since the A S A B aiid SAC are acutCy each being otie of the equal A of an 

isosceles A). 

Join EF, 
On S' A' take A' D' = A D. 
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Draw B' E' and D' F in the faces A' S' B' and A' S' C re- 
spectively ± to S A', and join FJ F. 

In the ^, ^ABE and A' B' E' 

AB = A' B\ Cons. 

ZBAE = Z D'A'E', 

{hdng homologous A of the eqical ^ SA B and S^ A' B^). 

.M-t. AABE = vt. AA'B'E', § 111 

.\ AE = A'E' aiidBE = B' E\ 
(being liomologoiis sides of equal A). 

In like manner we may prove AF ^= A'F and BF= B' F. 

Hence in the A A EFand A' E' F' we have 

A E and A F= respectively A' E' and A' F, 
and ZEAF=ZFA'F, 

{being homologous A of the equal A ABC and A^ B' O). 

.\AAEF=A A'E'F, § 106 

.-. EF= F F 

(being homologous sides of the eqtuil ^ AEF and Af E' F). 

Hence, in the A E B F a,nd F B" F we have 

EB,BFy and J^ i^ = respectively F B', B' F, and E' F. 

.-. A EBF=A FD'F, § 108 

.-. Z EBF=Z FB'F, 

(being homologous A of equal A). 

.-. the dihedral Z B-A S-C = dihedral Z B'-A' S'-C, 
{since A E D F and W D' F, the Ttieasures of these dihedral A, are equal). 

In like manner it may be proved that the dihedml 
A A-B S-C and A-C SB are equal respectively to the dihedral 
A A'-B'S'-C and A'-C S'-B', 

Q. E. D. 

This demonstration applies to either of the two figures de- 
noted by S'-A' B' C, which are symmetrical with respect to each 
other. If the first of these figures be given, S and S' are equal, 
for they can be applied to each other so as to coincide in all their 
parts. If the second be given, S and S' are symmetrical. § 486 
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POLYHEDRONS, CYLINDERS, AND CONES. 



General Definitions. 

493. Def. a Polyhedron is a solid bounded by four or 
more polygons. 

A polyhedron bounded by four polygons is called a tetra- 
hedron; by six, a hexahedron; by eiglit, an octahedron; by twelve, 
a dodecahedron; by twenty, an icosahedron. 

494. Def. The Faces of a polyhedron are the bounding 
polygons. 

495. Def. The Edges of a polyhedron are the intersec- 
tions of its faces. 

496. Def. The Vertices of a polyhedron are the intersec- 
tions of its edges. 

497. Def. A Diagonal of a polyhedron is a straight line 
joining any two vertices not in the same face. 

498. Def. A Section of a polyhedron is a polygon formed 
by the intersection of a plane with three or more faces. 

499. Def. A Convex polyhedron is a polyhedron every 
section of which is a convex polygon. 

500. Def. The Volume of a polyhedron is the numerical 
measure of its magnitude referred to some other polyhedron as a 
unit of measure. 

501. Def. The polyhedron adopted as the unit of measure 
is called the Unit of Volume. 

502. Def. Similar polyhedrons are polyhedrons which 
have the same form, 

503. Def. Equivalent polyhedrons are polyhedrons which 
have the same volume. 

504. Def. Equal polyhedrons are polyhedrons which have 
the sa.me form and volume. 

On Prisms. 

505. Def. A Prism is a polyhedron two of whose faces 
are ec^ual and parallel polygons, and the other faces are parallelo- 
grams. 
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OBLIQUE PRI6M. 




506. Def. The Bases of a prism 
are the equal and parallel polygons. 

507. Def. The Lateral faces of 
a prism are all the faces except the 
bases. 

508. Def. The Lateral or Con- 
vex Surface of a prism is the sum of 
its lateral faces. 

509. Def. The Lateral edges 
of a prism are the intersections of its 
lateral faces; the Basal edges of a 
prism are the intersections of the bases 
with the lateral faces. 

510. Def. Prisms are triangular, quadrangular, peniag- 
onaly etc., according as their bases are triangles, quadrangles, 
pentagons, etc. 

511. Def. A Bight prism is a prism whose lateral edges 
are perpendicular to its bases. 

512. Def. An Oblique prism is a prism 
whose lateral edges are oblique to its bases. 

513. Def. A Regular prism is a right 
prism whose bases are regular polygons, and 
hence its lateral faces are equal rectangles. 

514. Def. The Altitude of a prism is 
the perpendicular distance between the planes 
of its bases. The altitude of a right prism is 
equal to any one of its lateral edges. 

515. Def. A Truncated prism is a por- 
tion of a prism included between either base 
and a section inclined to the base and cutting 
all the lateral edges. 

516. Def. A Right section of a prism is a section perpen- 
dicular to its lateral edges. 

517. Def. A Parallelopiped is a prism whose bases are 
parallelograms. 

518. Def. A Right parallelopiped is a parallelopiped whose 
lateral edges are perpendicular to its bases ; hence its lateral faces 
are rectangles. 

519. Def. An Oblique parallelopiped is a parallelopiped 
whose lateral edges are oblique to its bases. 

520. Def. A Rectangular parallelopiped is a right paral- 
lelopiped whose bases are rectangles. 

521. Def. A Cube is a rectangular parallelopiped all of 
whose faces are squares. 




RIGHT PRISM, 
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Proposition L Theorem. 

52^. The seciionn of a prism made by parallel planes 
are equal polygons. 




' Let the prism A D be intersected by the parallel 
planes G K, G' K', 

We are to prove section G H I KL=^ section G' H' I' K' V, 

G H, U Ty IK, etc., are parallel respectively to G' H', H' V, 
y/r, etc., §465 

{flu iTitersectioiis of two II planes by a third plane are II lines). 

.\ A G H I, II I K, etc., are equal respectively to A G' H' I', 
W I' K', etc., § 462 

{two A not in tlw same planCy having their sides respectively parallel and 

lying in the same direction^ arc equal). 

Also, sides G H, HI, IK, etc., are equal respectively to 
G'U,II'I',I'K\QiG., §135 

( II lines comprehended betioeen II liiies are equal). 

. • . section GIIIKL = section G' II' I' K' Z', § 1 55 

{being mutually equiangular and equilateral). 

Q. E. D. 

523. Corollary. Any section of a prism parallel to the 
base is equal to the base ; and all right sections of a prism are 
eoual. 
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Proposition II. Theorem. 

524. The lateral area of a prism is equal to the product 
of a lateral edge hy the perimeter of the right section, 

A' 




Let G H I K L be a right section of the prism A D', 

We are to prove lateral area of prism A D' = AA' X perim- 
eter G U I K L. 

Consider the lateral edges A A', BB'^ etc., to be the bases 
of the [U AB', B C', etc., which form the convex surface of the 
prism. 

Then the altitudes of these UJ will be the j£ G H, HI, 
IK, etc., 

and the area of each O is the product of its base and alti- 
tude. § 321 
Now the bases of these [U are all equal, § 464 
( II lines comprehended between II planes are equal) ; 
and the sum of the altitudes G H, HI, IK, etc., is the perimeter 
of the right section. 

Hence, the sum of the areas of these UJ is the product of a 
lateral edge A A' by the perimeter of the right section. 

That is, the lateral area of the prism is equal to the product 
of a lateral edge by the perimeter of a right section. 

Q. E. D. 

525. Corollary. The lateral area of a right prism is equal 
to the altitude multiplied by the perimeter of the base. 
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Proposition III. Theorem. 

526. Two prisms are equal if the three faces including 
a trihedral angle of the one be respectively equal to the three 
corresponding faces including a trihedral angle of the other ^ 
and similarly placed, 

J Jf 




Let AD, A G, AJy be respectively equal to A' Jy^ A' G', 
A' J', and similarly placed. 

We are to prove prism A I =" prism A* I'. 

Now trihedral Z ii = trihedral Z A', § 492 

(^wo trihedrah are equal, when the three face A of the (nic are equal respec- 
tively to the three face A of the other and are similarly placed). 

Apply trihedral Z ii to trihedral Z. A^, 

Then the base A D will coincide with the base A' D*, 

face A G with A' G\ 

and face A J with A' J' ; 

.'.FG will coincide with F G', and FJ with P J^. 

.*. the upper bases, jF^/and F' I', will coincide, 
{being equal polygons, since they are equal to the equal lotver bases), 

.*. the remaining edges will coincide, 
(their extremities being the same points). 

.'. the prisms will coincide and be equal. 

Q. E. D. 

527. Corollary 1. Two truncated prisms are equal, if 
the three faces including a trihedral of the one be respectively 
equal to the three faces including a trihedral of the other, and 
be similarly placed. 

528. Cor. 2. Two right prisms having equal bases and 
altitudes are equal. If the faces be not similarly placed, if one 
be inverted, the faces will be similarly placed and the prisms can 
be made to coincide. 
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Proposition IV. Theorem. 

529. An oblique prism is equivalent to a right prism 

whose bases are equal to right sections of the oblique pi'ism, 

and whose altittide is equal to a lateral edge of the oblique 

prism. 

pi 



A-< 







B C 

Let A D' he an oblique prism, and F I a right section. 

Complete the right prism FI', making its edges equal to 
those of the oblique prism. 

We are to prove oblique jyrism A D' =^ right prism F I'. 

In the prisms A I and A' 1' 

trihedral /.A= trihedral Z A', § 492 

{two trihedrah are eqtcal when, three face A of the one are respectively equal 
to three face A of the other, and are similarly placed). 

Now face AD = face A' D', § 505 

(Jbeing the two bases of the oblique prison A D') ; 

face A J = face A' «/', Cons. 

and face AG = face A' G', Cons. 

.'. prism A I = prism A' /', § 527 

{tiDO truncated prisms are equal when the three faces including a trihedral 
of the one are respectively eqtcal to the three faxxs including a trihedral 
of the other, and are similarly placed). 

To each of these equal prisms add the prism FB^, 
Then oblique prism A B' "^ right prism F P. 

Q. E. D. 
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Proposition V. Theorem. 

530. Any two opposite faces of a parallelopiped are 
equal and parallel. 




Let AG be a parallelopiped. 

We are to prove faces A F and D G equal and parallel. 

Since ^ 6^8 a O, §517 

A B and DC sre equal and II lines. § 125 

Also, since AH is a. O, § 505 

-4 i^' and D H a.ve equal and II lines. § 1 25 

.\Z I!AB = Z HDCy §462 

{tiDo A not m the same plane having their sides II and lying in the same 

diredion are eqtuU). 

.'. face AF=^ face DG. § 140 

Moreover, face A F is W to D G, § 463 

{if two A not in the same plane have their sides II and lying in the same 

diredion their planes are parallel ). 

In like manner we may prove A H and B G equal and par- 

Q. E. D. 



allel. 



531. Scholium. Any two opposite faces of a parallelo- 
piped may be taken for bases, since they are equal and parallel 
parallelo^^ms. 
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Proposition VI. Theorem. 

532. The plane passed through two diagonally opposite 
edges of a parallelopiped divides tie parallelopiped into two 
equivalent triangular prisms. 

U. G 




Let the plane A E G C pass through the opposite edges 
AE andC G of the parallelopiped A G. 

We are to prove that the parallelopiped AG is divided into 
two equivalent triangular prisms, A B C-F, and A D C-H. 

Let I J K L be a right section of the parallelopiped made 
by a plane ± to the edge A E, 

The intersection I K of this plane with the plane A EG C 
is the diagonal of the EJ IJ K L, 

.-.A IKJ=-A IKL. § 133 

But prism A B C-F is equivalent to a right prism whose 
base is UK and whose altitxide is A E, § 529 

(any oblique prism is '^ to a right prism whose bases are equal to right sec- 
tions of the oblique prisnij and whose aJUtude is equal to a lateral edge 
of the oblique prvnn). 

The prism A D C-H is equivalent to a right prism whose 
base \8 ILK, and whose altitude is -4 ^. § 529 

Now the two right prisms are equal, § 528 

(two right prisms having equal bases and altitudes are equal). 

.\ABC-F^ADC-H. 

Q. E. D 
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Proposition VI I. Theorem. 

533. Two rectangular parallelopipeds having equal bases 
are to each other as their altitudes. 



B 



A 



L 



'A' 



Pi 



/ 



/ 



/ 



L 



771 



/■ 



L 



'A 



/ 



7 






1 



y 



Let AB and A' B' be the altitudes of the two rectangu- 
lar parallelepipeds, Py and P'y having equal bases. 

ur . P A B 

ne are to prove — = . 

^ F A'B' 

Case I. — When A B and A' JBf are commensurable. 

Find a common measure m, of A B and A^ B', 

Suppose m to be contained \n AB f> times, and in A' B' 

3 times. 

AB _b 

A'B'^S' 

At the several points of division on A B and A^ B* pass 

planes _L to these lines. 

The parallelopiped P will be divided into 5, 

and P' into 3, parallelopipeds equal, each to each, § 528 

{two right prisms luiving equal bases and altitudes are eqiial). 

P _5 
?'~3* 
. P ^AB 

* ' P'~ A'B'' 



Then we have 



Then 
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Case II. — W?ien A B and A' B' are incommensurable. 



Bi 



"% 



P' 



X 



^ 



B 



3 



\ 



I\ 



^ 



\ 



:^ 



Let ABhQ divided into any number of equal parts, 

and let one of these parts be applied io A' B' as many times 
as A' B^ wiU contain it. 

Since A B and A' B' are incommensurable, a certain number 
of these parts will extend from ^' to a point i>, leaving a re- 
mainder I> B' less than one of these parts. 

Through D pass a plane _L to A' B', and denote the paraUel- 
opiped whose base is the same as that of F', and whose altitude 
is A' D by Q, 

Now, since A B and -4' i) are commensurable, 

Q'.F^A'D\AB, (Case I.) 

Suppose the number of parts into which i4 ^ is divided to 
be continually increased, the length of each part will become less 
and less, and the point B will approach nearer and nearer to B', 

The limit of Q will be F, 

and the limit of A' D wiU be A' B', 

.-. the limit oi Q \ F will be P' : P, 

and the limit oiA' D \AB will be A' B' \ A B, 

Moreover the corresponding values of the two variables Q : F 
and A' D \ AB are always equal, however near these variables 
approach their limits. 

.-. their limits F \ F =- A' B . AB, § 199 

Q. E. D. 

534. Scholium. The three edges of a rectangular parallelo- 
piped which meet at a common vertex are its dimensions. Hence 
two rectangular parallelopipeds which have two dimensions in 
common are to each other as their third dimensions. 
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Proposition VIII. Theorem. 

535. Two rectangular para llelopipeds having equal alti- 
tudes are to each other as their bases. 




Let a, bf andc, and a', I/, c, be the tJiree dimensions re- 
spectively of the two rectanffalar parallelopipeds 
P and F, 

We are to m^ove — := . 

^ F a'X b' 

Let ^ be a thinl rectangular parallelepiped whose dimen- 
sions are a', b and c. 

Now Q has the two dimensions b and c in common with P, 
and the two dimensions a' and c in common with P', 

- -1 
Q" a'' 

{two rectangular parallefopipeds which have ttoo dimensions in common are 

to each other as their third dimensions) ; 

and «=i. 

F b' 

Multiply these two equalities together ; 

P aXb 

F" ana?' 

Q. E. D. 



Then 



§534 



§534 



then 



536. Scholium. This proposition may be stated thus : two 
rectangular parallelopipeds which have one dimension in common 
are to each other as the products of the other two dimensions. 
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Proposition IX. Theorem. 

537. Any two rectangular parallelopipeds are io each 
other as the products of their three dimensions. 




Let a, by c, and a,' h', &,be the three dimensions respec- 
tively of the two rectangular parallelepipeds P 
and F, 

We are to prove — = -. . 

^ P' a'Xb'X c' 

Let § be a third rectangular parallelepiped whose dimen- 
sions are a, 6, and cf. 

Then ^ = - , § 534 

{two rectangular parallelopipeds which h/ive two dimensions in common are 

to each other as their third dimensions) ; 



and 



Q_ 
P' 



aXh 



§53G 



a' X h' 

(two rectangular parallelopipeds which have one dimension in common arc to 
each other as the products of their other two diinensions). 

Multiply these equalities together ; 



then 



P aXhXc 
'P'~' a'Xb'X & 



Q. E. D. 



298 



6E0METBY. — BOOK Vll. 



Proposition X. Theorem. 

588. The volume of a rectangular par allelopiped is equal 
io the product of its three dimensions y the unit of volume beiv g 
a cube whose edge is the linear unit. 




/ 



m 



a 




Let a, bf and c be the three dimensions of the rectan- 
gular parallelopiped P, and let the cnbe TJ be the 
unit of volume. 

We are to prove volume of P == aX bX c. 

P aXbXc 

u^ ixixr 



§537 



But 



p . 

-- is the volume of P ; 



§500 



.'. the volume of P == aX bX c, 

Q. E. D. 

539. Corollary I. Since a cube is a rectangular parallelo- 
piped having its three dimensions equal, the volume of a cube is 
equal to the third power of its edge. 

540. Cor. II. The product a X 6 represents the base when 
c is the altitude ; hence : The volume of a rectangular paraUelo- 
piped is equal to the product of its ba^e by its altitude. 

541. Scholium. When the three dimensions of the rec- 
tangular parallelopiped are each exactly divisible by the linear 
unit, this proposition is rendered evident by dividing the solid 
into cubes, each equal to the unit of volume. Thus, if the three 
edges which meet at a common vertex contain the linear unit 
3, 4 and 5 times respectively, planes passed through the several 
points of division of the edges, and perpendicular to them, will 
divide the solid into cubes, each equal to the unit of volume ; 
and there will evidently be 3 X 4 X 5 of these cubes. 
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Proposition XI. Theorem. 

542. The volume of any parallelopiped is equal to the 
product of its base hy it>s altitude. 




Let ABC D-F be a parallel opiped having all its faces 

oblique, and HE its altitude. 

We are to prove A BCD-F =- ABCDX H R. 

By making the right section H I JN and completing the 
parallelopiped H IJ N-G L K M we have a right parallelepiped 

equivalent to, ABC D-F, § 529 

{an oblique prism is equivalent to a right prism whose base is a right section 
of th^ oblique prism and whose altitude is eqiial to a lateral edge of 
the obliqite prism). 

Through the edge IL make the right section I LPO, and 
complete the right parallelopiped ILF O-II G QF, and we have 
a rectangular parallelopiped equivalent to HIJ N-G LK M, §529 

and hence equivalent to A B C D-F. 

Now O ILGH^O EFGH, §322 

nopQR = {niLGH) = n jkmN) § 530 

and O ABCD=^n EFGH, §530 

.\0 OPQR-O ABCD. 

Moreover, the three parallelepipeds have the common alti- 
tude HR, 



But OPQR-ILGH-=OPQRX HR-, 
r.ABCD-F= ABCD X H R. 



§540 



Q. E. D 
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Proposition Xll. Theorem. 

543. The volume of any prism is equal to the product 
of its base hy its altitude. 




Case I. — When the base is a triangle. 

Let V denote the volume, B the base, and H the 

altitude of the triangular prism AEC-E', 

We are to prove V= B X H. 

Upon the edges AE^ EC, E E', construct parallelopiped 
A E O D-E' 

Then ' A EC-E' ^ \ A EG D-E', §532 

{pie, plane passed through two diagonally opposite edges of a parallelopiped 
divides it into two equivalent triangular prisms), 

and AEC^^AECD. §133 

But AECD-E' = 2 BX H, § 642 

(the volume of any parallelopiped is equal to the product of its base hy Us 

altitude). 

.'. V==^{2BXH) = BX K 

Case II. — When the base is a polygon of more than three sides. 

Planes passed through the lateral edge A A', and the several 
diagonals of the base will divide the given prism into triangular 
prisms, 

which have for a common altitude the altitude of the prism. 

Hence, the volume of the entire prism is the product of the 
sum of their bases by the common altitude ; 

that is the entire, base by the altitude of the prism. 

a E. D. 

544. Corollary. Prisms having equivalent bases are to 
each other as their altitudes ; prisms having equal altitudes are 
to each other as their bases ; and any two prisms are to each 
other as the product of their bases and altitudes. Any two 
prisms having equivalent bases and equal altitudes are equivalent. 
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Proposition XIII. Theorem. 

545. The four diagonals of a joarallelopiped bisect each 
other. 1^ 



Let AG, EC, BH, and FD, be the four diagonals of 

the parallelepiped A G, 

We are to prove these fovr diagonals bisect each other. 

Through the opposite and II edges A E and C G pass a plane 
intersecting the II bases in the II lines A C and E G. 

The section A C G E is a, EJ, 

{having its opposite sides II ) ; 

.'. its diagonals AG and EC bisect each other in the 

point 0. § 138 

In like manner a plane passed through the opposite and II 
edges F Gaud AD wUl fomi aO AFGD, 

whose diagonals A G and FD will bisect each other in the 
point 0. § 138 

Also, a plane passed through the opposite and II edges EH 
and B C wiU form a^O EBCff, 

whose diagonals E C and B H will bisect each other in the 
point 0, 

.•« the four diagonals bisect each other at the point 0. 

Q. E. D. 

546. Corollary. The diagonals of a rectangular parallelo- 
piped are equal. 

547. Scholium. The point 0, in which the four diagonals 
intersect, is called the centre of the parallelopiped ; and it is evi- 
dent that any straight line drawn through the point and 
terminated by two opposite faces of the parallelopiped is bisected 
at that point. Hence is the centre of symmetry. 
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On Pyramids. 

548. Def. a Pyramid is a polyhedron one of whose faces 
is a polygon, and whose other faces are triangles having a com- 
mon vertex and the sides of the polygon for bases. 

549. Def. The Base of a pyramid is the face whose sides 
are the bases of the triangles having a common vertex. 

650. Def. The Lateral faces of a pyramid are all the feces 
except the base. 

551. Def. The Lateral sv/rfact of a pyramid is the sum of 
its lateral faces. 

552. Def. The Lateral edges of a pyramid are the intersec- 
tions of its lateral faces. 

553. Def. The Basal edges of a pyramid are the intersec- 
tions of its base with its lateral faces. 

554. Def. The Vertex of a pyramid is the common vertex 
of its lateral faces. 

555. Def. The AUitvdt of a 
pyramid is the perpendicular distance 
from its vertex to the plane of its 
base. 

Thus, V'ABCDBissi pyramid ; 
^ J5 (7i> ^is its base ; AVB^B VC, 
etc. are its lateral faces, and their sum j^ 
is its lateral surface ; VAy V B, etc. 
are its lateral edges ; AB,BG, etc. 
its basal edges ; V is its vertex ; F 6^ is its altitude. 
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556. Def. a Regular pyramid is a pyramid whose base is 
a regular polygon, and whose vertex is in the perpendicular to 
the base at its centre. 

557. Def. The Aocis of a regular pyramid is the straight 
line joining its vertex with the centre of the base. 

558. Def. The Slant height of a regular pyramid is the 
altitude of any lateral face. 

559. Def. A pyramid is triangular, quadrangular, pentag- 
onal, etc.^ according as its base is a triangle, quadrilateral, 
pentagon, etc. A triangular pyramid formed by four faces (all 
of which are triangles) is a tetrahedron. 

560. Def. A Truncated pyramid is 
the portion of a pyramid included be- 
tween its base and a section cutting all 
its lateral edges. 

561. Def. A ^rw«^z«wi of a pyramid 
is a truncated pyramid in which the cut- 
ting section is parallel to the base. 

562. Def. The base of the pyramid 

is called the Lower base of the frustum, and the parallel sec- 
tion, its Upper base. 

563. Def. The Altitude of a frustum is the perpendicular 
distance between the planes of its bases. 

• • 

564. Def. The lateral faces of a frustum of a regular pyra- 
mid are the trapezoids included between its bases ; the lateral 
surface is the sum of the lateral faces; the Slant height of a 
frustum of a regular pyramid is the altitude of any lateral face. 
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Proposition XIV. Theorem. 

565. If a pyramid he cut hy a plane parallel to it^ base^ 
I. The edges and altitude are divided proportionally ; 
II. The section is a polygon similar to the base, 

V 




Let the pyramid V-ABC DE, whose altitude is V 0, 
be cut hy a plane abode parallel to its base, in- 
tersecting the lateral edges in the points a, b, c, dy e^ 
and the altitude in o. 

We are to prove 
Va Vb Vo 

VB 



I. 



VA'^ VB VO' 

II. The section abed e similar to the base ABODE, 

I. Suppose a plane passed through the vertex V II to the base. 

Then the edges and the altitude will be intersected by three 
II planes. 

...Z^=i:i.... = Z^, §469 

VA VB VO ^ 

{if straight lines be intersected by three II planeSy their corresponding segments 

are proportional). 

II. The sides ab, be etc. are parallel respectively to A B, B C, 

etc., § 465 

{the intersections of II planes by a third plane are II lines) ; 

.'. A a be, bed etc. are equal respectively to A ABC, 
BGD^iG., §462 

{if two A not in the same plan£ have their sides respectively II and lying in 

the same direction, they are eqical). 

.'.the two polygons are mutually equiangular. 
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Also, since the sides of the section are II to the correspond- 
ing sides of the base, 

A Vab, Vbc etc. are similar respectively to A VAB, 
VB C etc. 

AB \VB) BC \VG) CD 
.'. the polygons have their homologous sides proportional ; 
. • . section ahcdeis similar to the base ABODE. § 278 

Q. E. D. 

566.. Corollary 1. Any section of a pyramid, parallel to 
its base is to the base as the square of its distance from the ver- 
tex is to the square of the altitude of the pymmid. 



Since Il=(Z^)=£i. 

70 \VB/ AB 

Squaring ==3==^. 



[2 



ah c d e a b 

1 • 

{similar polygons are to each other as the sqtiares of their homologous sides). 



ah c d e V o 



"ABODE yo^- 

567. Cor. 2. If two pyramids having equal altitudes be cut 
by planes parallel to their bases, and at equal distances from 
their vertices, the sections will have the same ratio as their bases. 

ah c d e V o 
For 



and 



ABODE Ycp' 

a'V d >Q^'^ 
A'B'O'^YrQ^' 



Now, since Fo = F' o' , and F(? = P 0^ 

ahcde '.ABODE '. -.a'Vd -.A'B'O'. 

Whence a6c6fe \a'h'd : \ AB O D E \ A' B' 0'. § 262 

568. Cor. 3. If two pyramids have equal altitudes and 
equivalent bases, sections made by planes parallel to their bases 
and at equal distances from their vertices are equivalent. 
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Proposition XV. Theorem. 

569. 754^ lateral area of a regular pyramid is equal to 
one-half the product of the perimeter of its base by its slant 
height. 




Let V'ABCDE be a regular pyramid, and VH its 

slant height. 

We are to prove the sum of the faces VAB, VBC, etc. = J 
(ii ^ + 5 C, etc.) X VH. 

Now AB = BC = GD,qU^., §363 

(Jking sides of a regular polygouC), 

rA=rB= rc7,etc., § 450 

{oblique lines dravm from any point in a JL to a plane at equal distances 

from the foot ofthel. are equal). 

.'.A VAB, VBC, etc. are equal isosceles A, § 108 

whose bases are the sides of the regular polygon and whose 
common altitude is the slant height F-^. 

Now the area of one of these A, as VAB,^^^ base AB X 
altitude VH, § 324 

.'. the sum of the areas of these A, that is, the lateral area 
of the pyramid, is equal to ^ the sum of their bases 

(AB + BC-^ CD, etc.) X VH. 

Q. E. D. 

570. Corollary 1. The lateral area of the frustum of a 
regular pyramid, being composed of trapezoids which have for 
their common altitvde the slant height of the frustum, is equal to 
one-half the sum of the perimeters of the bases multiplied by the 
slant height of the frustum. 

571. Cor. 2. The dihedral angles formed by the intersec- 
tions of the lateral faces of a regular pyramid are all equal. § 492 
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Proposition XVI. Theorem. 

572. Two triangular pyramids having equivalent bases 
and equal altitudes are equivalent. 




Let S-ABC and S'-A' B' C he two triangular pyramids 
having equivalent bases ABC and A' B'C situated 
in the same plane, and a common altitude A X, 

We are to prove S-ABC ^ S-A' B' C, 

Divide the altitude A X into a number of equal parts, 

and through the points of division pass planes II to the 

planes of their bases, intersecting the two pyramids. 

In the pyramids S-ABC and S'-A' B' C inscribe prisms 

whose upper bases are the sections D E F, G H I, etc., D' E' F'^ 

& H' I', etc. 

The corresponding sections are equivalent, § 568 

{jif two 'pyramids have equal altitudes and equivalent hoses, sections made by 
planes II to their bases and ai equal distances from their vertices are 
equivalent). 

.'. the corresponding prisms are equivalent, § 544 

(prismas having equivalent bases and equal altitiides are equivalent). 

Denote the sum of the prisms inscribed in the pyramid 
S-A B C, and the sum of the corresponding prisms inscribed in 
the pyramid S'-A' B' C by F and V respectively. 

Then F= F. 

Now let the number of equal parts into which the altitude 
AX\& divided be indefinitely increased ; 

The volumes F and V are always equal, and approach to 
the pyramids S-A B C and S'-A' B' C respectively as their limits. 

Hence S-ABC ^ 8 -A' B' C, § 1 99 

Q. E. D. 
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Proposition XVII. Theorem. 

573. The volume of a triangular pyramid is equal to one^ 
third of the product of its base and altitude. 




Let S-ABO be a triangular pyramid, and H its altitude. 

We are to prove S-A B C ^ \ A B C X H. 

On the base ABC construct a piiamABC'SED, having its 
lateral edges II to aS'^ and its altitude equal to that of the pyramid. 

The prism will be composed of the triangular pyramid 
SA B C and the quadrangular pyramid S-A C D E. 

Through S A and S D pass a plane SAD. 

This plane divides the quadrangular pyramid into the two 
triangular pyramids, S-A C D and S-A E D , which have the same 
altitude and equal bases. § 133 

,\S-AGD^ S-AED, §572 

(two triangular pyramids having equivalent hawses and eqiial altitvdes are 

equivalent). 

Now the pyramid S-A E D may be regarded as having 
E SD for its base and A for its vertex. 

.-. pyramid S-AED^ pyramid S-A BO, § 572 

(having equal bases SED and ABC and the same aUUude). 

.'. the three pyramids into which the prism A B C-SED is 
divided are equivalent. 

.'. pyramid S-A B C ia equivalent to J of the prism. 

But the volume of the prism is equal to the product of its 
base and altitude ; § 543 

.'.SABC^^ABCX H. 

Q. E. D. 
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Proposition XVIII. Theorem. 

574. The volume of any pyramid is equal to one-third 
the product of its ba^e and altitude. 




Let S-ABC DE he any pyramid. 

We are to prove S-ABCDE=^ABCDEXSO, 

Through the edge SD, and the diagonals of the base DA^ 
D By pass planes. 

These divide the pyramid into triangular pyramids, whose 
bases are the triangles which compose the base of the pyramid, 

and whose common altitude is the altitude SO' oi the 
pyramid. 

The volume of the given pyramid is equal to the sum of the 
volumes of the triangular pyramids. 

But the sum of the volumes of the triangular pyramids is 
equal to J the sum of their bases multiplied by their common 
altitude, § 573 

{the volume of a triangular pyramid is equal to one-third the product of its 

base and altitude), 

that is, the volume of the pyramid S-A BC D E = ^ 
ABGDEx SO. 

Q. E. D. 

575. Corollary. Pyramids having equivalent bases are to 
each other as their altitudes ; pyramids having equal altitudes 
are to each other as their bases. Any two pyramids are to each 
other as the products of their bases and altitudes. 

576. Scholium. The volume of any polyhedron may be 
found by dividing it into pyramids, and computing the volumes 
of these pyramids separately. 
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Proposition XIX. Theorem. 

577. Two tetrahedrons having a trihedral angle of the 
one equal t-o a trihedral angle of the other are to each other as 
the products of the three edges of these trihedral angles. 




Let V and V denote the volumes of the two tetra- 
hedrons DA B 0, UA B' C'y having the trihedral A 
of the one equal to the trihedral A of the other. 

^ , V AB X ACXAD 
We are to prove —- = — — — — — - . 

^ F AB'XAC'X AD' 

Place the tetrahedrons so that their equal trihedral A shall 
he in coincidence. 

Consider ABC and A B' C the bases of the two tetrahe- 
drons, 

and from D and D* draw D and D' 0' ± to the base ABC. 



N I. - ^ ^g X DO _ ABC DO 



§^5 



{any ttoo pyramids are to each other as the prodiicls of their Ibises and 

altitudes). 



But 



and 



ABC _ ABX AC 
AB' C ~ AB'XAC' 



DO 



AD 
AD' 



D'O' 
(beiTig homologous sides of the similar ^A DO and A ZV O0« 

" P — AB' X AC'XAD' ' 

Q. E. D 



§341 



§278 
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Exercises. 

1. Given a cubical tank holding one ton of water; find its 
length in feet, if a cubic foot of water weigh 1000 ounces. 

2. At 1 7 cents a square foot, what is the cost of lining with 
zinc a rectangular cistern 5 ft. 7 in. long, 3 ft. 11 in. broad, 2 ft. 
8| in. deep 1 

3. Find the side of a cubical block of cast iron weighing a 
ton, if iron weigh 7.2 as much as water, and a cubic foot of 
water weigh 1000 ounces. 

4. How many cubic yards of gravel will be required for a 
walk surrounding a rectangular lawn 200 yards long, and 100 
yards wide ; the walk to be 3 feet wide and the gravel 3 inches 
deep? 

5. The volume of a rectangular solid is the sum of two cubes 
whose edges are 10 inches and 2 inches respectively, and the 
area of its base is the difference between 2 squares whose sides 
are 1^ feet and 1§ feet respectively ; find its altitude in feet. 

6. A rectangular cistern whose length is equal to its breadth is 
22 decimetres deep, and contains 10 tonneaux of water; find its 
length. 

7. Given a regular prism whose base is a regular hexagon in- 
scribed in a circle 6 metres in diameter, and whose altitude is 
8.7 metres ; find the number of kilolitres it wiU contain, if the 
thickness of the walls be 1 decimetre. 

8. A pond whose area is 11 hectares, 21 ares, 22.2 centares, 
is covered with ice 21 centimetres thick. What is the weight of 
this body of ice in kilogrammes, the weight of ice being 92 % 
that of water. 

9. Given two hollow oblique prisms, whose interior dimen- 
sions are as follows : the area of a right section of the first is 18 
sq. ft., of the second 2.1 sq. metres ; a lateral edge of the first is 
9 ft., of the second 2.1 metres ; find the volume of each in cubic 
yards, cubic metres, cubic decimetres, and cubic centimetres; 
find the capacity of each in gallons and litres, in bushels and 
hectolitres ; and find the weight of water in pounds and in kilo- 
grammes, required to fill each prism. 
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Proposition XX. Theorem. 

578. The frustum of a triangular pyramid is equivalent 
to the 9um of three pyramids whose common altitude is the 
altitude of the frustum and whose bases are the lower base, 
the upper base, and a mean proportional between the two bases 
of the frustum. ^ 




Let B and h denote the lower and upper bases of the 
frustum ABC-DEF, and H its altitude. 

Through the vertices A^ E, C and E, D, C pass planes 
dividing the frustum into three pyramids. 

Now the pyramid E-A B G has for its altitude ZT, the alti- 
tude of the frustum, and for its base B, the lower base of the 
frustum. 

And the pyramid C-E D F has for its altitude H, the alti- 
tude of the frustum, and for its base 6, the upper base of the 
fnistum. Hence, it only remains 

To prove E-A D C equivalent to a pyramid, having for its 
altitude H, and for its base \B X b. 

E-A B C and E-A D C, regarded as having the common ver- 
tex Cy and their bases in the same plane B Z>, have a common 
altitude. 

.\E-ABG : E-ADC : :AAEB:AAED. § 575 

{pyramids having equal altitudes are to eacfi other as their bases). 

Now since the A.AEB and A ED have a common altitude, 
(tJmt is, the altitude of the trapezoid AB ED\ 

we have A A E B . A A E D : : A B : D E, §326 
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.\E-ABC :EADG : :AB .BE. 

In like manner E-A D C and E-D F (7, regarded as having 
the common vertex E an4 their bases in the same plane D (7, 
have a common altitude. 

.\ E-A DC .E-DFC : : A A DC : A D FC. § 575 

But since the ^ A DC and D FC have a common altitude, 

{fJie altitude of the trapezoid A CF D), 
we have A A D C : A DEC ::AC :DF. § 326 

IS^ow A DEF is similar to A A B C, § 565 

(the section of a. pyramid made by a plane II to the base is a polygon similar 

to the ba^e) ; 

.\AB :DE : : A C : D F. § 278 

.-. E-A BC : E'ADC : :E-ADC :E-DFO. 

Now E-ABC==iHX B, § 573 

and- E'DFC=C-EDF=^ HXb. §573 

.-. E-A DC = ^^HX BX^HXb = i H \/B~x1>. 

Q. E. D. 

579. Corollary 1. Since the volume of the frustum is de- 
noted by Vy the lower base by B, the upper base by 6, and the 
altitude by /T, 

we have V-^l^ffXB+^HXb+^HX sIsxTb 

^^HX{B+b+ >jB~X~b). 

580. CoR. 2. The frustum of any pyramid is equivalent to 
the sum of three pyramids whose common altitude is the altitude 
of the frustum, and whose basses are the lowei^ base, the upper base, 
and a mean proportional between the bases of the frustum. 

For the frustum of any pyramid is equivalent to the corre- 
sponding frustum of a triangular pyramid having the same alti- 
tude and an equivalent base (§ 578) ; and the bases of the frustum 
of a triangular pyramid being both equivalent to the correspond- 
ing bases of the given frustum, a mean proportional between the 
triangular bases is equivalent to a mean proportional between 
their equivalents. 
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Proposition XXI. Theorem. 

581. A truncated triangular prism is equivalent to the 

sum of three pyramids whose common base is the base of the 

prism, and whose vei'tices are the three vertices of the inclined 

section, „ 

F 




Let A B C-D EF be a trancated triangular prism whose 
base is ABC, and inclined section DBF, 

We are to prove A B C-D E F <^ three pyramids, E-A B C, 
D'A B C and FA B C. 

Pass the planes A EC and DEC, dividing the truncated 
prism into the three pyramids E-A B C, E-A CD, and E-C BF. 

Now the pyramid E-A B C has the base ABC and the 

vertex E, 

E-ACD^ B-ACD, §674 

{for they have the same base AC D and the same altUudCy since their vertices 
K and B are in the line EB W to the base A CD), 

But pyramid B-A CD, which is equivalent to pyramid 

E-A C D, may be regarded as having the base ABC and the 

vertex D, 

Again, EC D F ^ B-A C F, 

for their bases CDF and AC F, in the same plane, are 

equivalent, § 325 

{for the A CDF and A CFhave the common base G F and cqiuil altitudes, 
their vertices lying in the line Jl D\\ to C F). 
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Moreover, E-C D F and B-A C F have the same altitude, 

{since their vertices E and B are in the line E B II to the plane of their 

bases ACDF). 

But the pyramid B-A G F may be regarded as having the 
base ABC and the vertex F, 

,\ the truncated triangular prism A B G-B E F\a equivalent 
to the three pyramids E-A B C, DA B G, and F-A B G. 

Q. E. D 

F 




582. Corollary 1. The volume of a truncated right tri- 
angular prism is equal to the product of its base by one-third 
the sum of its lateral edges. For the lateral edges DA, E By 
FGy being perpendicular to the base, are the altitudes of the 
three pyramids whose sum is equivalent to the truncated prism. 
And, since the volume of a pyramid is one-third the product of 
its base by its altitude, the sum of the volumes of these pyramids 
= ABGX \{DA + EB-\- FG). 

583. CoR. 2. The volume of any truncated triangular prism 
is equal to the product of its right section by one-third the sum 
of its lateral edges. 

For. let A B G-A^ B' G' be any truncated triangular prism. 
Then the right section B E F divides it into two truncated right 
prisms whose volumes dcr^ B E F X \ (A D + B E + G F) and 
DEFX \{A'D + B'E-\- G' F). 

Whence their sum i^ D E F X ^ {A A' + B B' + G G'). 
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Exercises. 

1. Given a pyramid whose base is a rectangle 80 feet by 60 
feet, and whose lateral edges are each 130 feet ; find its volume, 
and its entire surface. 

2. Given the frustum of a pyramid whose bases are hepta- 
gons ; each side of the lower base being 10 feet, and of the upper 
base 6 feet, and the slant height 42 feet ; find the convex surface 
in square yards. 

3. Given a stick of timber 30 feet long, the greater end being 
18 inches square, and the smaller end 15 inches square ; find its 
volume in cubic feet. 

4. Given a stone obelisk in the form of a regular quadrangular 
pyramid, having a side of its base equal to 25 decimetres, and its 
slant height 12 metres. The stone weighs 2.5 as much as water. 
What is its weight in kilogrammes 1 

5. Given the frustum of a pyramid whose bases are squares ; 
each side of the lower base being 35 decimetres, each side of the 
upper base 25 decimeti*es, and the altitude 15 metres ; find its 
volume in steres. 

6. Given a right hexagonal pyramid whose base is inscribed 
in a circle 30 feet in diameter, and whose altitude is 20 feet ; 
find its convex surface, and its volume. 

7. Given a right pentagonal pyramid whose base is inscribed 
in a circle 20 feet in diameter, and whose slant height is 30 feet ; 
find its convex surface, and its volume. 

8. Find the difl*erence between the volume of the frustum of 
a pyramid, and the volume of a prism of the same altitude whose 
base is a section of the frustum parallel to its bases and equidis- 
tant from them. 

9. Given a stick of timber 32 feet long, 18 inches wide, 15 
inches thick at one end, and 1 2 inches at the other ; find the 
number of cubic feet, and the number of feet hoard measure it 
contains. Find equivalents for the results in the metric system. 
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On Similar Polyhedrons. 

584. Def. Similar polyhedrons are polyhedrons whicli 
have the same form. They have, therefore, the same number of 
faces, respectively similar and similarly placed, and their corre- 
sponding polyhedral angles equal. 

685. Def. Homologous faces, lines, and angles of similar 
polyhedrons are faces, lines, and angles similarly placed. 




I. The homologoics edges of similar polyhedrons are prro- 
portionaL 

Since the faces SAB, SAC, SBC and A B C sjte similar 
respectively to S' A' B', Sf A' C, S' B' C and A' B' C, we have 



SA SB AB 



S'A' S'B' A'B' 



, etc. 



§ 278 



II. Any two homologotLS faces of similar polyhedrons are 
proportional to the squares of any two homologous edges. 

SAB ~8~A^ SAG S~d'\ SBC 
Thus, S'A'B''"srA'^'~S'A'C'^~S^'^~'S'B'C'' ^ ^^^ 

III. The entire surfaces of two similar polyhedrons are pro- 
portional to the squares of any two homologo^is edges. 



Thus, since 



SAB SAC , 
, = , etc., 

S'A'B! S'A'C 



SAB+ SAG, etc. _ SAB ^Tl^ 
S'A' B' + S' A' C, etc. "" S' A' B' ~ "^rjh ' 



§ 266 
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Proposition XXII. Theorem. 

58(5. Two similar polf/hedrons may he decomposed ini^ 
the same number of tetrahedrons similar, each to eachy and 
similarly placed. 




Let ABCDEOPQRS and A' B' C ly E'-(y P Q R' S' be 
two similar polyhedrons of which P and P' are 
homologous vertices. 

We are to prove that A BCD E-OPQRS and A' BCD' E'- 
C P Q R' S' can he decomposed into the same number of tetrahe- 
drons similar and similarly placed. 

Place these polyhedrons in the same plane, having any two 
homologous edges, as ^ ^ and A' B' II and lying in the same 
direction. 

On any two corresponding faces not adjacent to P and P', 
as ABODE and A' B' C D E', from two homologous vertices, 
as E and E', draw diagonals dividing these faces into A, similar 
and similarly placed. 

From the homologous vertices P, P' of the polyhedrons 
draw straight lines to the vertices of these A. 

Eepeat this construction for eacli of the faces not adjacent 
to P, P', 

Then the polyhedrons will be divided into the same number 
of tetrahedrons ; 

that is, into as many tetrahedrons as there are A in these 
faces. 
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'Now, any two corresponding tetrahedrons, as P-A B E and 
P'-A' B' E', are similar ; 

for the faces E AB and P A B are similar respectively to 
the faces E' A' B' and P' A' B', § 294 

(being similarly situated A of similar polygons). 

In the A P^^ and P' B' E 

P5 is II to P' B', and BE to B' E', 
{since they make equal A respectively with the II lines A B and A^B') ; 

,\Z PBE = Z P'B'E', § 462 

{two A not in the same plane having their sides II and lying in the same 

direction are equal) ; 

and Ll^(AA)^M.. §278 

P'B' \A'B') B'E ^ 

. ' . face PBE'm similar to face P' B' E, § 284 

Also, in the A P ^ ^ and P' A' E 



'Ll^i^^^A.^fAI^^A^, §978 

''E' \P'B'f P'A' \A'B'f'~ A'E' ^ 



P^E 
T' 

(being homologous sides of similar A ). 



.-. face PAEis similar to face P' A' E. § 282 

Moreover, since any two corresponding trihedral A of these 
tetrahedrons are formed by three plane A which are equal, each 
to each, and similarly situated, they are equal. § 492 

.\P-ABE and P-A' B' E' are similar. § 584 

In like manner we may show that any other two tetrahe- 

* 

drons similarly situated are similar. 

That is, the two similar polyhedrons have the same number 
of tetrahedrons similar each to each, and similarly situated. 

Q. E. D. 

587. Corollary. Any two homologous lines in two similar 
polyhedrons have the same ratio as any two homologous edges. 
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Proposition XXIII. Theorem. 

588. Similar tefra/iedron^ are to each other as the cubes 
of their homologous edges. 




Let SBCD andS'-E'C'iy be two similar tetrsLhedrons 
having for bases the similar laces BCD and B'C'iyy 
and tor altitudes SO and S' 0'. 



We are to prove 



SB C I) _ BC^ 
'S'-B'C'D'" 'bTc^' 



Apply the tetrahedron S'-B' C D' to the tetrahedron S-BCD, 
so that the polyhedral *S'' shall coincide with S, . 

Then the hase B' C ly will be II to the face B C />, 
{since their planes make equal A with thefcux SBC), 

and the ± SO, ± to BCD, will also be J- to ^' C D'. 
S 0' will be the altitude of the tetrahedron SB' C ly. 



Now 



SBCD BCDXSO BCD SO 



S-B'C'D' B'C'D' X SC'^' BCU ^ S 



_ , § 575 
0' 



{any two tetrahedrons are to ea^ch other as the prodiusts of their bases and 

altitudes). 



Since the bases are similar, 

BCD 
B'C'D' 



BC 
WO' 



-i . 



§343 
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Also, ^ == ^ , § 587 

SO' B' C 

{yn. two similar polyhedrons any two ho^nologous lines are in the same ratio 

as any two homologous edges). 

. SB C D B'C^ jyg _ BC^ 

S-B'G' ]y~wc^^ ^'C''~Wd^' 

Q. E. D. 



589. Corollary 1. Ttm similar polyhedrons are to each 
otlier as the cubes of any two homologous edges. 

For, two similar polyhedrons may be decomposed into tetra- 
hedrons similar, each to each, and similarly placed, of which any 
two homologous edges have the same ratio as any two homolo- 
gous edges of the polyhedrons. AnS, since any pair of the simi- 
lar tetrahedrons are to each other as the cubes of any two 
homologous edges, the entire polyhedrons are to each other as 
the cubes of any two homologous edges. § 266 

590. Cor. 2. Similar prisms or pyramids are to each other 
as the cubes of their altitudes ; and similar polyhedrons are to each 
other as the cubes of any tivo homologous lines. 



Ex. 1. The portion of a tetrahedron cut off by a plane parallel 
to any face is a tetrahedron similar to the given tetrahedron. 

Ex. 2. Two tetrahedrons, having a dihedral angle of one equal 
to a dihedral angle of the other, and the faces including these 
angles respectively similar, and similarly placed, are similar. 

Ex. 3. Given two similar polyhedrons, whose volumes are 125 
feet and 12.5 feet respectively ; find the ratio of two homologous 
edges. 
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On Regular Polyhedrons. 

591. Def. a Regular polyhedron is a polyhedron all of 
whoso faces are equal regular polygons, and all of whose polyhe- 
dral angles are equal. 

The regular polyhedrons are the tetrahedron, octahedron and 
icosahedron, all of whose faces are equal equilateral triangles; 
the hexahedron, or cube, whose faces are squares ; the dodecahe- 
dron, whose faces are regular pentagons. 

Only these five regular polyhedrons are possible, for a poly- 
hedral angle must have at least three face angles, and must have 
the sum of its face angles less than four right angles, (§ 488). 
Hence : 

I. If the faces be equilateral triangles, polyhedral angles 
may be formed of them in groups of 3, 4, or 5 only, as in the 
tetrahedron, octahedron and icosahedron. Since each angle of an 
equilateral triangle is two-thirds of a right angle, the sum of six 
such angles is four right angles, and therefore greater than a 
convex polyhedral angle. 

II. If the faces be squares, polyhedral angles may be formed 
of them in groups of three only, as in the regular hexahedron, or 
cube ; since four such angles would be four right angles. 

III. If the faces be regular pentagons, polyhedral angles 
may be formed of them in groups of three orily, as in the regular 
dodecahedron ; since four such angles would be greater than four 
right angles. 

IV. We can proceed no farther ; for a group of three angles 
of regular hexagons would equal four right angles, and of regular 
heptagons, etc., would be greater than four right angles. 
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§ 450 



Proposition XXIV. Problem. 

592. Given an edge, to construct the five regular poly- 

hedrons. 

Let A B be the given edge, 

I. Upon AB to constract a Tegular tetrahedron. 

Upon A B construct the equilateral A 
ABC. §232 

Find the centre of this A, § 238 
and erect D A.io the plane ABC. q^ 
Take the point Z> so that A D = AB. 
Draw DA,DB,DC. 
ABC D is the regular tetrahedron required. 
For, the edges are all equal, 
and hence the faces are equal equilateral A. 
and its polyhedral A are all equal. § 492 

Q II. To construct a regular hexahedron. 

Upon the given edge AB construct the 
square A BCD, 

and upon the sides of this square con- 
Cstruct the squares JS B, FC, GD, HA i. to 
the plane ABC D'. 

Then AG\^ the regular hexahedron required. 

III. To construct a regular octahedron. 

Upon the given edge A B construct 
the square ABC B. 

Through its centre pass a _L to 
its plane ABC D. 

In this ± take two points E and F, 
one above and the other below the plane, 

so that A E and A F are each equal 
to^^. 

Join E and F to each of the vertices of the square. 

Then E A BC D F \^ the regular octahedron required. 

For, the edges are all equal, § 450 

and hence the faces are equal equilateral A. 

And, since the A BE F and J) AC are equal, § 108 

D EBF 18 B. square and the pyramid A-I) E B F is equal in 
all its parts to the pyramid E-A BCD. 

Hence, the polyhedral A A and E are equal. 

In like manner all the polyhedral A of the figure are equal. 
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IV. To construct a regular dodecahedron. 

Upon A B construct the regular pentagon ABODE. § 395 

On each side of this pentagon construct an equal pentagon, 
so inclined that trihedral A shall be fonned ai Ay B, G, Z>, K 

The convex surface thus formed is composed of six regular 
pentagons. 

In like manner, upon an equal pentagon A^ B' C U E' con- 
struct an equal convex surface. 

Apply one of these surfeces to the other, with their convexi- 
ties turned in opposite directions, so that P' C and P' Q shall 
fall upon P and P Q, 

Then every face Z of the one will, with two consecutive 
face A of the other, form a trihedral Z. 

The solid thus formed' is the regular dodecahedron required. 

For, the faces are all regular pentagons, Cons, 

and the polyhedral-^ are all equal. § 492 

D ly 
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V. To construct a regular icosahedron. 

Upon A B construct the regular pentagon ABODE, § 395 
At its centre erect a _U to its plane. 
In this X take P so that PA==AB, 
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Join P with each of the vertices of the pentagon ; 

thus forming a regular pentagonal pyramid whose vertex is P, 
and whose dihedral A formed on the edges PA, P B, PC, etc. 
are all equal. § 571 

Taking A and B as vertices, construct two pyramids each 
equal to the first, and having for bases BP E F G and AG HO P 
respectively. 

There will thus be formed a convex surface consisting of ten 
equal equilateral A. 

In like manner upon an equal pentago^i A' B' C ly E' con- 
struct an equal convex surface. 

Apply one of these surfaces to the other with their convexi- 
ties turned in opposite directions, so that every combination of 
two face A of the one, as P' I)' &, P D' E', shall with a combi- 
nation of three face A of the other, as BC H, BG P, P G Dy 
form a pentahedral Z. 

The solid thus formed is the regular icosahedron required. 

For, the faces are all equal ; Cons. 

and the polyhedral A are all equal, § 571 

Q. E. D. 




TETRAHEDRON. 























HEXAH 


EDRON. 






ICOSAHEDRON. 



DODECAHEDRON. 



593. Scholium. The regular polyhedrons can be formed 
thus : 

Draw the above diagrams upon card-board. Cut through 
the exterior lines and half through the interior lines. The fig- 
ures will then readily bend into the regular forms required. 
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Supplementary Propositions. 

Proposition XXV. Theorem. (Euler's.) 

594. In any polyhedron the number of iU edges in- 
creased by two is eqiial to the number of its vertices increased 
by ihe number of its faces. 

Let E denote the number of edges of any polyhedron; 
V the number of its vertices, F the number of its 
faces. 

We are to prove E -i- 2 = V -^ F. 

S Beginning with one face A B CD E, 

we have E = V, 

Annex a second face SAEhy ap- 
plying one of its edges to an edge of 
the first face. 

There is formed a surface having 
one edge A B, and two vertices A and 
)D B common to both faces. 

.'. whatever the number of the 
B C sides of the new face, the whole num- 

ber of edges is now one more than the whole number of ver- 
tices. 

.-. for 2 faces E =- V + I. 

Annex a third face, SBC, adjacent to each of the former. 

The new surface will have two edges SB and B (7, 

and three vertices S^ B and C, in common with the preced- 
ing surface. 

.*. the increase in the number of edges is again one more 
than the increase in the number of vertices. 

According* to the same law, for an incomplete surface of 
^— 1 faces 

E= V+ F-2. 

When we add the last face SEA, necessary to complete the 
surface, 

its edges SE, SA and A E, and its vertices S, E and A 
will be in common with the preceding surface. 

.-. in a polyhedron of F faces E= V + F — 2, 
.-. E+ 2= r + F. 

Q. E. D. 
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Proposition XXVI. Theorem. 

595. The sum of all the angles of the faces of any poly- 
hedron is equal to four right angles taken as many times as 
the polyhedron has vertices less two. 

Let E denote the number of edges, V the number of 
vertices, F the number of faces, and S the sum of 
all the angles of the fiances of any polyhedron. 

We are to prove S = 4: vt. A X (V— 2). 

Since E denotes the number of 
the edges of the polyhedron, 

2 E will denote the whole num- 
ber of sides of all its faces, con- 
sidered as sides of independent poly- 
gons. 

And since the sum of all the 
interior and exterior A of each poly- ^ ^ 

gon is equal to 2 rt. ^^i taken as many times as it has sides, 

the sum of the interior and exterior A of aU the faces is 
equal to 2 rt. ^ X 2 E, 

And since the sum of the exterior A of each face is 
4 rt. 4 § 159 

the sum of the exterior A of all the faces is equal to 
irt. AX F. 

.•.aS'+ 4rt. ^ X F-=2rt. A X 2 E. 

That is, /S' = 4 rt. A X {E — F). 

Since ^ + 2 = F + 7^, § 594 

E- F= F-2, 

.-. >S'=4rt. ^ X (r-2). Q.E. D. 
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On the Cylinder. 

596. Def. a Cylindrical surface is a curved surface gen- 
erated by a moving straight line which continually touclies a 
given curve and in all its positions is parallel to a given fixed 
straight line not in the plane of the curve. 





Thus, the surface ABC Dy generated by the moving line 
A D continually touching the curve ABC and always parallel 
to a given straight line if, is a cylindrical surface. 

697. Def. The moving line is called the Getieratrix; the 
curve which directs the motion of the generatrix is called the 
Directrix; the generatrix in any position is called an Element 
of the surface. 

The generatrix may be indefinite in extent, and the direc- 
trix a closed or an open curve. In elementary geometry the 
directrix is considered a circle. 

598. Def. A Cylinder is a solid bounded by a cylindrical 
suiface and two parallel planes. 

599. Def. The Bases of a cylinder are its plane surfaces. 

600. Def. The Lateral surface of a cylinder is its cylindri- 
cal surface. 

601. Def. The Axis of a cylinder is the straight line join- 
ing the centres of its bases. 
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602. Def. The Altitude of a cylinder is the perpendicular 
distance between the planes of its bases. 

603. Dep. a Section of a cylinder is a plane figure whose 
boundary is the intersection of its plane with the surface of the 
cylinder. 

604. Dep. a Right section of a cylinder is a section per- 
pendicular to the elements. 

605. Dep. A Radius of a cylinder is the radius of the base. 

606. Dep. A Right cylinder is a cylinder whose elements 
are perpendicular to its bases. Any element of a right cylinder 
is equal to its altitude. 

607. Dep. An Oblique cylinder is a cylinder whose elements 
are oblique to its bases. Any element of an oblique cylinder is 
greater than its altitude. 

608. Def. A Cylindei' of Revolution is a cylinder generated 
by the revolution of a rectangle about one side as an axis. 

609. Def. Similar cylinders of revolution are cylinders 
generated by similar rectangles revolving about homologous sides. 

610. Def. A Tangent line to a cylinder is a straight line 
which touches the surface of the cylinder, but does not intersect it. 

611. Def. A Tangent plane to a cylinder is a plane which 
embraces an element of the cylinder. The element embraced by 
the tangent plane is called the Element of Contact. 

612. Def. A prism is inscribed in a cylinder when its 
lateral edges are elements of the cylinder and its bases are in- 
scribed in the bases of the cylinder. 

613. Def. A prism is circumscribed about a cylinder when 
its lateral faces are tangent to the cylinder and its bases are cir- 
cumscribed about the bases of the cylinder. 
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Proposition XXVII. Theorem. 

614. Every section of a cylinder made by a plane pass- 
ing through an element is a parallelogram. 

c 






Let ABC D be a, section of the cylinder A C, made by 
a plane passing through AD. 

We are to prove the section A BC D a parallelogram. 

The line BC, in which the cutting plane intersects the 
curved surface a second time, is an element ; 

for, if through the point B a line be drawn II to A Z), 
it will be an element of the surface. 

It will also lie in the plane A (7, 
( for its eostremities lie in the plane). 

This element, lying in both the cylindrical surface and plane 
surface, is their intersection. 



Now 



ADisWioB C, 
{being elcmeivts of the cylinder), 



and AB\^ W to DC, § 465 

{the intersections of two 11 planes by a third plane are \\ li-nes). 



,'. the section ABC D is a, CJ. 



§ 125 

Q. E. D. 



615. Corollary. Every section of a right cylinder embrac- 
ing an element is a rectangle. 
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Proposition XXVIII. Theorem. 

616. The bases of a cylinder are equal. 
G C 




Let ABB and DOG be the bases of the cylinder A C. 

We are to prove ABE = D C G. 

Any sections A G and A G, embracing A D, an element of 



the cylinder, 


are UJ. 


§614 




.'. A B - D G a.nd A li: - B G, 


§134 


Now 


BGk II to^G^, 

(each being W to A D). 


§459 


Also 


BG-EG, 


§464 




.\ EG is a. O. 


§ 136 




r.EB-GG, 


§ 134 


• 


,\AEAB = A GDG. 


§ 108 



Apply the upper base, to the lower base, so that D C will 
coincide with A B, 

Then A GDG wiU coincide with A EAB, and point G 
will fall upon point E, 

That is, any point G in the perimeter of the upper base will 
coincide with the point in the same element in the lower base. 

.'. the bases coincide, and are equal. 

Q. E. D. 

617. Corollary 1. Any two parallel sections ABG and 
A^ B' G', cutting all the elements of a cylinder E F, are equal. 
For these sections are the bases of the cylinder A G'. 

618. CoR. 2. Any section of a cylinder parallel to the base 
is equal to the base. 



882 GEOMETRY. — BOOK YU. 



Proposition XXIX. Theorem. 

619. The lateral area of a cylinder h equal to the 
product of the peritneter of a right section of the cylinder by 
an element of the surface. ^ 



a 



Let ABC DE be the base, and A A' any element of the 
cylinder A C ; and let the curve abcde be any right 
section of its surface. 

Denote the perimeter of the right section by F, 
and the lateral surface of the cylinder by S. 
We are to prove S = F X A A\ 

Inscribe in the cylinder a prism whose right section abcde 

will be a polygon ifascribed in the right section abcde of the 

cylinder. § 604 

Denote the lateral area of the prism by s, 

and the perimeter of its right section by p. 

Then s=pX AA\ J 524 

{the lateral area of a prism is equal to the pj-odiict of the perimeter of a right 

section by a lateral edge). 

Now let the number of lateral faces of the inscribed prism 
be indefinitely increased, 

the new edges continually bisecting the arcs in the right 
section. 

Tlien p approaches jP as its limit, 

and s approaches S as its limit. 

But, however great the number of faces, 

8=p X AA'. 

.'. S= P'X AA\ §199 

Q. E. D. 
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620. Corollary 1. The lateral area of a right cylinder is 
equal to the product of the perimeter of its hose by its altitude, 

621. Cor. 2. Let a cylinder of revolution be generated by 
the rectangle whose sides are B and H revolving about the 
side H. 

Then B is the radius of the base of the cylinder, and H the 
altitude of the cylinder. 

The perimeter of the base is 2 ir B j § 381 

hence, S=27rBX H. 

The area of each base is n B^; § 381 

hence", the total area ^ of a cylinder of revolution is ex- 
pressed by 

T=27rBXH+2wB^ = 27rB{H+B), 

622. Cor. 3. Let aS, S^ denote the lateral areas of two simi- 
lar cylinders of revolution ; 

T, T' their total areas ; i?, B' the radii of their bases ; H^ W 
their altitudes. 

Since the generating rectangles are similar, we have 

H ^B ^ H-\- B 
R B' H'-\- B'' 



§ 266 



S' 2'i,B'W B' W W^ B'^ 



and ^ _ 2 7rB(H+ B) B / H -J- B \ _ H^ ^B^ 
T'^2'irB' {H' + B')~'B'\H' + B'/^H'^^B'^' 

That is, the lateral areas, or the total areas, of similar cylin- 
ders of revolution are to each other as the squares of their altitudes, 
or as the squares of the radii of their bases. 
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Proposition XXX. Theorem. 

6^3. 754^ volume of a cylinder is equal to thejproduct of 
its base by its altitude, 

A 




Let V denote the volume of the cylinder A G, B its 
base, and H its altitude. 



We are to prove 



V=BXH. 



Let V denote the volume of the inscribed prism A G, B' its 
base, and H will be its altitude. 



Then 



V'^B'X H, 



§543 



{the volume of a prism is eqical to the product of its base by its aZtUude). 
Now, let the number of lateral faces of the inscribed prism 
be indefinitely increased, the new edges continually bisecting 
the arcs of the bases. 

Then B' approaches B as its limit, 

and V approaches V as its limit. 

But however great the number of the lateral faces, 



V' = B'X H.' 
.-, V=BX H. 



§ 129 



Q. E. D. 
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624. Corollary 1. Let V be the volume of a cylinder of 
revolution, H the radius of its base, and H its altitude. 

Then the area of its base is tt E^, § 381 

625. CoR. 2. Let V and V be the volumes of two similar 
cylinders of i-e volution, R and R' the radii of their bases, H and 
H' their altitudes. 

Since the generating rectangles are similar, we have 

H'^ R'' 
and ^ _ irR^H R^ E^^-^ 

That is, the volumes of similar cylinders of revolutimi are to 
each other as the cubes of their altitudeSf or as the cubes of the 
radii of their bases. 

Ex. I, Eequired, the entire surface and volume of a cylin- 
der of revolution whose altitude is 30 inches, and whose base 
is a circle of which the diameter is 20 inches. 

2. Required, the volume of a right truncated triangular 
prism the area of whose base is 40 inches, and whose lateral 
edges are 10, 12, and 15 inches, respectively. 

3. Let E denote an edge of a regular tetrahedron ; show 
that the altitude of the tetrahedron is equal to U yf ; that the 
surface is equal to -£'^ y^i ^^^ ^^^^ ^^® volume is equal to 



12 V^- 



4. Required, the number of quarts that a cylinder of revo- 
lution will contain whose height is 20 inches, and whose diame- 
ter is 12 inches. 

5. Given S, the surface of a cube, find its edge, diagonal, 
and volume. What do these become when aS' == 54 1 



886 



OEOMETBY. — BOOK VII. 



Proposition XXXI. Problem. 



626, Through a given point to pass a plane tangent to a 
given cylinder. 




Case I. — Wlien the given point is in the curved sivrfouie of the q/linder. 

Let AC he a given cylinder, and let the given point 
be a point in the element A A', 

It is required to pass a plane tangent to the ci/lind€r and em- 
bracing the element A A'. 

Draw the radius A, and A T tangent to the base ; 

and pass a plane R T' through A A' and A T, 

The plane R T' is the plane required. 

For, through any point P in this plane, not in the ele- 
ment A A', 

l)ass a plane II to the base, intersecting the cylinder in 

the O MN, 

and the plane R V in MP. 

From the centre of the Q M N draw Q M, 

MP and MQ are II respectively to ^4 7" and JO, § 465 

iflie intersections of lino II planes by a third plane are II lines) ; 

.-.Z PMQ = Z. TAG, § 462 

{two A not in the same plane^ having their sides II and lying in the same 

direction, are equal). 
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.-. PM is tangent to the O MN at M, § 186 

.', P lies without the O M N, 

and hence without the cylinder. 

/. the plane R T does not cut the cylinder, and is tangent 
to it. 

Case II. - When, the given point is without the q/lindcr. 

Let P be the given point. 

It is required to pass a plane through P tangent to th^ 
cylinder, 

Tlirough P draw the line P T W to the elements of the 
cylinder, 

meeting the plane of the base at T, 

From T draw TA and TC tangents to the base. § 240 

Through P T and the tangent TA pass a plane R T\ 

Since A A' is II to P T, Cons. 

the plane R T', passing through P T and the point A will 

contain the element A A', 

{two II lines lie in the same plane). 

And, since R T also contains the tangent A T, 

it is a tangent plane to the cylinder. 

In like manner, the plane T S^, passed through P T and the 
tangent line T C, 

is a tangent plane to the cylinder. 

Q. E. F. 

627. Corollary 1. The intersection of two tangent planes 
to a cylinder is parallel to the elements of the cylinder. 

628. Cor. 2. Any straight line drawn in a tangent plane, 
and cutting the element of contact, is tangent to the cylinder. 
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On the Cone, 

629. Def. a Conical surface is a surflEice generated by a 
moving straight line continually touching a given curve and 
passing through a fixed point not in the plane of the curve. 

Thiis the surface generated by the mov- ^ 
iug line A A' continually touching the curve 
ABCD, and passing through the iixed point 
St is a conical surface. 

630. Dep. The moving line is called 
the Generatrix ; the curve which directs the 
motion of the generatrix is called the Bi- 
rectrix ; the generatrix, in any position, is 
called an Element of the surface. 

631. Def. A conical surface generated 
by an indefinite straight line consists of two 
portions, called Nappes, one the Lower, the 
other the Upper Nappe. 

632. Def. A Cone is a solid bounded by a conical surface 
and a plane. 

633. Def. The Lateral surface of a cone is its conical sur- 
face. 

634. Def. The Base of a cone is its plane surface. 

635. Def. The Vertex of a cone is the fixed point through 
which all the elements pass. 

636. Def. The Altitude of a cone is the perpendicular dis- 
tance between its vertex and the plane of its base. 

637. Dep. The Aocis of a cone is the straight line joining 
its vertex and the centre of its base. 

638. Def. A Section of a cone is a plane figure whose 
boundary is the intersection of its plane with the surface of the 
cone. 

639. Def. A Right section of a cone is a section perpen- 
dicular to the axis. 

640. Def. A Circular cone is a cone whose base is a circle. 

641. Def. A Right cone is a cone whose axis is perpen- 
dicular to its base. The axis of a right cone is equal to its 
altitude. 

642. Def. An Oblique cone is a cone whose axis is oblique 
to its base. The axis of an oblique cone is greater than its alti- 
tude. 
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643. Def. a Gone of Revolviion is a cone generated by the 
revolution of a right triangle about one of its perpendicular sides 
as an axis. 

The side about which the triangle re- 
volves is the axis of the cone ; the other per- 
pendicular generates the base, the hypotenuse 
generates the conical surface. Any position 
of the hypotenuse is an element, and any 
element is called the slant height, 

644. Def. Similar cones of revolution 
are cones generated by the revolution of simi- 
lar right triangles about homologous perpen- 
dicular sides. 

645. Def. A Truncated cone is the portion of a cone 
included between the base and a section cutting all the elements. 

646. Def. A Fritstum of a cone is a truncated cone in 
which the cutting section is parallel to the base. 

647. Def. The base of the cone is called the Lower base of 
the frustum, and the parallel section the Upper, base. 

648. Def. The Altitude of a frustum is the perpendicular 
distance between the planes of its bases. 

649. Def. The Lateral surface of a frustum is the portion 
of the lateral surface of the cone included between the bases of 
the frustum. 

650. Def. The Slant height of a frustum of a cone of revo- 
lution is the portion of any element of the cone included between 
the bases. 

651. Def. A Tangent line to a cone is a line having only 
one point in common with the surface. 

652. Def. A Tangent plane to a cone is a plane embracing 
an element of the cone without cutting the surface. The element 
embraced by the tangent plane is called the Ekmervt of Contact, 

653. Def. A pyramid is inscribed in a cone when its lat- 
eral edges are elements of the cone and its base is inscribed in 
the base of the cone. 

654. Def. A pyramid is circumscribed about a cone when 
its lateral faces are tangent to the cone and its base is circum- 
scribed about the base of the cone. 
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Proposition XXXII. Theorem. 

655. Every section of a cone made by a plane passing 
through its vertex is a triangle. 




Let 8BD he a section of the cone S-ABC through 

the vertex S, 

We are to prove the section SB D a triangle. 

The straight lines joining S with B and D are elements of 
the surface. § 630 

They also lie in the cutting plane, 
{far their extremities lie in the plane). 

Hence, they are the intersections of the conical surface with 
the plane of the section. 



BD is also a straight line, 
{the intersection of two planes is a straigJU line). 

.*. the section SB D is a A. 



§ 446 



Q. E. D. 
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Proposition XXXIII. Theorem. 

656. Every section of a cirailar cone made hy a plane 
parallel to the base is a circle. 




Let the section ah c of the circular cone S-A BC be 

parallel to the base. 

We are to prove thxvt ah c is a circle. 

Let be the centre of the base, and let o be the point in 
which the axis S pierces the plane of the II section. 

Through SO and any number of elements, SA, SB, etc., 
pass planes cutting the base in the radii A, OB, etc., 

and the section ahem the straight lines oa, oh, etc. 

Now a and o h are II respectively to A and OB, § 4G5 
(the intersections of two II planes by a third plane are II lines). 

.'.the A So a and Soh are similar respectively to the 
A SO A 'dnd SOB, §279 

and their homologous sides give the proportion 



oa /*^*^\ ^^ 
OA ^ Kso) ^ OB ' 



But OA = OB; § 163 

.' . a = o h. 

That is, all the straight lines drawn from o to the perimeter 
of the section are equal. 

. * . the section ahc is a O. 

Q. E. D. 

657. Corollary. The axis of a circular cone passes through 
the centres of all the sections which are parallel to the base. 
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Pboposition XXXIV. Theorem. 

658. The lateral area of a cone of revolution is eqiuil to 
one^half the product of the circumference of its base hy the 
slant height. 





Let A'EFGHK be a cone generated by the revolution 
of the right triangle A OE about AO as an axis, and 
let S denote its lateral area, C the circumference 
of its base, and L its slant height. 

We are to prove S = ^ C X L, 

Inscribe on the base any regular polygon E FG H K, 

and upon this polygon as a base construct the regular '^jv^L' 
mid A-E F G UK inscribed in the cone. 

Denote the lateral area of this pyramid by s, the perimeter 
of its base by p, its slant height by I, 

Then s = JpX/, §569 

(tlie lateral area of a regular pyramid is equal to one-half the product of the 

perimeter of its base by the slant height). 

"Now, let the number of the lateral faces of the inscribed 
pyramid be indefinitely increased, 
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the new edges continually bisecting the arcs^pf the base. 

Then py s and I approach G, S and L respectively as their 
limits. 

But however great the number of lateral faces of the pyra- 
mid, 

s = ^ p X I. 

.'.JS=iCXL, §199 

Q. E. D. 



659. Corollary 1. If 7? be the radius of the base, we 
have C = 2irB{^ 381). Therefore S^^{27rRX L)=.irR L, 
Also, since the area of the base is v B^, the total area T of the 
cone is expressed by 

r = 7r7?Z + ^ A'2 = ^i? (Z + R). 

660. Cor. 2. Let S and S' denote the lateral areas of two 
similar cones of revolution, T and T' their total areas, R and R' 
the radii of their bases, H and H' their altitudes, L and L' their 
slant heights. Since the generating triangles are similar, we have 

L _H _R _ R + L 

T' H' 1' R'-\- L'' ^ 

. S ^ irRL ^R L _ L^ ^ R^ ^H^ 
" S' izR'L' R' L' U^ ~Rr^ H^' 

T _ 7rRX(L+R) _R L + R ^ L^ _ R^ ^IP 
"' T irR'X{L'-\-R') 'R' L' + R' In R'^ H^' 

That is : the lateral areas, or total areas^ of similar cones of 
revolution are to each other as the squares of their slant heights, the 
squares of their altitudes, or the squares of the radii of their bases. 
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Proposition XXXV. Theorem. 

661. T/ie lateral area of the frustum of a cone of revo- 
lution is equal to one-half the sum of the circumferences of its 
bases multiplied hjf the slant height. 




Let HBC-E FG be the frustum of & cone of revolution, 
and let 8 denote its lateral area, C and c the cir- 
cumferences of its lower ^d upper bases, R and 
r the radii of the bases, and L the slant height. 

We are to prove S = ^ (C '\- c) X L, 

Inscribe in the frustum of the cone the frustum of the reg- 
ular pyramid HBG-EFG, 

and denote the lateral area of this frustum by «, the peri- 
meters of its lower and upper bases by P and p respectively, and 
its slant height by L 

Then 5 = J (P -f jt?) /, § 570 

{tlie lateral area of the frustum of a regular pyramid is equal to one-half 
the sum of the periineters of Us bases multiplied by the slarU height). 

Now, let the number of lateral faces be indefinitely in- 
creased, the nQ'<ff^ elements constantly bisecting the arcs of the 
bases. 
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\ Then F, p, and I, approach (7, c, and L, respectively as 

their limits. 

But, however great the number of lateral faces of the frus- 
tum of the pyramid, 

s = ^(F'\-p)X L 



.\S = i(C+ c)X L. 





§ 199 

Q. E. D. 



662. Corollary. The lateral area of a frustum of a cone 
of revolution is eq^ial to the circumference of a section equidistant 
from its bases multiplied hy its slant height. 

For the section of the frustum equidistant from its bases 
cuts the frustum of the regular inscribed pyramid equidistant 
from its bases. 

Therefore the perimeter I LK = ^ the sum of the perim- 
eters HB C and JSFG, § 142 

And this will always be true, however great the number of 
the lateral faces of the fnistum of the pyramid. 

Hence, circumference I LK= \ the sum of the circumfer- 
ences IIBCmdFFG. § 1 99 
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Proposition XXXVI. Theorem. 

663. Any section of a cone parallel i-o the base is to the 
base as the square of the altitude of the part above the section 
is to the square of the altitude of the cone. 




Let B denote the base of the cone, H its altitude, 
h a section of the cone parallel to the base, and 
h the altitude of the cone above the section. 

We are to prove B : b :: H^ : A*. 

Let B* denote the base of an inscribed pyramid, V the base 
of the pyramid formed in the section of the cone. 

Then B' :b' ::H^: h\ § 666 

(any stcticm of a pyramid W to Us base is to the base as the sqttare of the 1. 
from the vertex to the plane of the section is to the square of the altitude 
of the pyramid). 

Now let the number of lateral faces of the inscribed pyra- 
mid be indefinitely increased, 

the new edges continually bisecting the arcs in the base of 
the cone. 

Then B^ and If approach B and b respectively as their 
limits. 



mid, 



But however great the number of lateral faces of the pyra- 



\B :b ::H^ ih\ 



§199 

Q. E. D 
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Proposition XXXVII. Theorem. 

664. The volume of any cone is eqtial to the product of 
one-third of its base hy its altitude, 

A\ 





Let V denote the volume, B the base, and H the al- 
titude of the cone. 
We are to prove V = ^ B X H, 

Let the volume of an inscribed pyramid A-C DEFG be 
denoted by F', and its base by B'. 

H will also be the altitude of this pyramid. 

Then V'-=^B'X H, § 574 

Now, let the number of lateral faces of the inscribed pyra- 
mid be indefinitely increased, the new edges continually bisect- 
ing the arcs in the base of the cone. 

Then V approaches to V as its limit, and B' to B as its limit. 

But however great the number of lateral faces of the pyramid, 

.\V=IBXH. §199 

Q. E. D. 

665. Corollary 1. If the cone be a cone of revolution, 
and R be the radius of the base, then B = n B^ (§381); 
.-. V=i7rB^X H. 

666. CoR. 2. Similar cones of revolution are to each other 
as the cubes of their altitudes, or as the cubes of the radii of their 
bases. For, let B and J?' be the radii of two similar cones 
of revolution, H and H^ their altitudes, V and F' their volumes. 
Since the generating triangles are similar, we have 

ff:H'::E:B\ 
V _ ^itB^XH R^ X—- — -^^ 



i 



\,rB^XH R^ X—- — 
R'^XH'~R''' H'" W 



TT 



R 



/8 
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Pboposition XXXVIII. Theorem. 

667. Afrmtum of any cone U equivalent to the gum of 
three cones whose conunon altitude is the altitude of the frus- 
turn and whose bases are the lower base, the upper base, and a 
f^an proportional between the bases of the frustum, 

k 



\ 




Let V denote the volume of the frastum, B its lower 
base, h its upper base, and H its altitude. 

We are to prove V =^ \ H {B + 6 + ^ B X b). 

Let P denote the volume of an inscribed frustum of a pyra- 
mid, B^ its lower base, b' its upper base. 
Its altitude will also be //. 

Then, V' = \H(B'-hb'+ ^ B' X 6'), § 578 

{africstum of any pyramid is =^ to the sttjn of three pyramids whose common 
altitude is the altUude of ttie frvMumf a7id whose bases are the lotcer 
base, the tipper base, and a m£an proportional between the bases of the 
frustum). 

Now, let the number of lateral faces of the inscribed frus- 
tum be indefinitely increased, 

the new edges continually bisecting the arcs in the bases of 
the frustum of the cone. 

But however great the number of lateral faces of the frus- 
tum of the pyramid, 

F' = J ff{B' + 6' + ^~WxV, . 

.-. V=\H{B + h+ yj BXb). § 199 

Q. E. D. 

668. Corollary. If the frustum be that of a cone of revo- 
lution, and R and r be the radii of its bases, we have B = 7f B^, 
and 6 = TT r^, 

and \J BXb = nRr. 




BOOK VIII. 

THE SPHERE. 

On Sections and Tangents. 

669. Def. a Sphere is a solid bounded by a surface all 
points of which are equally distant from a point within called 
the centre, A sphere may be generated by the revolution of a 
semicircle about its diameter as an axis. 

670. Dep. a Radius of a sphere is 
the distance from its centre to any point 
in the surface. All the radii of a sphere 
are equal. 

671. Dep. A Diameter of a sphere 
is any straight line passing through the 
centre and having its extremities in the 
surface of the sphere. All the diameters 
of a sphere are equal, since each is equal to twice the radius. 

672. Def. A Section of a sphere is a plane figure whose boun- 
dary is the intersection of its plane with the surface of the sphere. 

673. Dep. A line or plane is Tangent to a sphere when it has 
one, and only one, point in common with the surface of the sphere. 

674. Dep. Two spheres are tangent to ecuch other when their 
surfaces have one, and only one, point in common. 

675. Dep. A polyhedron is circumscribed about a sphere 
when all of its faces are tangent to the sphere. In this case the 
sphere is inscribed in the polyhedron. 

676. Def. A polyhedron is inscribed in a sphere when all 
of its vertices are in the surface of the sphere. In this case the 
sphere is circumscribed about the polyhedron. 

677. Def. A Cylinder or co^ie is circumscribed about a 
sphere when its bases and cylindrical surface, or its base and 
conical surface, are tangent to the sphere. In this case the 
sphere is inscribed in the cylinder or cone. 
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Proposition I. Theorem. 
678. Every section of a sphere made by a plane U a circle. 




Let the section ABC be & plane section of a sphere 

whose centre is 0, 

We are to prove section ABC a circle. 

From the centre draw ODA-to the section, and draw 
the radii OA, OB, C, to different points in the boundary of 
the section. 

Inthert. A OB A, D B SLjid ODC, 

OB ia common, and A, B and C are equal, 

(being radii of the spheri), 

.-. the rt. A BA, OB B emd BC are equal, § 109 

(ttoo rt. Sti. are equal when they have a side and hypotenuse of the one eqtuU 
respectively to a side and hypote^iuse of the other), 

.*. D Ay B B and B C are equal, 
{being homologous sides of equal A). 

.*. the section A BC ia di. circle whose centre is B. 

aE. D. 

679. Corollary 1. The line joining the centres of a sphere 
and a circle of a sphere is perpendicular to the circle. 

680. Cor. II. If J?, r and p, respectively, denote the 
radius of a sphere, the radius of a circle of a sphere, and the per- 
pendicular from the centre of the sphere to the circle, then 

r = y R^ — p^. Therefore all circles of a sphere equally distant 
from the centre are equal, and of two circles unequally distant 
from the centre of the sphere the more remote is the smaller. 

Again, if /) = 0, then r = R, and the centre of the sphere and 
the centre of the circle coincide ; such a section is the greatest 
possible circle of the sphere. 
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681. Dep. a Great circle of a sphere is a section of the 
sphere made by a plane passing through the centre. 

682. Def. a SmaU circle of a sphere is a section of the 
sphere made by a plane not passing through the centre. 

683. Def. An Aocis of a circle of a sphere is the diameter 
of the sphere perpendicular to the circle ; and the extremities of 
the axis are the Poles of the circle. 

684. Every great circle bisects the sphere. For, if the parts 
be separated and placed with their plane sections in coinci- 
dence and their convexities turned' the same way, their convex 
surfaces will coincide ; otherwise there would be points in the 
spherical surface unequally distant from the centre. 

685. Any two great circles, ABCD 
and A EOF, bisect each other. For the 
intersection AC oi their planes passes 
through the centre of the sphere, and is 
a diameter of each circle. 




686. An arc of a great circle may 
be drawn through any two given points 
A and E in the surface of a sphere. For 
the two points A and E, and the centre 
0, determine the plane of a great circle whose circumference 
passes througn A and E, § 443 

If, however, the two given points are the extremities A and 
C of the diameter of the sphere, the position of the circle is not 
determined. For, the points A, and 0, being in the same 
straight line, an infinite number of planes can pass through 
them. § 441 

687. An arc of a circle may be drawn through any three 
given points on the surface of a sphere. For, the three points 
determine the plane which cuts the sphere in a circle. 
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Proposition II. TnEibREH. 

688. A plane perpendicular to a radius at its extrentily 
is tangent to tke sphere. 



H 





."'P- 



Let be the centre of a sphere, and M N & plane per- 
pendicular to the radius P, at its extremity P. 

We are to prove M N tangent to the sphere. 

From draw any other straight line -4 to the plane MN. 

OP<OA, §448 

(a ±i8 t?ie shortest distwnce from a point to a plane), 

,', point A is without the sphere. 

But A IS any other line than P, 

.', every point in the plane MN ia without the sphere, 
except P, 

.'. MN' is tangent to the sphere at /^ § 673 

Q. E. D. 

689. Corollary 1. A plane tangent to a sphere is perpen- 
dicular to the radius drawn to the point of contact. 

690. Cor. 2. A straight line tangent to a circle of a sphere 
lies in a plane tangent to the sphere at .the point of contact. 

691. Cor. 3. Any straight line in a tangent plane through 
the point of contact is tangent to the sphere at that point. 

692. Cor. 4. The plane of any two straight lines tangent 
to the sphere at the same point is tangent to the sphere at that 
point. 
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Proposition III. Problem. 
693. Given a material sphere to find its diameter. 



:>*& 



* 



/ 
t 




P' 
Let PBP' G represent a material sphere. 

It is required to find its diameter. 

From any point P of the given surface, with any opening of 
the compasses, describe the circumference ABGon the surface. 

Then the rectilinear line PB, being the opening of the 
compasses, is a known line. 

Take any three points A, B and G in this circumference, 
and with the compasses jneasure the rectilinear distances A B, 
BG&iidGA, 

Construct the A A^ B' C", with its sides equal respectively 
io AB.BGd^ndGA. §232 

Circumscribe a circle about the A A' B G'. § 239 

The radius D^B' of this O is equal to the radius oiQ ABG, 

Construct the rt. Ahdp^ having the hypotenuse bp =BP, 
and one side b d = B^ D', 

Draw 6 jt/ _L to 6 jt>, and meeting p d produced in jt?'. 

Then p pf is equal to the diameter of the given sphere. 

For, if we bisect the sphere through P and j5, and in the 
section draw the diameter P P' and chord BP'^ the A bppf^ 
when applied U) A B P P', will coincide with it. 

Q. E. F. 
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Proposition IV. Theorem. 

694. Through any four points not in the same plane, 
one spherical surface can be made to pass, and but one, 

D 




Let A, B, Cj D, be four points not in the s&me plane. 

We are to prove that one, and only one, spherical surface can 
be made to pass through A, B, C, D. 

Construct the tetrahedron A BC D, having for its vertices 
A, B, C, D. 

Let E be the centre of the circle circumscribed about the 
face ABC, 

Draw -^Jf ± to this face. 

Every point in EM is equally distant from the points Ay 

B and C, § 450 

(oblique lines drawn from a point to a plane at equal distances from the foot 

of the A. are equal). 

Also, let F be the centre of the circle circumscribed about 
the face ^ (7 i> ; 

and draw FK A^\x> this face. 
Let H be the middle point of B G. 
Dtslw E ff a,nd F ff. 



Then ^iff' and FIT are X to jB C. 



§ 184 
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/. the plane passed through EH and FH is JL to ^C, § 449 
(if a straight line be ± to tvjo straight lines drawn through its foot in a 
plane, it is ^^ to the plane, and in this case the plane is JL to the line). 

Hence, this plane is also JL to each of the faces ABC 
a,nd BCD, §471 

(if a straight line he 1. to a plane, every plane passed throttgh that line 

is JL to the plane), 

.-. the J« JTif and FK lie in the plane E H F, 

Hence they must meet unless they be parallel. 

But if they were II, the planes BCD and ABC would be 
one and the same plane, which is contrary to the hypothesis. 

Now 0, the point of intersection of the J^ E M and F K, 
is equally distant from A, B and C ; and also equally distant 
from By C and D ; 

.*. it is equally distant from A, B, C and D. 

Hence, a spherical surface, whose centre is 0, and radius 
A, will pass through the four given points. 

Only one spherical surface can be made to pass through the 
points A, B, C and D, 

For the centre of such a spherical surface must lie in both 
the J2^jf andi?'^. 

And, since is the only point common to these Js, is 
the centre of the only spherical surface passing through A, B, C 
and D, 

Q. E. D. 

695. Corollary 1. The four perpendiculars erected at the 
centres of the faces of a tetrahedron meet at the same point. 

696. Cor. 2. The six planes perpendicular to the six edges 
of a tetrahedron at their middle point will intersect at the same 
point. 
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Proposition V. Theorem. 
697. A sphere may be inscribed in any given tetrahedron. 

D 




B 
Let ABC D be the given tetT&hedron, 

We are to prove that a sphere may he inscribed in A BC D. 

Bisect the diliedral A at the edges AB,BC and AChj 
the planes A B, BC and AC respectively. 

Every point in the plane AB \% equally distant from the 
faces ABC ^xAABD, § 477 

For a like reason, every point in the plane OBC is equally 
distant from the faces ABC and BBC ; 

and every point in the plane A C is equally distant from 
the faces ABC and ADC. 

.'. 0, the common intersection of these three planes, is 
equally distant from the four faces of the tetrahedron. 

.'. a sphere described with as a centre, and with the 
radius equal to the distance of to any face, will be tangent to 
each face, and will be inscribed in the tetrahedron. § 673 

Q. E. D. 

698. Corollary. The six planes which bisect the six dihe- 
dral angles of a tetrahedron intersect in the same point. 



On Distances Measured on the Surface of the Sphere. 

699. Def. The distance between two points on the surface 
of a sphere is understood to be the arc of a great circle joining 
the points, unless otherwise stated. 

700. Def. The distance from the pole of a circle to any 
point in the circumference of the circle is the Polar dista?ice of 
the circle. 
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Proposition VI. Theorem. 

701. The distances measured on the surface of a sphere 
from all points in the circumference of a circle to its pole are 
equal. 




Let P^F be the poles of the circle ABC. 
We are to prove arcs FA, FB, FC equal. 

The rectilinear lines FA,FB and FO are equal, § 450 

{oblique lines dravm/rom a point to a plane at equal distances froiin the foot 

oftheJL are equal) ; 



•'. the arcs F A, F B and F C are equal, 
{in equal © equal chords svibtend equal arcs). 



§182 



In like manner arcs F' A^ F B and F' C are equal. 

Q. E. D. 



702. Corollary 1. The polar distance of a great circle is a 
quadrant. Thus, arcs F A\ F B\ F' A', F B', polar distances of 
the great circle A' B' C D', are quadrants ; for they are the meas- 
ures of the right angles A' OF, B' F, A' F, B' P', whose 
vertices are at the centres of the great circles FA'F'C, FB'F'D', 

703. Scholium. Evgry point in the circumference of a small 
circle is at unequal distances from the two poles of the circle. 



858 OSOMET&T. — BOOK YUI. 



Proposition VIL Problem. 

704. To pass a circumference of a great circle through 
any two points on the surface of a sphere. 




Let A and B be any two points on the snzface of a 

sphere. 

It is required to pass a circumference of a great circle through 

A and B. 

From ^ as a pole, with an arc equal to a quadrant, strike 
an arc a b, 

and from ^ as a pole, with the same radius, describe an arc 
c d, intersecting a b at F, 

Then a circumference described with a quadrant arc, with 
P as a pole, will pass through A and B and be the circumference 
of a great circle. 

Q. E. F. 

705. Corollary. Through any two points on the surface 
of a sphere, not at the extremities of the same diameter, only 
one circumference of a great circle can be made to pass. 

706. Scholium. By means of poles arcs of circles may be 
drawn on the surface of a sphere with fhe same facility as upon 
a plane surface, and, in general, the methods of construction in 
Spherical Geometry are similar to those of Plane Geometry. 
Thus we may draw an arc perpendicular to a given spherical arc, 
bisect a given spherical angle or arc, make a spherical angle equal 
to a given spherical angle, etc., in the same way that we make 
analogous constructions in JPlane Geometry. 
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Proposition VIII. Theorem. 

« 

707. The shortest distance on the surface of a sphere 
between any two points on that surface is the arc, not greater 
than a semi^circumference, of the great circle which joins 
thcM, 



Let AB he the arc of a gre&t circle which Joins any 
two points A and B on the surface of a sphere; 
and let A CFQB be any other line on the surface 
between A and B, 

We are to prove arc AB<ACPQB, 

Let P be any point in A P Q B. 

Pass arcs of great circles through A and P, and P 
and B, § 704 

Join A, P and B with the centre of the sphere 0. 

The A A OB, AOP and POB are the face A of the tri- 
hedral Z. whose vertex is at 0, 

The arcs AB, AP and P B are measures of these A, § 202 

Now ZAOBKZAOP + ZPOB, §487 

(the sum of any twofdce A of a trihedral is > the third Z). 
.'. arc ii ^ < arc ii P + arc P B. 

In like manner, joining any point in A C P with A and P 
by arcs of great (D, their sum would be greater than arc ^4 P ; 

and, joining any point in PQ B with P and B by arcs of 
great (D, the sum of these arcs would be greater than arc P B. 

If this process be indefinitely repeated the distance from A 
to B on the arcs of the great © wiU continually increase and 
approach to the line A C PQ B, 

.\a,vcAB<ACPQB. 

Q. E. D. 
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Proposition IX. Theorem. 

708. Every point in an arc of a great circle which 
bisects a given arc at right angles is equally distant from the 
extremities of the given arc. 

Let arc CD bisect arc A B at 
light angles. 

We are to prove any point in 
C D is equally distant from A and B, 

Since great circle C DE bisects 
arc il ^ at right angles, it also bisects 
chord ^ ^ at right angles. 

Hence, chord -4^ is X to the 
plane C D E oi K, 

.'. AT is J- to chord ii 5 at its middle point. 

.'. rectilinear lines A and OB are equal. 




.*. arcs A and B are equal. 



§430 
§58 
§182 

Q. E. D. 



Proposition X. Problem. 

709. To pass the circumference of a small circle through 
any three points on the surface of a sphere. 

Let Ay B and C be any three 
points on the suzface of a 
sphere. 

It is required to pass the circum- 
ference of a small circle through the 
points Ay B and C. 

Pass arcs of great circles through 
A and By A and C, B and C, § 704 

Arcs of great circles ao and bo 
d^ to AC and BC at their middle points intersect at o. 

Then o is equally distant from A, B and C, § 708 

.*. the circumference of a small circle drawn from o as a 
pole, with an arc o A will pass through A, B and C, and be the 
circumference required. 

Q. E. D. 
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On Spherical Angles. 

710. Def. The angle of two curves which have a common 
point is the angle included by the two tangents to the two curves 
at that point. 

711. Def. A spherical angle is the angle included between 
two arcs of great circles. 

Proposition XI. Theorem. 

712. The angle of two curves which intersect on the sur- 
face of a sphere is equal to the dihedral angle between the 
planes passed through the centre of the sphere, and the tan- 
gents of the two curves at their point of intersection. 



Let the curves A B and A C intersect at A on the sur- 
face of a sphere whose centre is ; and let A T 
and AS be the tangents to the two curves re- 
spectively. 

We are to prove Z. TA S equal to the dihedral angle formed 
by the planes OAT and A S, 

Since A T and ^ aS' do not cut the curves at A, they do not 
cut the surface of the sphere, 

and are therefore tangents to the sphere. 

.'.AT and A S are J_ to the radius Ay drawn to the point 
of contact. § 186 

.'. Z T AS measures the dihedral Z. of the planes OAT' 
and A S, passed through the radius A and the tangents A T 
and A S. § 470 

But ZTAS is the Z of the two curves A Band AC. § 7 1 

.'. the Z of the two curves A B and AC =^ the dihedral Z 
of the planes A T and A S. 

Q. E. D. 
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Proposition XII. Theorem. 

713. A spherical angle is equal to the measure of the 
dihedral angle included by the great circles whose arcs form 
the sides of the angle, 

T ^ 




Let B PC be any spherical angle, and BPDP* and 
C PEP' the great circles whose arcs BP and CP 
include the angle. 

We are to prove A BPG equal to the measure of the dihe- 
dral Z C-PF'B, 

Since two great (D intersect in a diameter, PP' is a 
diameter. § 685 

Draw P T tangent to the O j5 Pi> P'. 

Then P T lies in the same plane as the Q BP D P*, and i? 
± to PP' at P. 

In like manner draw P T' tangent to the O (7 P^P'. 

Then P T lies in the same plane as the OCPEP', and is 
± to PP' at P. 

.-. Z rp 7" is the measure of the dihedral Z C-PP'-B, § 470 
But spherical Z j5 P (7 is the same as plane /!LTPT'\ § 710 

.*. spherical A BPC is equal to the measure of dihedral 
Z G-P P'-B, 

Q. E. D. 

714. Corollary. A spherical angle is measured by the arc 
of a great circle described about its vertex as a pole and intercepted 
by its sides {produced if necessary). For, if j5 (7 be the arc of a 
great circle described about the vertex P as a pole, P B and P C 
are quadrants. Hence, B and (7 are perpendicular to P P'. 
Therefore BOO measures the dihedral angle B-PO-0, and, 
hence, the spherical angle BPC, Therefore, arc BC, which 
measures the angle BOO, measures the spherical angle BPC. 
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On Spherical Polygons and Pyramids. 

715. Dbp. a spherical Polygon is a portion of a surface of 
a sphere bounded by three or more arcs of great circles. 

The sides of a spherical polygon are the bounding arcs; 
the angles are the angles included by consecutive sides; the 
vertices are the intersections of the sides. 

716. Dep. The Diagonal of a spherical polygon is an arc 
of a great circle dividing the polygon, and terminating in two 
vertices not adjacent. 

The planes of the sides of a spherical polygon form by 
their intersections a polyhedral angle whose vertex is the centre 
of the sphere, and whose face angles are measured by the sides 
of the polygon. 

717. Def. a spherical Pyramid is a portion of a sphere 
bounded by a spherical polygon and the planes of the sides of 
the polygon. 

The spherical polygon is the base of the pyramid, and the 
centre of the sphere is its vertex. 

718. Def. A spherical Triangle is a spherical polygon of 
three sides'. 

A spherical triangle, like a plane triangle, is right, or obliqite ; 
scalene, isosceles or equilateral. 

719. Dep. Two spherical triangles are eqiial if their suc- 
cessive sides and angles, taken in the same order, be equal each 
to each. 

720. Def. Two spherical triangles are symmetrical if their 
successive sides and angles, taken in reverse order, be equal each 
to each. 

721. Def. The PoZar of a spherical triangle is a spherical 
triangle, the poles of whose sides are respectively the vertices of 
the giv^ triangle. 

Since the sides of a spherical triangle are arcs, they may be 
expressed in degrees and minutes. 



864 OEOMSTBY. — BOOK YIII. 



Proposition XIII. Theorem. 

722. Any side of a spherical triangle is less than the 
svm of the other two sides. 

Let A BO be any spherical tziangle. 
We are to prove BC <B A + AC. 

Join the vertices A, B and C with the 
centre of the sphere. 

Then, in the trihedral Z 0-A J5C thus 
formed, the face A AOC, AG B and 
BOO are measured, respectively, by the 
sides ACyAB and B 0. § 202 

Now, BOC<BOA-\-AOC, § 487 

(the sum of any two A of a trihedral is greater than the third A ). 

.\BC<BA + AC. 

Q. E. D. 

723. Corollary. Any side of a spherical polygon is less 
than the sum of the other sides. 




Ex. 1. Given a cone of revolution whose side is 24 feet, and 
the diameter of its base 6 feet ; find its entire surface, and its 
volume. 

2. Given the frustum of a cone whose altitude is 24 feet, 
the circumference of its lower base 20 feet, and that of its upper 
base 1 6 feet ; find its volume. 

3. The volume of the frustum of a cone of revolution is 
8025 cubic inches; its altitude 14 inches; the circumference of 
the lower base twice that of the upper base. What are the cir- 
cumferences of the bases 1 

4. The frustum of a cone of revolution whose altitude is 
20 feet, and the diameters of its bases 12 feet and 8 feet respec- 
tively, is divided into two equal parts by a plane parallel to its 
bases. What is the altitude of each part % 
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Proposition XIV. Theorem. 

724. The mm of the sides of a spherical polygon is less 
than the circumference of a great circle. 




Let ABODE be a spherical polygon. 

We are to prove AB-^r BC etc, leas than the circumference 
of a great circle. 

Join the vertices Ay B, etc., with the centre of the 
sphere. 

The sum of the face A AG B, BOO etc., which form a 
polyhedral Z at 0, is less than four rt. ^ . § 488 

.'. the sum of the arcs A B, BG etc., which measure these 
face A y is less than the circumference of a great circle. 

Q. E D. 

725. Corollary. If we denote the sides of a spherical tri- 
angle by a, b and c, then a + b + c< 360®. 



Ex. 1. The surface of a cone is 540 square inches ; what 
is the surface of a similar cone whose volume is 8 times as 
great? 

2. The lateral surface of a cone is S ; what is the lateral 
surface of a similar cone whose volume is n times as great ? 
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Proposition XV. Theorem. 

726. A point upon ihe surface of a sphere y which is at 
the distance of a quaa. %nt from each of two other points, is 
one of the poles of the great circle which passes through these 
points. 

P 




Let P he & point at the distance* of a quadrant front 
each of the two points A and B. 

We are to prove P a pole of ike great circle which passes 
throv^gh A and B, 

Since PA and P B are quadrants, 

^PO^ andPO^arert. ^. 

.-. P is ± to the plane of ih^Q ABC, § 449 

(a straigfU line ± to two straight lines drawn through its foot in a plaTU is 

X to the plane). 



.-. P is a pole of the Q ABC. 



§683 

Q. E. D. 



Ex. 1. Show that two symmetrical polyhedrons may be de- 
composed into the same number of tetrahedrons symmetrical each 
to each. 

2. Show that two symmetrical polyhedrons are equivalent. 

3. Show that the intersection of two planes of symmetry of 
a solid is an axis of symmetry. 

4. Show that the intersections of three planes of symmetry 
of a solid are three axes of symmetry; and that the common 
intersection of these axes is the centre of symmetry. 
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Proposition XVL Theorem. 

727. If, from the vertices of a given spherical triangle 
as poleSy arcs of great circles be described, another triangle is 
formed, the vertices of which are the poles of the sides of the 
given triangle. 




Let A B G be the given triangle; and, from its vertices 
A, B and G as poles, let the arcs B'G', A' G' and 
A' B' respectively be described. 

We are to prove vertices A'y B' and G' poles respectively of 
arcs BGy AG and A B, 

Since B is the pole of the arc -4' (7', and G the pole of the 
arc A' B'y 

A' is at a quadrant's distance from each of the points B and G. 

.-. ^' is a pole of the arc BG, § 726 

(fbpoirU upon the surface of a sphere which is at a qiiadranCs distance from 
eocfe of two other points is one of the poles of the great circle which passes 
through those points). 

In like manner, it may be shown that B^ is a pole of the 

arc A G, and (7' a pole of the arc A B. 

Q. E. a 

728. Scholium 1. A A' B* G' is the polar oi^ABG, and, 
reciprocally, A A B G is the polar of A A^ B' G', 

729. ScH. 2. The arcs of great circles described about Ay 
B and G as poles will, if produced, form three triangles exterior 
to the polar. The polar triangles are distinguished by having 
their homologous vertices A and A' on the same side of BG and 
B' G\ B and J5' on the same side of AG and A' C", and G and 
C on the same side of AB and A^ B'. 
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Proposition XVII. Theorem. 

7tJ0. In two polar triangles each angle of either is the 
supplement of the side lying opposite to it in the other. 




Let ABC and A^ B' C he two polar triangles. 

We are to prove A A, B and C respectively the supplements 
of the sides B' C% A' C and A' B', 

Let the sides A B and A G, produced if necessary, meet the 
side B^ C in the points h and c. 

Since the vertex ^ is a pole of the arc B* C", § 721 

Z A is measured by 6 c, § 714 

{a spherical Z. is measured by the arc of a great circle described about its 
vertex as a pole and intercepted by its sides). 

Now, since B^ is the pole of the arc Ac, B^c=^ 90®. 

Since C" is th^ pole of the arc Ab, C'h=^ 90°. 

.-. ^'c^-C7'6 = ^'C'+6c = 180^ 

.'. Z -4 ( = 6 c) is the supplement of the side B' C". 

In like manner it may be shown that each /. of either A is 
the supplement of the side lying opposite to it in the other. 

Q. E. D. 

731. Scholium. In tivo polar triangles each side of either 
is the supplement of the angle lying opposite to it in the other. If 
A, B and C denote the angles, and a, h and c the sides of a tri- 
angle, the angles of the polar triangle will be 180° — o, 180° 
— h and 180° — c; and the sides of the polar triangle mil be 
180° - A, 180° - B and 180° - C. 

By reason of these relations polar triangles are often called 
supplemental triangles. 
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Proposition XVIII. Theorem. 

732. The mm of the angles of a spherical triangle is 
greater than two, and less than six, right angles. 




Let ABC he a spherical triangle. 

We are to prove /. A + Z. B -\- Z. C greater than 2, and less 
than 6, right angles. 

Denote the sides of the polar A opposite the A A,B,G le- 
spectively, by a', 6', &, 

Then ZA= 180* - a', Z B= 180* - 6' and ZC = 

180* - (/, § 730 

(in ttoo polar ^ each Z of either is the supplemeTU of the side lying opposite 

to it in the other.) 

By adding, Z^ + Z^ + ZC = 640* - (a' + 6' + d). 

But a' + 6' + </ is less than 360*, § 724 

{the sum of the sides of a spherical polygon is less than fJie circtimference of 

a great circle). 

.-. ZiH-Z5 + Z(7>180*. 

Also, since each Z is less than 2 rt. A, 

their sum is less than 6 rt. A. 

Q. E. D. 

733. Corollary. A spherical triangle may have two, or 
eveii three right angles ; or two, or even three obtuse angles. 

734. Def. a spherical triangle having one right angle is 
called rectangular; having two right angles, hi-rectangular ; 
having three right angles, tri-rectangular. 

Each of the sides of a tri-rectangular triangle is a quadrant, 
and the triangle is called, when fieference is had to its sides, tri- 
quadrantal. 
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Proposition XIX. Theorem. 

735. Each angle of a spherical triangle is greater than 
the difference between two right angles and the sum of the 
other two angles. 




Let AA,B and G be the angles of the spherical tri- 
angle ABC, 

We are to prove Z A greater than the difference bettoeen 180® 
andiZB-^-ZC). 

I. Suppose (ZB-h Z0)< 180°. 

Now ZA-^ ZB+ ZC> 180**. § 732 

By transposing, Z A >IS0'' — (Z B + Z C). 

II. Suppose {ZB + ZC)> 180^ 

Now of the three sides (180** - Z A), (180° - Z B), (180° 

— Z (7), of the polar A, each is less than the sum of the other 

two, § 722 

{either side of a spherical A is less than the sum of the other two sides), 

.'. (180° - Z ^) + (180° -ZC)> 180° -ZA; 

or, 360° -(ZB + ZC)> 180° - Z A, 

By transposing, ZA>(ZB'^ZC)'- 180°. 

Q. E. D. 



Ex. 1. The volume of a cone is 1728 cuhic inches; what is 
the volume of a similar cone whose surface is 4 times as great ? 

2. The volume of a cone is- V; what is the volume of a simi- 
lar cone whose surface is n times as great ) 
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736. Dep. Equal spherical triangles are triangles which 
have their corresponding sides and angles equal each to each and 
arranged in the same order, so that when applied to each other 
they will coincide. Thus in Fig. l, ABC and A^ B' C are equal 
spherical triangles. 





Fig. 1. Fig. 2. 

737. Def. Symmetrical spherical triangles are triangles 
which have their corresponding sides and angles equal each to 
each, hut arranged in reverse order. 

Thus, in Fig. % ABC and A' B' C are symmetrical spheri- 
cal triangles. For, since the face angles of the two trihedrals 
are equal respectively, but are arranged in reverse order, the 
sides of the spherical triangles, which measure these face angles, 
are equal, each to each, and are arranged in reverse order ; and 
since the dihedral angles of the two trihedrals * are equal respec- 
tively, but are arranged in reverse order, the angles of the 
spherical triangles, which are equal to these trihedrals, are equal, 
each to each, and are arranged in reverse order. 

In like manner we may have symmetrical spherical poly- 
gons of any number of sides, and corresponding, symmetrical 
spherical pyramids. 

Two symmetrical spherical triangles cannot be made to 
coincide. For, if their convexities lie in opposite directions, 
they evidently will not coincide ; and if their convexities lie in 
the same direction, and we apply A B to A' B', the vertices C 
and C" will lie on opposite sides of A' B'. 
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738. There is, however, one exception. Ttoo symrrietrical 
%909cele8 spherical triangles can be made to coincide. 





Thus, if -4 jff (7 be an isosceles spherical triangle, AB=^ AC 
and in its symmetrical triangle A' B* =^ A' C. Hence A B = 
A* C* and AC ^ A' B', And, since A A and A! are equal, if 
AB\^ placed on A* C", A C will fall on its equal A' B, 

In consequence of the relations established between poly- 
hedral angles and spherical polygons, from any property of poly- 
hedral angles, we may infer a corresponding property of spherical 
polygons. Reciprocally, from any property of spherical polygons, 
we may infer a corresponding property of polyhedral angles. 



Ex. 1. The altitude of a cone of revolution is 12 inches ; at 
what distances from the vertex must three planes be passed par- 
allel to the base of the cone, in order to divide the lateral surface 
into four equal parts 1 

2. The altitude of a given solid is 2 inches, its surface 24 
square inches, and its volume 8 cubic inches ; find the altitude 
and surface of a similar solid whose volume is 512 cubic inches. 

3. The volumes of two similar cones of revolution are 6 cubic 
inches and 48 cubic inches respectively, and the slant height 
of the first is 5 inches ; find the slant height of the second. 
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Proposition XX. Theorem. 
739. Two aymmetfical spherical triangles are equivalent. 




Let ABC and A' B' C he two symmetrical spherical 
triangles, having A B,AC and B C equal respectively 
to A' B', A' C and B' C, 

We are to prcrve A A BC ^ ^ A' B' C, 

Let P and P' be poles of small circles which pass through 
A, B, C and A\ B', C, 

Now, since the arcs A By AC and BG = A' B', A' C and 
B' C respectively, the chords of the arcs A By AC and BC = 
chords of the arcs A' B'y A' C and B' C respectively. § 181 

.'. the jplane A formed by the chords of these arcs are 
equal. § 108 

.'. (i> ABC and A' B' C which circumscribe these equal 
-plaiie A are equal. 

.'. the six spherical distances P Ay P By P' A' etc. are equal, 
()>eing polar distances of equal © mi the same sphere), 

.', A. P A By P' A' B' are symmetrical and isosceles. 

So likewise are A P^ (7, P' B' C and A P^ C, P' A' C. 

.'. A PAB may be applied to A P^ A' B' and will coincide 
with it. § 738 

• So likewise A P^ (7 with A P' B' C amd A P A C with 
AP'A'C, 

.'. ^PAB^- PBC — PAC^ ^P' A' B' -\- F B' C — 
P' A' C. 

.',AABC<^AA'B'C'. 

Q. E. D. 

740. Corollary. Two symmetrical spherical pyramids are 
equivalent. 
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Pboposition XXI. Theorem. 

741, On the same sphere, or equal spheres, two triangles 
are either equal, or symmetrical and equivalent, if two sides 
and the included angle of the one he respectively equal to two 
sides and the included angle of the other. 





In the A ABC and DEF, let ZA=ZD, and the 
sides A B and A C equal respectively the sides 
BE and D F. 

We are to prove A ABC and D E F eqttal, or symmetrical 
and equivalent, 

I. When the parts of the two A are in the same order as in A 

ABC^n^DEF, 

A ABC can be applied to ADEF, as in the corre- 
sponding case of plane A, and will coincide with it. § 106 

II. When the parts are in reverse order, as in A ABC and 

jy E' F, 

construct the A Z^jE^/' symmetrical with respect ioAD'E*F, 

Then A D E F will have its A and sides equal respectively 
to those of the A !> E' F, § 737 

Now in the A ^ ^(7 and D E F, 

AA=/.D, AB = DE^ndiAC^DF, 

and these parts are arranged in the same order. 

.-. AABC = ADEF, Case I. 

But AD'E'F^ADEF, §739 

.-.A ABG<^ A ly E'F. 

Q. E. D. 
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Proposition XXII. Theorem. 

742. Two triangles ori the same sphere, or equal spheres, 
are either equal, or symmetrical and equivalent, if a side and 
two adjacent angles of the one be equal respectively to a side 
and two adjacent angles of the other. 





For one of the A may be applied to the other, or to its sym- 
metrical A, as in the corresponding case of plane A. § 107 



Q. E. D. 



Proposition XXIII. Theorem. 

743. Two mutually equilateral triangles on the same 
sphere, or equal spheres, are mutually equiangular, and are 
either equal, or symmetrical and equivalent. 





For the face A of the corresponding trihedral angles art the 
centre of the sphere are equal respectively, § 202 

{since they are measured by equal sides of the A). 
.". the corresponding dihedral A are equal. § 492 

.•. the A of the spherical A are respectively equal. 
.'. the A are either equal, or symmetrical and equivalent, 
according as their equal sides are arranged in the same, or reverse 
order. 

Q. E. D. 
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Proposition XXIV. Theorem. 

744. Tioo mutually equiangular triangles on the same 
sphere, or equal spheres, are mutually equilateral, and are 
either equal, or symmetrical and equivalent. 





Let the spheiic&l triangles ABC and DEFbe mutually 

equiangular. 

We are to prove ^ A BC and D E F mviually equUaieraly 
and equal, or symmetrical and equivalent. 

Let A A'B' C and D" E F he the polar AofAABCemd 
DBF respectively. 

Then the A A' B' C and !> E' F are mutually equilat- 
eral, § 731 

(in two polar ^ each side of the one is the supplement of the Z lying opposite 

^ to it in the other). 

.'. AA' B' C and D E' F B.ie mutually equiangular, § 743 
{two mutually equilateral A on equal spheres are mutually eqtiiangular). 

,. A ABC and DEFsive mutually equilateral ; § 731 

hence A AB C a,nd DEF sire either equal, or symmetri- 
cal and equivalent, § 743 
{two mutually equilateral A on equal spheres are either equal, or symmetricaZ 

and equivalent). 

Q. E. D. 
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Proposition XXV. Theorem. 

745. The angles opposite equal sides of an isosceles 
spherical triangle are equal. 



In the spherical A ABC, let A B == AG. 
. We are to prove /. B = /. C. 

Draw arc A D of b. great circle, from the vertex A to the 
middle of the base B C, 

Then A, AB D and AC D ixre mutually equilateral. 

.', A A B D and AC I) Q,Te mutually equiangular, § 743 
{two miUtuilly equilateral ^ on the same sphere are mutually equiangular). 

' ,\Z B = ZC, 

(since they are hxmiologous A of symmetrical A). 

Q. E. D. 
1 

746. Corollary. The arc of a great circle drawn from the 
vertex of an isosceles spherical triangle to the middle of the base 
bisects the vertical angle, is perpendicular to the base, and di- 
vides the triangle into two symmetrical triangles. 
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Proposition XXVI. Theorem. 

747. If two angles of a spherical triangle be equal, the 
aides opposite these angles are equal, and the triangle is 
isosceles. 




In the spheiic&I A ABC, let ZB = ZC. 
We are to prove AC = A B. 

Let A A'B'Che the polar A of A A B C. 
Since Z B = Z C, Hyp. 

.\A'C' = A'B\ §731 

{in two polar ^ each side of one is the supplement of the Z. lying opposite to 

it in the other). 

.-. ZB' = ZC', § 745 

(m an isosceles ^herical l^ the A opposite the equal side» are equal). 

.\AC = AB, § 731 

Q. E. D. 



\ 



THE SPHERE. 



379 



Proposition XXVII. Theorem. 

748. In a spherical triangle the greater side is opposite 
the greater angle ; and, conversely, the greater angle is oppo- 
site the greater side. 




I. 



Intliel^ABC,letAABC>Z.O. 

We are to jyrove AC "> AB, 

Draw the arc -5 Z> of a great circle, making Z.C B D=^ /. C, 

Then DC=-DB, §747 

{if two A. of a spherical A he equal the sides opposite these A are eqtuil). 



Add 
then 



I) A to each of these equals ; 
DC+ DA = DB+ DA. 



II. 



But DB^ DA> AB, §722 

{the sum of two sides of a spherical A is greater than the third side). 

r.I)0 + DA>AB,otAC>AB. 
Let AOAB. 
We are to prove Z ABO Z C. 
If ZABC = ZC,AC = AB, §747 

andif ZABC<ZC,AC<AB. Case I. 

But both of these conclusions are contrary to the hypothesis. 

r.ZABOZ C. 

Q. E. D. 
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Pboposition XXVIII. Theobem. 

749. On unequal ipherei mutually equiangular trianglea 
are similar. 




From 0, the common centre of two unequal spheres, 
draw the radii A, B and cutting the sur- 
face of the smaller sphere in a, h and c. Draw 
arcs of great circles, AB, ACy BC, ah, ac, be. 
We are to prove A ABC similar to A ah c. 

A A,B,C eoQ equal respectively to A a, 6, c, t 

(since the corresponding dihedrals in each case are the same). 

In the similar sectors A OB and a Oh, 

AB :ah ::A0 :aO; §385 

and in the similar sectors A G and aOc, 

AC :ac::AO :aO, §385 

.', AB : ah :: AC : ac. 

In like manner, AB : ah :: BC : he. 
That is, the homologous sides of the two A are proportional, 
and their homologous A are equaL 

.', A A BC is similar to A a h c. 

Q. E. D. 

750. Scholium. The statement that mutually equiangular 
spherical A are mutually equilateral, and equal, or symmetrical 
and equivalent, is true only when limited to the same sphere, or 
equal spheres. But when the spheres are unequal, the spherical 
A are similar, but not equal. Hence, to compare two similar 
spherical A, it is necessary to know the linear extent of two 
homologous sides ; or, what is equivalent, to know the radii of 
the spheres. And, as in the case of plane A, two similar spheri- 
cal A have the same ratio as the squares of the linear measures 
of any two homologous sides, and therefore as the squares of the 
radii of the spheres. 
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On Comparison and Measurement op Spherical Surfaces. 

751. Def. a Larie is a part of the surface of a sphere in- 
cluded between two semi-circumferences of great circles. 

752. Def. The Aiigle of a lune is 
the angle included by the semi-circum- 
ferences which forms its boundary. 
Thus Z CAB is the angle of the lune. 

753. Def. A Spherical UnguUiy or 
Wedge, is a part of a sphere bounded 
by a lune and two great semicircles. 

754. Def. The Base of an ungula 
is the bounding lune. 

755. Dbp. The Angle of an ungula 
is the dihedral of its bounding semicir- 
cles, and is equal to the angle of the bounding lune. 

756. Def. The Edge of an ungula is the edge of its angle. 

757. Def. The Spherical Excess of a spherical triangle is 
the excess of the sum of its angles over two right angles. 

758. Def. Three planes which 
pass through the centre of the sphere, 
each perpendicular to the other two, 
divide the surface of the sphere into 
eight tri-rectangular triangles. Thus 
|i5the three planes CADE, CEDE 
and AEBF divide the surface of 
the sphere into the eight tri-rectangular 
triangles GEE, DEB, CBF, DBF, 
etc. 

As in Plane Geometry the whole 
angular magnitude about any point in a plane is divided by two 
straight lines perpendicular to each other into four right angles, 
and each right angle is measured by a quadrant, or fourth part 
of a circumference described about that point as a centre with 
any given radius ; so, if, through a point in space, three planes 
be made to pass perpendicular to one another, they will divide 
the whole angular magnitude about that point into eight solid 
right angles, each of which is measured by an eighth part of the 
surface of a sphere described about that point with any given 
radius. 

And, as in Plane Geometry, each quadrant which measures 
a right angle is divided into 90 equal parts called degrees, so 
each of the eight tri-rectangular spherical triangles is divided 
into 90 equal parts called degrees of surface. Hence, the whole 
surface of the sphere is divided into 720 degrees of surface. 
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Proposition XXIX. Lemma. 

759. The area of the surface generated by the revolution 
of a straight line about another line in the same plane with it 
as an aais, is equal to the product of the projection of the line 
on the axis by the circumference whose radius is perpendicular 
to the revolving line erected at it^s middle point and termi- 
nated by the axis. 




Let the str&ight line A B revolve about the axis Y T 
in the same plane; let E F be its projection on 
the axis; and G the perpendicular to A B at its 
middle point C, and terminated in the axis. 

We are to prove area AB = BFX 2ir DC. 
The surface generated hy AB is the lateral surface of the 
frustum of a cone of revolution. 

Draw Cff±, and A D II, to YT\ 

Then B,TeaLAB = ABX27rCff, §662 

{t?ie lateral area of a frustum of a cone of revolution is equal to the slant 

height multiplied by the circumference of a section equidistant from its 

basest 

The A ^j? 2) and C 5' are similar j 

.\AI) :AB iiCff: CO, 

But GH: CO ::2nCff:2vCO, 

(circumferences of® have the samje ratio as their radii). 

.'.AD :AB ::27rCff:2nCO. 

.'.ADX2nC0==ABX 2nCff. 

.\aiTea.ofAB = ADX 2 n C 0. 

l^owAD = FF. 

.\3.TesLAB = FFX2itCO. 

Q. E. D. 

760. Scholium. If either extremity of ^ ^ be in the axis 
YY',AB generates the lateral surface of a cone of revolution ; and 
if -4 ^ be parallel to the axis Y Y*, it generates the lateral area of 
a cylinder of revolution. In either case the formula holds good. 



§287 
§375 



§ 135 
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Exercises. 

1. If, from the extremities of one side of a spherical triangle, 
two arcs of great circles be drawn to a point within the triangle, 
the sum of these arcs is less than the sum of the other two sides 
of the triangle. 

2. On the same sphere, or on equal spheres, if two spherical 
triangles have two sides of the one equal respectively to two 
sides of the other, but the included angle of the first greater 
than the included angle of the second, then the third side of the 
first will be greater than the third side of the second. 

3. To draw an arc perpendicular to a given spherical arc, 
fiom a given point without it. 

4. At a given point in a given arc, to construct a spherical 
angle equal to a given spherical angle. 

5. To inscribe a circle in a given spherical triangle. 

6. Given a spherical triangle whose sides are 60°, 80°, and 
100° ; find the angles of its polar triangle. 

7. The volume of a pyramid is 200 cubic feet ; find the vol- 
ume of a similar pyramid which is three times as high. 

8. Find the centre of a sphere whose surface shaU pass through 
three given points, and shall touch a given plane. 

9. Find the centre of a sphere whose surface shall pass through 
three given points, and shall also touch the surface of a given 
sphere. 

10. Find the centre of a sphere whose surface shall touch two 
given planes, and also pass through two given points which lie 
between the planes. 
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PROPOBITION XXX. ThEOREU. 

761. The area of the lurface of a tphere w equal to the 
product of its diameter by the circumference of a great circle. 




Let ABODE be th9 ciroumtereace ot a great circle, 
and AD the diameter, and OA the radius ot a 
sphere. 

We are to prove swface of »phere = A D X 2 v A. 

Let the semicircle itnd any regular inscribed semi-polygon 
revolve together about tlie diameter A D. 

The semi-circumference will generate the surface of the 

and the semi-perimeter a surface equal to the sum of the 
surfaces generated by the sides AB, BC, CD, etc 

Draw from the centre 0, ^ OB, 01 and K\a the chords 
AB,BC,CD, etc. 

These J; bisect the chords and are equal ; § 185 

.•.a.Ka,AB = APX'iT,0H; § 759 

AK»BC = PR X Sir 01; 

^BdaKiiCD = RDX 2w OK. 



THE SPHEKE. 385 



Adding, and observing that H, 1 and K are equal, 

dx&Q.ABCI)^{AP-V PR + RD) X 2 ir H. 
.\a,Tea.ABCI) = AB X 2 tt H. 

Now, if the number of sides of the regular inscribed semi- 
polygon be indefinitely increased, the surface genemted by tho 
semi-perimeter will approach the surface of the sphere as its 
limit, and H will approach A as its limit. 

.'.at the limit we have 

surface of the sphere = ^i>X2irO-4. §199 

Q. E. D. 



762. Corollary 1. If i? denote the radius of the sphere, 
then A D will equal 2 Ry and A will equal R. Hence the 
surface of a sphere equals 2 R X 2 rr R = 4: ir R^. 

763. Cor. 2. Since the area of a great circle of a sphere is 
equal to w R^ (§ 381), and the area of the surface of a sphere is 
equal to 4 ir R^, the surface of a sphere is eqtcal to four great 
circles. 

764. Cor. 3. If we denote the surfaces of two spheres by 
S and S^f and their radii by R and i?', we have S : S^ :: 4: n R^ : 
4 TT R^^, OT S : S^ : : R^ : R'^ ; that is, the surfaces of two spheres 
have the same ratio as the squares on their radiL 

765. Cor. 4. Since S = i iv R^ = ir {2 Rf, the surface of a 
sphere is equivalent to a circle whose radiums is equal to the diameter 
of the sphere. 
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Proposition XXXI. Theorem. 

766. A lime is to the surface of the sphere as the angle 
of the lune is to four right angles. 




Let L denote the lune ABEC whose angle is A; S, 
the surface of the sphere; and BCD F, a great 
circle whose pole is A. 

L A 



We are to prove 



S 4rt. ^ 



Now the arc B C measures the Z A oi the lune ; 
and the circumference BO D F measures 4 rt. A. 



§7U 



Case I. — If EC and B CDF be commensurable. 
Find a common measure of BG and BC D F. 

m 

Suppose this common measure to be contained inBCS times, 
gmdiiiBGnF 25 times. 



Then 



A _ / BG \ __ ^ 
vt.A~\BGDF/^25' 



Pass arcs of great (D through A and these points of division. 

The entire surface will be divided into 25 equal lunes, of 
which lune L will contain 3. 

L 3 

aS' 25 

A3 LA 

• 

4rt. ^ ~25' "S'~ TrtA' 



But 



THE SPHEBE. 387 



Case II, — IfBC and B OD F he incommenmrable, 

the proposition can be proved by the method of limits, as 
employed in § 201. 

Q. E. D. 

767. Corollary. If we denote the surface of the tri-rectan- 
gular triangle by T, the surface of the whole sphere will be 8 ^ 
(§ 758), and if we denote the surface of the lune by L, and its 
angle by A, the unit of the angle being a right angle, we shall 

have -^-pp,^ -7' Therefore L = T X 2 A. 

O I 4: 

And if we take the tri-rectangular triangle as the unit of 
surface in comparing surfaces on the same sphere, we shall have 
X = 2 ^. That is, if a right angle he the unit of angles and the 
trirrectangular triangle be the unit of spherical surfaces^ the area 
of a lune is expressed by twice its angle, 

768. Scholium. We may also obtain the area of a lune 
whose angle is known, on a given sphere, by finding the area of the 
sphere, and multiplying this area by the ratio of the angle of tlie 
lune, expressed in degrees, to 360**. Thus, if the angle of the lune 
be 60**, the area of the lune will be ^^ of the area of the sphere. 



Ex. 1. Given the radius of a sphere is 10 feet ; find the area 
of a lune whose angle is 30°. 

2. Given the diameter of a sphere is 16 feet; find the area 
of a lune whose angle is 75**. 

3. Given the diameter of a sphere is 20 inches; find the 
entire surface of its circumscribed cylinder ; and of its circum- 
scribed cone, the vertical angle of the cone being 60**. 
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Proposition XXXII. Theorem. 

769. If two circumferencen of great circles intersect on 
the surface of a hemisphere, the sum of the opposite triangles 
thus formed is equivalent to a lune whose angle is equal to 
that included hy the semi-circumferences. 




Let the semi- circumferences BAD and CAE intersect 
at A on the surface of a hemisphere. 

We are to prove A AB C + A DAB equivalent to a lune 
whose angle is B AC. 

The semi-circumferences produced intersect on the opposite 
hemisphere at A'. 

Then each of the arcs A D and A' B is the supplement of 
AB, 

{two great ® bisect each other). 

.'.AD = A'B. 

In like manner, A B = A' a,Tid D E = B C. 

.'. A A D E and A* BC are symmetrical and equiva- 
lent. § 743 

.'.AABC+AADE^AABC-^- AA'BC = lune 
ABA'CA. 

That ]s,AABC + AADE = lune whose Zi^BAC. 

Q. E. D. 

770. Corollary. The sum of two spherical pyramids, the 
sum of whose bases is equivalent to a lune, is equivalent to a 
wedge whose base is the lune. 
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Proposition XXXIII. Theorem. 
771. The area of a spherical triangle is equal to the 
tri-rectangular triangle multiplied hy the ratio of the spherical 
excess of the given triangle to one right angle. 




Let ABC be a spherical triangle, and T the area ot 
the tri-rectangular triangle. 

We are to prove A A BC = T {A A + B+ G — 2). 

Complete the circumference ABBE. 
Produce A C and BC to meet this circumference in I) and U, 
Then AABC + BCD (=lixm A) = TX 2 Z A, § 767 
A A B C + A C H {-=hine B) = T X 2 Z B, § 767 

AABC+I)CU{= lune G) (§ 769) =TX2ZG, § 767 

By adding these equalities, 
2AABG+AABG-^-BGD + AGB+I)GJS: 
= TX2{AA + B+ G). 
But AABG-^- BGD + ACB+ I)GE = 4:T, §768 

(tJie surface of a hemisphere is equal to i tri-rectangular A). 

.-. 2AABG+ iT=TX2{AA'\- B-\- G); 
.\AABG=TX(AA + B+G-2). 

Q. E. D. 

772. Scholium 1. If Z J = 140°, ZB= 120° and Z C = 
100°, a right angle being the unit, 

then,A^5C7=r(lf2!+l^+^-2)=2r. 

\90° 90° 90° / 

773. ScHO. 2. To find tlie area of a ^jyherical triangle on a 
given sphere^ the angles of the triangle being given, we mag multi- 
ply ilie area of the hemisphere hy the ratio of the spherical excess 
to 360°. 

Thus if Z ii = 140°, Z i? = 120° and ZG= 100°, since 
the hemisphere is 2 jr 7?^, we have A A BG = 2 ir R^ X 
Z A + ZB + ZG— 180° 180* 



= 2 TT 7i* X -o^.^o = «r B^. 



360° " " 360 



890 GBOMSTBY. BOOK VHI. 



Pbopobition XXXIV. Theorem. 

774. The area of a spherical polygon is equal to the 
iri'reci.angnlaT triangle multiplied hy the ratio ofth^ spherical 
excess tx) one right angle. 




Let P denote the area of the spherical polygon; S the 
sum of its angles; n the number of its sides ; t, f, 
t" ., , the areas of the triangles formed by drawing 
diagonals from any vertex A ; «, sfy sf' ... respec- 
tively the sums of the angles of these triangles; 
and T the tri- rectangular triangle. 

We are to prove F= T[S—2 {n — 2)]. 

Now t = T(8-2), § 771 

(the area of a spherical A is eqital to its spherical excess multiplied into the 

area of the tri-rectangular A). 

^ = 2T (^ _ 2), § 771 

and <" = r («" - 2), . . . 

By adding these equalities, 

< + <' -f <", . . . = r [« + ^^ + 5^' + . . . — 2 (» — 2) ]. 

But < -f ^ + <"+...= P ; 

and 8 + s" + 8^' + . , , = S. 

,\F= T[S - 2 (n- 2)1 

aE. D. 
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775. Corollary. The volume of a splierical pyramid is to 
the volume of the tri-rectangular pyramid, as the base of the pyra- 
mid is to the tri-rectangular triangle. And, since the volume of 
the tri-rectangular pyramid is J the volume of the sphere, and 
the area of the tri-rectangular triangle is ^ of the surface of the 
sphere ; the volume of a spherical pyramid is to the volume of the 
sphere a« its base is to the surface of the sphere. 




776. Dep. a Zone is the part of the surface of a sphere in- 
cluded between two parallel circles of the sphere ; as the surface 
included between the circles ABC and E FG, 

777. Def. The Ba^es of a zone are the circumferences of 
the intercepting circles; as circumferences ABC and EFG, 
If the plane of one base become tangent to the sphere, that 
base becomes a point, and the zone will have but one base. 

778. Def. The altitude of a zone is the perpendicular dis- 
tance between the planes of its bases. 

779. Def. A Spherical Segment is a part of the sphere in- 
cluded between two parallel planes. 

780. Def. The Bases of a spherical segment are the bound- 
ing circles. 

One of the planes may become a tangent plane to the sphere. 
In this case the segment has but one base. 

781. Def. The Altitude of a spherical segment is the per- 
pendicular distance between the planes of its bases. 
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782. Dbf. a Spherical Sector is a part of a sphere gene^ 
ated by a circular sector of the semicircle which generates the 
sphere; aa AOCK. 

783. Def. The Bate of a spherical sector is the zone gener- 
ated by the arc of the circular sector ; an AC K. 

The other bounding surfaces of a spherical sector may be 
one conical surface, or two conical surfaces ; or one conical and 
one plane surface. 

Thus, let A B ho the diameter around which the semicircle 
ACS revolves to generate the sphere. The solid generated by 
the circular sector AOC will be a spherical sector having the 
zone AC K for its base, and for its other bounding surface the 
conical surface generated by C 0. 

The spherical sector generated \>y C D has for its baae the 
zone generated by C D, and for its other surfaces the concave 
conical surface generated by D 0, and the convex conical surface 
generated by 0. 

The splierical sector generated hy EO F has for its base the 
zone generated by E F, and for one surface the plane surface 
generated by E 0, and for the other surface the c 
surface generated by FO. 
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Proposition XXXV. Theorem. 

784. The area of a zone is equal to the product of its 
altitude hy the circumference of a great circle. 

A 




Let ABC BE be the ciTcumference of a great circle, 
BC B,ny arc of this circumference, and OA the 
radius of the sphere. And, let PR be the altitude 
of the zone generated by arc B C. 

We are to prove zone BC = FB X 2 ir A, 

If the semicircle A BC D revolve about the diameter A D 
as an axis, the semi-circumference ABC B will generate the sur- 
face of a sphere ; the arc B C, a. zone, 

and the chord B CjO. surface whose area is Pi? X 2 tt /. § 759 

Now if we bisect the arc B C, and continue this process in- 
definitely, the surface generated by the chords of these arcs will 
approach the zone as its limit ; 

the 1. 01 will approach the radius of the sphere as its limit ; 

while P R will remain constant. 

.-. at the limit, zone BC^ PRX '2 n OA. 

Q. E. D. 

785. Corollary 1. Zones on the same spket^e, or equal 
spheres, liave the same ratio os their altitudes. 

786. Cor. 2. A zone is to the surface of the sphere as the 
altitude of the zone is to the diameter of the sphere. 

1^1. Cor. 3. Let arc A B generate a zone of a single base. 
Then, zone AB=^APX27tOA. Hence, zone AB^ir AP 

X A D= n A B^. (§ 307.) That is, a zone of one base is equiv- 
alent to a circle whose radius is the chord of the generating arc. 
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On the Yolumb of the Sphbbe. 



Pboposition XXXVI. Theorem. 

788. The volume of a sphere is equal to the area of its 
surface multiplied by one-third of its radius. 

Q F 




D 




Let R be the radius of a sphere whose centre is Oy S its 

surface, and V its volume. 

We are to prove T= S X \ K 

Conceive a cube to be circumscribed about the sphere. 

From 0, the centre of the sphere, conceive lines to be 
drawn to the vertices of each of the polyhedral A A, B, C, i>, etc. 

These lines are the edges of six quadrangular pyramids, 
whose bases are the faces of the cube, and whose common altitude 
is the radius of the sphere. 

The volume of each pyramid is equal to the product of its 
base by J its altitude. § 574 

.'. the volume of the six pyramids, that is, the volume of 
the circumscribed cube, is equal to the surface of the cube mul- 
tiplied by J R, 

Now conceive planes drawn tangent to the sphere, cutting 
each of the polyhedral A of the cube. 

We shall then have a circumscribed solid whose volume will 
be nearer that of the sphere than is the volume of the circum- 
scribed cube. 
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From conceive lines to be drawn to each of the polyhedral 
A of the solid thus formed, a, 6, c, etc. 

These lines will form the edges of a series of pyramids, 
whose bases are the surface of the solid, and whose common alti- 
tude is the radius of the sphere ; 

and the volume of each pyramid thus formed is equal to 
the product of its base by J its altitude. 

.*. the sum of the volumes of these pymmids, that is, the 
volume of this new solid, is equal to the surface of the solid mul- 
tiplied by J R, 

Now, this process of cutting the polyhedral A by tangent 
planes may be considered as continued indefinitely, 

and, however far this process is carried, it will always be 
true that the volume of the solid is equal to its surface multiplied 
by J i?. 

But the sphere is the limit of this circumscribed solid. 

.\V=SX\R, §199 

Q. E. D. 

789. Corollary 1. Since /S'= 4 ir 7?^ (§ 762), F= 4 «• 7?^ X 

J 72 = fir 72*. If we denote the diameter of the sphere by 

(DV 7>* 
7>,72»=(^) =:J.-.F=U7)?. 

790. CoR. 2. Denote the radius of another sphere by 7?' and 

V ^ir R^ R^ 

its volume by V : we have V'=%ir R'^» •'• -77/ ^ 1 — 575 ~ "tut' 
J > 3 yt ^irR'^ R'^ 

That is, spheres are to each other as the cubes of their radii. 

791. Cor. 3. The volume of a spherical sector is equal to the 
product of tlie area of the zone which forms its base by one-third 
the radiums of the sphere. 

Let 72 denote the radius of a sphere, C the circumference of 
a great circle, H the altitude of the zone, Z the surface of the 
zone, and V the volume of the corresponding sector. 
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Then 



Z=CX H=-2irRX H', 
V=\ZX R=lw B^X H, 



§381 
.§784 



792. Cor. 4. TJie volumes of spherical sectors of the same 
sphere, or equal spheres, are to each other as the zowes which form 
their bases, or as the altitudes of these zones. 

For, let V and V denote the volumes of two spherical 
sectors, Z and Z' the zones which form their bases, H and H' 
the altitudes of these zones, and R the radius of the sphere. 



Then 



And since 



V^Z X jR ^Z 

v z' x\r Z' 



z^ 

Z' 



H 



§785 




C D 



793. CoR. 5. The volume of a spherical segment of one 
base, less than a hemisphere, generated by the revolution of a 
semi-segment ABC about the diameter A D, may be found by 
subtracting the volume of the cone of revolution generated by 
B C from that of the spherical sector A B. 

In like manner, the volume of a spherical segment of one 
base, greater than a hemisphere, generated by the revolution of 



THE SPHERE. 397 



A B'C may be found by adding the volume of the cone of revo- 
lution generated by B' C to that of the spherical sector gener- 
ated hj AO B'. 

794. Cor. 6. The volume of a spherical segment of two 
bases, generated by the revolution of C B B' C about the diame- 
ter A Z), may be found by subtracting the volume of the segment 
of one base generated hj A B C from that of the segment of 
one base generated by A B' C. 



Exercises. 



1. Given a sphere whose diameter is 20 inches; find the cir- 
cumference of a small circle whose plane cuts the diameter 4 
inches from the centre. 

2. Construct, on the spherical blackboard, spherical angles of 
30^ 46°, 90°, 120°, 150° and 135°. 

3. Construct, on the spherical blackboard, a spherical triangle, 
whose sides are 100°, 80° and 70° respectively. What is true 
of its polar triangle 1 

4. Find the surface and volume of a sphere whose radius is 10 
inches ; also find the area of a spherical triangle on this sphere, 
the angles of the triangle being 80°, 85° and 100° respectively. 

5. If 7 equidistant planes cut a sphere, each perpendicular to 
the same diameter, what are the relative areas of the zones ] 

6. Given, two mutually equiangular triangles on spheres whose 
radii are 10 inches and 40 inches respectively ; what are their 
relative areas 1 

7. Let V denote the volume of a spherical pyramid, S its base, 
E the spherical excess of its base, and R the radius of the sphere ; 
show that aS' = J IT i?2 E, and V=\ ir R^ E, 

8. Given, the volume of a sphere 1728 inches ; find its radius. 
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9. Find the ratio of the surfaces, and the ratio of the volumes, 
of a cuhe and of the inscribed sphere. 

10. Find the ratio of the surfaces, and the ratio of the vol- 
umes, of a spliere and the circumscribed cylinder. 

11. Let r denote the volume and H the altitude of the spher- 
ical segment of one base, and R the radius of the sphere ; show 
tlv^t r = ir jy« (^ — J //). Also, find 7 when >? = 12 and 
//= 3. 

12. Given, a sphere 2 feet in diameter; find the volume of a 
segment of the sphere included between two parallel planes, one 
at 3 and the other at 9 inches from the centre. (Two solutions.) 

13. A sphere 4 inches in diameter is bored through the centre 
with a two-inch auger ; find the volume remaining. 



THE END. 
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Wentworth'8 Elements of Plane and Solid Ge- 

OMETRY. By George A. Wentworth, Phillips Academy, Exeter, 
I2m6. Half morocco. 400 pages. Mailing price, $1.45; Introduc- 
tion, |(i.oo; Exchange, 60 cts. 

Wentworth' 8 Elements of Plane Geometry. 

i2mo. 250 pages. Mailing Price, 85 cts.; Introduction, 75 cts.j 
Exchange, 40 cts. 

This woik is based upon the assumption that Geometry is a 
branch of practical logic, the object of which is to detect, and state 
clearly and precisely, the successive steps from premise to conclu- 
sion. 

In each proposition, a concise statement of what is given is 
printed in one kind of type, of what is required in another, and the 
demonstration in still another. The reason for each step is indi- 
cated in small type, between that step and the one following, thus 
preventing the necessity of interrupting the process of demonstra- 
tion by referring to a previous proposition. The number of the 
section, however, on which the reason depends, is placed at the 
side of the page ; and the pupil should be prepared, when called 
upon, to give the proof of each reason. 

A limited use has been made of symbols, wherein symbols stand 
for words, and not for operations. 

Great pains have been taken to make the page attractive. The 
figures are large and elegant, and the propositions have been so 
arranged that in no case is it necessary to turn the page in reading 
a demonstration. 

A large experience in the class-room convinces the author that, 
if the teacher will rigidly insist upon the logical form adopted iji 
this work, the pupil will avoid the discouraging difficulties which 
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usually beset the beginner in geometry ; that he will rapidly develop 
his reasoning faculty, acquire facility in simple and accurate expres- 
sion, and lay a foundation of geometrical knowledge which will be 
the more solid and enduring from the fact that it will not rest upon 
an effort of the memory simply. 

Strong evidence of the merit of this book is found in the fact 
*hat since the beginning of the school y ear ^ 1877-78, // ha^ been intro- 
duced into Sixty four Colleges and nearly Four Hundred Preparatory 
Schools. 

Teachers should not fail to examine this book before forming 
new classes. 

TESTIMONIAI^. 



Joseph Ficklin, Prof, of Math., 
Univ. of Missouri : 1 have examined, 
with considerable care, Wentworth's 
Geometry, and the result is a decidedly ^ 
favorable opinion of the book. Profes- 
sor Wentworth is evidently a practical 
teacher. He has shown in the execu- 
tion of his work that he knows just 
where beginners in Geometry encoun- 
ter difficulties, and, in my judgment, 
he has been eminently successful in his 
attempt to make those difficulties dis- 
appear. 

Samuel Hart, Prof, of Math,, 
Trinity College : There are some 
things in Wentworth's Geometry which 
makes it specially well adapted for 
use in Schools and Academies. 
The clear method in which each 
proposition is presented as a whole ; 
the manner of reproducing the state- 
ments of former theorems to which 
reference is made, so that the student 
is almost forced to recall them; the 
careful and precise use of the method 
of limits — these are among the things 
which will tend to make the work es- 
pecially serviceable. And I am satis- 
fied that it has a sufficiently extensive 
view of Geometry for most students, 



treated in a way which will help both 
the teacher and the taught. 
{Nov. 22, rSjg.) 

Selden J. Coffin, Prof of Math., 
Lafayette Coll., Pa. : We are pleased 
with the simplicity and clearness of the 
demonstrations in Wentworth's Geom- 
etry, and have adopted it as our text- 
book in that subject. 

B. Otis Kendall, Prof of Math., 
Univ. of Pennsylvania : I have no hes- 
itation in saying that it is the best book 
for beginners that I have ever seen. 
The demonstrations are rigorous, the 
language clear, and I have not discov- 
ered any defect in the reasoning. 

W. C. Esty, Prof, of Math., Am- 
herst Coll. : It is a step in advance of 
the text-books of its kind. It must 
make the course in Geometry easier for 
both teacher and pupil. 

John R. French, Prof of Math., 
Syracuse Univ. : The distinctness of 
its statements, and the clearness and 
compactness of its demonstrations, are 
admirable. We purpose to test it in 
recitation-room with our next class. 
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A. S. Hardy, Prof, of Math., Dart- 
mouth Coll. : I regard it as an espe- 
cially attractive book to students, and 
welcome it among books of its class as 
thoroughly honest and founded on the 
only method suited to the successful 
teaching of Elementary Geometry. 

C. A. Waldo, Instructor in Math., 
Wesleyan Univ. : It stands the test of 
use in class, and gives the best of re- 
sults. . 

H. N. Wheeler, Instructor in 
Math., Harvard Coll. : A successful 
attempt to make the thorough study 
of Geometry interesting and easy for 
the student, and the teaching of the 
subject a pleasant task for the teacher. 

D. McQ. Means, MiddleduryColl., 
Vt. : Wentworth's Elements of Geom- 
etry seems to me to be constructed in 
accordance with recognized psycho- 
logical laws. The attention of the stu- 
dent is economized for concentration 
upon the reasoning ; and, in fact, most 
difficulties except those belonging to 
the subject seem to be removed. 
{April J4, 1880.) 

McKendree Petty, Prof of 
Math., Univ. of Vermont: I find the 
work one of high excellence in both 
matter and method. I am glad to en- 
dorse its merit, and feel sure that its 
introduction into schools will contribute 
to the successful study of this branch 
of learning. 

M. W. Humphreys, Vanderbilt 
Univ. : I like it better than any other 
that I am acquainted with, intended 
for schools and academies. Our Pro- 
fessor of Mathematics regards it as 
the best that could be used by students 
preparing to enter Vanderbilt Univer- 
sity. 

WiUiam V. Brown, Prof of 
Math., Vanderbilt Univ., Tenn. : 1 re- 
gard it a most excellent text-book, and 



have highly commended it to normal 
schools. {Jan. 8, 1880.) 

A. L. Nelson, Prof of Math., 
Wash, and Lee Univ.: I have used 
Wentworth's Plane and Solid Geome- 
try during the present session, and I 
am very much pleased with it. It is 
the best book on Geometry I ever saw, 
in the style of its demonstrations. 
{April so, 1880.) 

O. B. McElroy, Prof of Math., 
Adrian Coll., Mich. : It is a very de- 
cided improvement on all other text- 
books on that science. I intend to use 
it in my classes hereafter. 

B. T. Fristoe, Prof, of Math., 
Columbian Coll., Washington, B.C.: 
It is certainly a great improvement 
on the old wordy method. I have 
placed it in the catalogue for introduc- 
tion at the next session. 

S. J. Cunningham, Prof, of 
Math., Swarthmore Coll.: I am glad 
to express my hearty appreciation of it. 
Students cannot fail to comprehend it 
easily; and I am sure where good work 
can be done with any Geometry, Went- 
worth's cannot fail to give satisfaction. 

A. P. Peabody, Harvard Coll. : 
My opinion is that no man ever had 
better reasons for publishing a text- 
book. Taking a learner's point of view, 
I regard a knowledge of elementary 
Geometry as attainable through this 
book at much less cost of time, and 
with greater precision and thorough- 
ness, than by means of any other 
treatise I have ever seen. The demon- 
strations are given with perfect clear- 
ness. 

Thos. Hill, Ex-Pres. of Harvard 

Coll.: It is the best Geometry for 

Schools I ever saw. 

C. P. P. Bancroft, Phillips Acad., 

Andover, Mass. : As I examined Went- 
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worth's Geometry, it seemed to me very 
clear and compact, and the expedients 
for expressing graphically the terms 
and the relations involved in the sci- 
ence seemed simple and sensible. Orig- 
inal work is also well provided for. 
But the best pledge of the value of the 
book is its author's exceptional success 
in teaching the subject. {April 16, 
t88o,) 

J. B. Bewail, Prin. of Thayer 
Acad,, Draintree, Mass, : We have used 
Wentworth's Geometry from the time 
of its publication, and are so com- 
pletely satisfied with it, that it does not 
now seem that any other book is ever 
likely to take its place. 

H. S. PershinfiT, Pro/, of Math., 

Wilkesbarre Acad., Pa.: A model of 

clearness and conciseness We intend 

to use it in preparing our classes for 

college. 

James B. Vose, Prin, of Gushing 
Acad,, Ashburnhatn, Mass,: I have 
used it in a large class, the past year, 
and it is the best Geometry I have seen 
in twenty years* experience. 

Sylvester Dixon, Prof of Math., 
N. H, Conference Sem, : I have been 
through Wentworth's Geometry twice 
with my classes, and like it better and 
better. It is an excellent text-book, and 
cannot fail to be extensively used when 
its merits become known to teachers. 
{March ij, 1880.) 

J. C. Bartlett, Prin. Bristol Acad,, 
Taunton, Mass. : My pupils have used 
the book with gratifying success. Its 
many original advantages recommend 
it as a standard text-book. The exam- 
ples are excellent for developing origi- 
nality in the pupils, and, if I mistake 
not, in the teachers also. 
{March i, 1880.) 

Charles M. Jordan, Prin. Bangor 
High Sch, : It was last year introduced 



into the High School, and gives excel- 
lent satisfaction. I consider it the best 
Geometry for high schools with which 
I am acquainted. {April i^ 1880.) 

Mary H. Ladd, Prof of Math., 
Oshkosh Normal Sch„ Wis, : What I 
especially admire in the book is its 
teaching quality ; it seems more a live 
teacher than a text-book. I consider 
it admirably adapted to the securing of 
those practical results and that disci- 
pline which, with most books in the 
liands of the average student, come 
only from the efforts of the teacher in 
charge. {March j, 1880.) 

The New Bngrland Journal of 
Education : We do not need to re- 
fer to the title-page of this book to 
know that the author is a teacher. In 
the preface, we find that he has definite 
notions of what a Geometry should be, 
and in the text he has not failed to carry 
out his ideas. The proof of proposi- 
tions by direct reference to the princi- 
ples that underlie them, instead of the 
circumlocution too often met vdth, is 
an excellent feature of the work. The 
accuracy of the definitions is also wor- 
thy of mention. 

Dascom Greene, Prof of Math,, 
Rensselaer Polyt, Inst,, Troy : "The plan 
of Wentworth's Geometry appears to 
me to be a decided improvement in 
the method of teaching that subject. 
{Sept, ig, 1879,) 

D. B. Hasrar, Salem Normal Sch.: 
The least that I can justly say in regard 
to Wentworth's Geometry is, that I 
know of no work superior to it in clear- 
ness, conciseness, and general fitness 
for use in schools. {April 12, 1880,) 

Jas. P. Weston, Westbrook Sem., 
Me. : We think it a very superior text- 
book, and we are so well satisfied with 
it, that we shall not be likely to exchange 
it for any other. {April 14, 1880,) 
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Wheeler's Elements of Plane and Spherical 

Trigonometry. By H. N. Wheeler, A.M., of Harvard University. 
■ i2mo. Cloth. 211 pages. Mailing Price, ^i.io; Introduction, 94 
cents. Exchange, 50 cents. 

Peirce's Mathematical Tables, First Series, are bound with 
this edition of the Trigonometry. These Tables are so arranged, 
and so fully explained, as to be readily intelligible to the beginner 
in the use of logarithms. Two pages, containing the functions of 
angles less than 6^ and greater than 84°, given to every minute, have 
been added, since the publication of the first edition. 

PLANE TRIGONOMETRT. The author believes that a 
student can get a comprehensive and thorough knowledge of Trigo- 
nometry most quickly and easily, if, at the outset, such definitions 
are given to the trigonometric functions as will apply to all angles ; 
with this idea for a basis, he has endeavored to prepare an elemen- 
tary text-book for general use. By beginning with an explanation 
of the use of the negative sign as applied to lines and angles, and 
then giving general definitions to the trigonometric functions, he 
has been able to demonstrate all the fundamental formulas in a per- 
fectly general yet simple manner. 

While he has tried to present the subject from an elementary 
point of view, he has not lost sight of the fact, that, to most stu- 
dents. Trigonometry is merely a stepping-stone to something higher ; 
and for this reason he has also tried to present the results in such a 
light as will make them effective tools for the student in his future 
work. 

SPHERICAL TRiaONOMETRT. The author has endeav- 
ored to prepare a book for the use of schools and colleges which, 
while brief and simple, shall yet be thorough, and suggestive both 
of the theoretical and practical bearings of the subject. 

Such applications to Geometry and Astronomy, and such prob- 
lems involving these applications, have been given, as will interest 
the student, and show him that Spherical Trigonometry is not a 
mere mass of meaningless formulas, but an easy means of solving 
many practical problems of great importance. 
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Wlieeler's Trigonometry has been already introduced into the 

following institutions : — 



Harvard University, Mass. 
Cornell University, N.Y. 
Vassar Colleflre, N.Y. 
Wesleyan University, Conn. 
Tufts College, Mass. 
Colby University, Me. 
Middlebury College, Vt. 
Beloit College, Wis. 
Lawrence Univ., Appleton, Wis. 
Rutgers College, N.J. 
Columbian Univ., Wash., D.C. 
8t. John's College, Md. 
University of North Carolina. 
Haverford College, Pa. 
Dickinson College, Pa. 
Irving Female College, Pa. 
Wabash College, Ind. 
Sheffield Scientific School, Ct. 
Phillips Bzeter Academy, N.H. 



Phillips Andover Acad., Mass. 
Wesleyan Acad.,Wilbraham, Mass. 
Thayer Academy, Braintree, Mass. 
Hopkins Grammar School, Ct. 
Buckley High Sch., N. Lx)ndon, Ct. 
Collinsville High School, Ct. 
New Haven High School, Ct. 
Newport High School, R.I. 
Norwich Free Academy, Ct. 
Betts Military Academy, Ct. 
Centenary Institute, N.J. 
Dickinson Seminary, Pa. 
Tilton Acewiemy, N.H. 
Taunton High School, Mass. 
Westfleld High School, Mass. 
Homer Academy, N.Y. 
Park Institute, Rye, N.Y. 
La Fayette High School, Ind. 
Qalion High School, O. 



Byerly's Elements of the Differential Calculus. 

With Numerous Examples and Applications. Designed for Use as a 
College Text-Book. By W. E. Byerly, A.M., Harvard University. 
Mailing Price, $2.30 ; Introduction, $2.00. 

This book embodies the results of the author's experience in 
teaching the Calculus at Cornell and Harvard Universities, and is 
intended for a text-book, and not for an exhaustive treatise. Its 
peculiarities are the rigorous use of the Doctrine of Limits, as a 
foundation of the subject, and as preliminary to the adoption of the 
more direct and practically convenient infinitesimal notation and 
nomenclature ; the early introduction of a few simple formulas and 
methods for integrating ; a rather elaborate treatment of the use of 
infinitesimals in pure geometry ; and the attempt to excite and keep 
up the interest of the student by bringing in throughout the whole 
book, and not merely at the end, numerous applications to practical 
problems in geometry and mechanics. 
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Samuel Hart, Prof, of Math, in 
Trinity Coll. : The student can hardly 
fail, I think, to get from the book an 
exact, and at the same time, a satisfac- 
tory explanation of the principles on 
which the Calculus is based; and the 
introduction of the simpler methods of 
integration, as they are needed, enables 
applications of those principles to be 
introduced in such a way as to be both 
interesting and instructive. 

James Mills Peirce, Prof, of 
Math., Harvard Univ. (From the Har- 
vard Register) : In mathematics, as in 
other branches of study, the need is 
now very much felt of teaching which is 
general without being superficial ; lim- 
ited to leading topics, and yet, within 
its limits, thorough, accurate, and prac- 
tical; adapted to the communication 
of some degree of power, as well as 
knowledge, but free from details which 
are important only to the specialist. 
Professor Byerly's Calculus appears to 
be designed to meet this want. . . Such' 
a plan leaves much room for the exer- 
cise of individual judgment ; and dif- 
ferences of opinion will undoubtedly 
exist in regard to one and another point 
of this book. But all teachers will agree 



that in selection, arrangement, and 
treatment, it is, on the whole, in a very 
high degree, wise, able, marked by a 
true scientific spirit, and calculated to 
develop the same spirit in the learner. 
. . . The book contains perhaps all of 
the integral calculus, as well as of the 
differential, that is necessary to the or- 
dinary student. And with so much 
of this great scientific method, every 
thorough student of physics, and every 
general scholar who feels any interest 
in the relations of abstract thought, and 
is capable of grasping a mathematical 
idea, ought to be familiar. One who 
aspires to technical learning must sup- 
plement his mastery of the elements by 
the study of the comprehensive theo- 
retical treatises. . . But he who is thor- 
oughly acquainted with the book before 
us has made a long stride into a sound 
and practical knowledge of the subject 
of the calculus. He has begun to be a 
real analyst. 

H. A. Newton, Prof of Math, in 
Yale Coll., New Haven : I have looked 
it through with care, and find the sub- 
ject very clearly and logically devel- 
oped. I am strongly inclined to use it 
in my class next year. 



Peirce's Three and Four Place Tables of Loga- 

rithmic and Trigonometric Functions. By James Mills Peirce, Uni- 
versity Professor of Mathematics in Harvard University. Quarto. Cloth. 
Mailing Price, 60 cts. ; Introduction, 50 cts. 

Four-place tables require, in the long run, only half as much time 
as five-place tables, one-third as much time as six-place tables, and 
one-fourth as much as those of seven places. They are sufficient 
for the ordinary calculations of Surveying, Civil, Mechanical, and 
Mining Engineering, and Navigation ; for the work of the Physical 
or Chemical Laboratory, and even for many computations of Astron- 
omy. They are also especially suited to be used in teaching, as they 
illustrate principles as well as the larger tables, and with far less 
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expenditure of time. The present compilation has been prepared 
with care, and is handsomely and clearly printed. 



Peirce'8 Mathematical Tables Chiefly to four 

Figures. First Series, By Professor James Mills Peirce, of Hax- 
vard University. i2mo. Cloth. Mailing Price, 60 cts. ; Introduction, 
50 cts. ; Paper, 30 cts. 

This little volume contains tables of Logarithms of Numbers, of 
Sums and Differences, of all the six Circular Functions, and of 
Hyperbolic Functions (a table which may be used to great advan- 
tage in certain computations), and also of Inverse Circular Func- 
tions, and of Natural Sines and Cosines, Tangents and Cotangents, 
and Secants and Cosecants. It is provided, moreover, with a very 
detailed and fully illustrated Explanation of the Tables. 

The collection is published both in a duodecimo and in an octavo 
form, in a clear, handsome, and good-sized type, cast for the pur- 
pose. It is adapted to the needs of schools and colleges, and is 
suitable for the use of engineers and computers. 

The book may be had either separately or bound with the author's 
** Elements of Logarithms," or with ** Wheeler's Trigonometry." 

The Second Series of these Tables will contain tables of Recipro- 
cals, Squares, Cubes, and Fourth Powers, Probabilities, Traverses, 
Meridional Parts, the Comparison of the Metric and English Sys- 
tems, etc. 

Pel roe's Elements of Logarithms, 

With an explanation of the Author's Three and Four Place Tables. 
By Professor James Mills Peirce, of Harvard University. i2mo. 
Cloth. 89 pages. Mailing Price, 60 cts. ; Introduction, 50 cts. 

This book is intended as an introduction to the study and use of 
Logarithms. The elementary theory of the subject is fully and 
thoroughly set forth, the main facts of the history of logarithms are 
stated, and many practical hints are given for the benefit of the 
young computer. The design of the author has been to give to 
students a more complete and accurate knowledge of the nature and 
use of logarithms than they can acquire from the cursory study com- 
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monly bestowed on this subject. The book contains an explanation 
of the Three and Four Place Tables ; and it may be used either with 
that collection or with the Smaller Four-Place Tables. 



David Murray, Rutgers Coll.: 
It is the most compact set of tables I 
have seen. I already have found it 
so useful that I could not dispense with 
it. 

J. H. C. Coffln, U. S. N. : They 
supply a want decidedly felt by com- 
puters in astronomical and trigonomet- 
rical work. 



liiterarisches Centralblatt : 

This coUeoCion can be fully recom- 
mended as a model of handiness and 
judicious arrangement, as well as of 
solid value. 

Jekhrbuch Uber die Fort- 
schritte der Mathexnatik : The 

tables are distinguished by perspicuity 
and convenience. 



Searle's Outlines of Astronomy. 

By Arthur Searle of Harvard College Observatory. i6mo. Cloth. 433 
pages. Mailing Price, $1.60; Introduction, I1.40; Exchange, 75 cts. 

It is designed to serve as a short course of astronomical study, 
suited to the wants of those who have no knowledge of mathemat- 
ics. The attempt has been made to place facts distinctly before the 
reader, with as little use of technical terms as practicable. 

Chapters I. to VI. contain a summary of the opinions now gen- 
erally accepted with respect to the chief subjects of astronomical 
inquiry, such as the general structure of that part of the universe 
within reach of human observation, the constitution of the Sun and 
of the Stars, the structure and movements of the Earth, Moon, and 
other bodies of the Solar System, and the nature of nebulae, comets, 
and meteors. 

Chapter VII. describes the principal phenomena which are ac- 
counted for by the facts already stated. 

Chapters VIII. and IX. contain rudimentary geometrical and 
optical information intended tQ»aid in the comprehension of the 
remainder of the book. 

Chapters X. to XIII. give an account of the methods and instru- 
nients used in practical Astronomy, giving distinct information adoul 
the work of astronomers, not instruction m that work. 

Chapter XIV. explains the application of mechanical principles, 
including the law of gravitation, to the principal movements of the 
planets. The simple mathematical propositions are stated with ful- 
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ness enough to enable those who have forgotten most of their 
algebra and geometry to follow the reasoning. 

Chapter XV. contains a short history of Astronomy. 



New York Tribune : It is one 

of the clearest, most comprehensive, 
and most informing expositions of the 
principles and facts of Astronomy that 
are to be found in the language. The 
student who has made himself master 
of its contents, will be in possession of 
an amount of knowledge fbr the attain- 
ment of which he might cheerfully pay 
a high price, and for which he would 
have been envied by the late most 
graceful American historian, who could 
never clearly comprehend the differ- 
ence between the ecliptic and the equa- 
tor. Compared with the popular sci- 
entific treatises which swarm to such an 
extent in England, the present bears 



the palm, both for exactness of method, 
solidity of information, and appropri- 
ateness of expression. 

New York Nation: It is full 
without b^ing heavy, precise without 
being pedantic, and explanatory with- 
out being diffuse. It nowhere disap)- 
points, and least of all by any enthusi- 
astic ascribing of pre-eminence to its 
own subject-matter. As regards the 
body of the work we have not detected 
an error of statement in any part of it ; 
which is a good deal to say, or would 
be of any author but an astronomer. . . 
The most readable treatise upon As- 
tronomy that we have ever seen. 



Questions and Exercises on Stewart's Elemen- 

tary Physics, with Ansivers ami occasional Solutions. By George 
A. Hill, formerly Assistant Professor of Physics in Harvard University. 
i8mo. Boards. 192 pages. Mailing Price, 40 cts. ; Introduction, 35 cts. 

These Questions and Exercises have been drawn up with the aim 
of making Mr. Stewart's excellent work more useful in elementary 
teaching. 

Part I. consists of questions upon the text of Mr. Stewart's book 
which are intended to be direct and exhaustive. These will be 
found useful for review and examination purposes. 

Parts II. and III., which form tlie principal part of the work, have 
been written with two objects in view : First, to stimulate original 
thought on the part of the student, and to give the teacher the 
means of testing thoroughly the student's knowledge of principles ; 
Secondly, to make certain needful additions to the felicitous but 
cursory sketch of Mechanics, Hydrostatics, and Pneumatics, con- 
tained in the first two chapters of Mr. Stewart's book. 
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